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1. This article is concerned with the general problem of "congruence primes."
Let S be the C-vector space of weight k cusp forms on r 1(N), where N ~ 1 and
k~ 2 are integers. The classical Heeke operators T" for n~ 1 act on Sand
preserve the space S(Q) consisting of cusp forms whose Fourier coefficients are
rational numbers. We suppose given a decomposition

(1.1) S==XEBY

of S as a direct sum of two subspaces, stable under the T", which is rational in
the sense that it is obtained by extension of scalars to C from a decomposition
of S(Q). Here are two examples which immediately come to mind. First of all,
we could take X to be the subspace of S spanned by a fixed newform f,
together with all of its conjugates (or "companions"), taking Y to be the
orthogonal complement to X under the Petersson inner product on S. This
situation has been studied extensively by Doi-Hida [2J and by Hida [6-8J.
Secondly, we could take X to be the "old part" and Y to be the "new part" of
S in the theory of newforms on T;(N).

Our subject arises because the decomposition (1.1), while defined over Q by
hypothesis, is not necessarily defined over Z. More precisely, let M be the
lattice in S(Q) consisting of cusp forms with integral Fourier coefficients, and
let Mx and My be the two projections of M onto X and 1': We have M c;; M,
where

M==MxEBMy,

and the index (M:M) is finite. A congruence prime is a prime number p which
divides this index.

One sees immediately from the definition that p is a congruence prime if
and only if there exist forms !EX, gEY which are integral (i.e., f, gEM), not
divisible by p (i.e., f, g¢pM), and congruent mod p (i.e., ! - gEpM). Thus p is a
congruence prime if and only if there is a non-trivial mod p congruence linking
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X and 1': Alternately, one can show that p is a congruence prime if and only if
there exist normalized eigenforms fEX, gEY for the Heeke operators T",
together with a prime ideal V dividing p in the ring of integers of the number
field generated by the Fourier coefficients of f and g, such that the Fourier
coefficients of f and g are congruent mod 101. (See the proofs of Theorems 7.1 of
[6J and [7J.)

As mentioned above, much work on congruence primes has been carried
out by K. Doi and by mathematicians working with him. In particular, Y.
Maeda has made numerical calculations of congruence primes, some of which
were cited in Table (8.11) of [6J. As a special example, we take k == 31, N == 3,
and (1.1) as in the first of our two general examples, with f a suitable form
with "complex multiplication" by Q(0). Then the prime numbers 5, 53,
30842593 are congruence primes. Other numerical examples are contained in
Doi-Ohta [3J. In this connection, we should point out that Mazur has shown,
in the special case where k == 2 and N is prime, that there are always con
gruence primes provided that X and Yare both non-zero [12, p. 98J. It would
be extremely interesting to generalize this result to other situations. Mean
while, no example of a decomposition (1.1) is known in the situation where N
is 1.

In the first of his three recent articles cited above, Hida gave a useful
sufficient condition for a prime p to be a congruence prime. Recall that the
space S, viewed as a real vector space, has an interpretation (via the Shimura
isomorphism) as a parabolic cohomology group with real coefficients [15, Chap.
8J. Let L be the image in S of the corresponding parabolic cohomology group
made with integral coefficients. Thus L is a lattice in S viewed as a real vector
space; its rank over Z is twice that of the lattice M.

Let eEEnd(S) be the projection of S onto X along l: i.e., that endomor
phism which is the identity on X and 0 on 1': It is easy to see that e is a
polynomial in the I: with rational coefficients. [Indeed, if we consider the Q
algebras As, Ax, A y generated by the T" acting on S, X, and Jt: then we have a
tautologous inclusion

AS~AXE0Ay.

By dimension considerations, we find that this inclusion is in fact an equality:
(2.2) and its proof show that the algebras As, Ax, and A y have the same
dimensions over Q as the spaces S, X, and Y over C. Especially, the element e
of the direct sum must belong to As.J Now since the T" preserve L, the images
of L in X and in Y must again be lattices in X and Y (viewed as real vector
spaces). Hence, if we define L to be the direct sum of these images, the index
(L:L) is finite.

(1.2) Proposition. Every prime number dividing (L:L) is a congruence prime.

This proposition is essentially elementary, as we will explain below. Its
importance stems from the fact that the index (L:L) tends to be more ac
cessible than the index (M:M). Suppose first that (1.1) has been defined by a
newform f and its conjugates f(1' as in the first of our two examples. In [6, §7J,
Hida defined a certain integer C(f) by taking the ratio of a certain period
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determinant to the product of the Petersson inner products <fa' fa). He then
proved:

(1.3) Theorem. Suppose that p is a prime number satisfying p?;.k-l and pt6N.
Then p divides C(f) if and only if p divides (L: L). Especially, if p divides C(f),
then p is a congruence prime. (See, [6, Th. 7.1J.)

In the second example of decompositions (1.1), that related to old and new
forms, it is an interesting problem to try to describe the group IlL, or at least
to compute its order. In the case k == 2, this is related to the question (men
tioned in [13J) of understanding the canonical isogeny between the new
subvariety and the new optimal quotient of the Jacobian J1(N). A partial result
for Jo(N), where N is a product of two distinct primes, will be given in [14J.

The purpose of this article is to present a converse to (1.2). We will say that
a prime number is large provided that is prime to the level N and at least
equal to the weight k. Prime numbers which are not large will be said to be
small.

(1.4) Theorem. Suppose that p is a large prime. Then p is a congruence prime if
and only if p divides (L:L).

In view of the above discussion, we see that (1.3) has the following corol
lary, in the situation studied by Hida:

(1.5) Suppose that p is a large prime which is different from 2 and 3. Then p is a
congruence prime if and only if p divides the integer C(f).

Let T be the subring of End(S) generated by the Heeke operators 1;,. Thus
T@Q is the algebra As introduced above. Let 0L be the order of the lattice L
in As:

Thus 0L contains T, and the index of T in 0L is finite. We define OM similarly,
replacing L by M. It is obvious from the definition of M that congruence
primes are precisely the primes p such that e~oM@Zp. Similarly, divisors of
(I:L) are the primes p for which e¢oL@Zp. Hence knowing 0L and OM is
visibly related to the possibility of proving (1.2) and (1.4).

(1.6) The order OM is equal to T.

(1.7) The index of T in 0L is divisible only by small primes.

Despite the apparent similarly between (1.6) and (1.7), the two statements
are not of equal difficulty. We will see in § 2 that (1.6) is essentially elementary;
it is a consequence of a somewhat finer statement concerning the structure of
the T-module M which can be proved by completely classical methods. On the
other hand, (1.7) is our main theorem; its proof, although simple in the case k
== 2, requires a large number of preliminaries in the general case. Many of our

tools have been borrowed from Hida's article [7], where one finds a result
analogous to (1.7) in which L has been replaced by its "ordinary" part. (Here
the word "ordinary" is used in opposition to "supersingular.")

Notice that (1.6) and (1.7) give the following corollary:
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(1.8) The order OM is contained in OLe The index (OL: OM) is divisible only by
small prime numbers.

In view of the discussion above, we seen that the first assertion of (1.8)
gives (1.2). Similarly, the second gives the Theorem (1.4).

Let us now briefly suppose that the level N is equal to 1 and mention a
third lattice, which appears in the work of K. Hatada [4J, [5J. Consider the

involution on L which is induced by the matrix (- ~ ~), and let U be the

subgroup of L consisting of elements left fixed by the involution (cf. [6, §3J).
The action of T on L+ is easily seen to be faithful, and we define the order 0L +

as above. One sees from the articles of Hatada that the index (OL+ :T) tends to
be divisible by high powers of 2 and 3. By combining (1.7) with Theorem 3.2,
Proposition 3.3 and (3.18J of [6J, one shows:

(1.9) The index (OL + :T) is divisible only by small primes.

In this case N = 1, the algebra As is a product of totally real number fields
(which in all known cases is in fact a single number field). The ring T is a
subring of finite index of the product R of the integer rings of the factors. One
knows from the work of N Jochnowitz that the factor group RIT grows
significantly as the weight k increases. (For example, let I be a prime number.
Then [9, Th. 5.1J states that I divides the index (R:T) for all k greater than a
specific integer depending on I.) It is unknown whether either of the orders 0L'

0L+ comes close to being equal to R. 1

Returning to the case where N ~ 1 is arbitrary, we would like to mention
the relation between congruence primes and primes of fusion (as considered by
Doi-Ohta and by Mazur). Let Tx and T y be the rings generated by the T;
acting on X and on J: so that we have an inclusion

(1.10)

with finite cokernel. Primes of fusion are simply prime ideals p of T containing
the conductor c of the ring extension (1.10), which by definition is the annihi
lator of the T-module (TxEBTy)/T. We have

c= {TETI TeET}

={TETITe(M)~M}

= AnnT(MIM) ,

where the middle equality follows from (1.6) and the first and third are trivial.
It follows, then, that the primes of fusion are precisely the primes of T
contained in the support of the finite T-module MIM. The primes of fusion are
therefore, in particular, maximal ideals of T, and their various residue charac
teristics are precisely the congruence primes. Thus the notion of primes of
fusion may be said to be refinement of that of congruence primes.

This problem was mentioned to the author by J-P. Serre
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AnnT(LIL) = {TETI Te(L) s; L};

(1.11) Proposition. The support of the T -module IIL is contained in the set of
primes of fusion. Moreover, if :P is a maximal ideal of T whose residue charac
teristic is a large prime, then p is a prime of fusion if and only if p belongs to
the support of LIL.

Proof We have

by (1.8), it follows that AnnT(IIL) contains AnnT(M/M) and that the index of
the latter in the former is divisible only by small primes. The proposition
follows.

2. In this §, we shall prove (1.6) and begin our discussion of (1.7). In particular,
we prove (1.1) in the special case k = 2.

Let

be the map taking a form f EM to its nth Fourier coefficient. Let

i: M ~Z[q]

be the map taking a form to its Fourier expansion. It is well known that this
latter map is injective, and the definition of M is such that the cokernel of 1 is
torsion free. Also, one has the commutation formula

(2.1)

cf. [15, Chap. 3J.
Consider the T-homomorphism

({J: M ~ Hom(T, Z)

defined by

(as usual, we write fiT for the image of f under T). The following theorem
was proved by V. Miller in the case N = 1. (See [11, p. 43J.)

(2.2) Theorem. The map ({J is an isomorphism.

Proof It is certainly obvious that qJ is injective with torsion free cokernel
because of (2.1) and the analogous facts concerning i. Since T and M are free
finite rank Z-modules, it suffices to show that the rank of T is at most that of
M. Consider the transpose of ({J, i.e., the map

t/J: T ~ Hom(M, Z)
defined by

If T is in the kernel of t/J, we have for all f EM and all n~ 1 the equations

0= t/J(T)(fl~) = at (fl 1;,T) = an(fl T).
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By the injectivity of " it follows that fiT= O. Since this holds for all f, we have
T= 0, giving that l/J is injective. This injectivity implies, in particular, the
required rank inequality.

Proof of (1.6). For each prime number p, it suffices to check that p is prime to
the index (OM :T). One easily checks that this assertion amounts to the state
ment that the natural action of T/pT on M/pM is faithful. In view of (2.2), we
have

an equation which makes apparent that the statement is true.

Next, we consider (1.7) in the case k=2. The large primes are simply those
prime to N. Let p be such a prime. We must show that the ring T/pT acts
faithfully on L/pL. To prove this, in view of (1.6), it suffices to show that any
TET/pT which annihilates L/pL must also annihilate M/pM.

Consider the modular curve X 1(N) over the rational field Q, and let J
=J1(N ) be its Jacobian. Since p is prime to N, we may consider the reduction
J/Fp of J modulo p. We make the standard identifications

L/pL= HomFp(J[p], Fp),

M/pM = Cot(J/Fp) ,

where, in the former identification, J [p] denotes the "physical" kernel of
multiplication by p in J(C). Further, we regard T as a subring of EndQ(J) via
Albanese functoriality, so that the above identifications become T-equivariant.

Suppose that T annihilates L/pL. Then T annihilates l[p], meaning that T
is divisible by p in EndQ(J). Then, a fortiori, T is divisible by p in EndFp(J/Fp)'
Since multiplication by p induces the zero map on Cot(.!iF

p
) ' we see that T

annihilates Cot(.!iFp) and thus that T annihilates M/pM.

We now begin to discuss the remaining case of (1.7), i.e., where we have

Our idea is to fix a prime p,tN and to treat all such weights simultaneously.
Let d(k) be the dimension of the space S (which of course depends on k), and
set

d=d(3)+ ···+d(p).

Write ~ for the module we have been calling L/pL, and set

Note that we now have
2d=dimFp(V).

For each k (3~ k ~p), define R k to be the subalgebra of End(~) generated by
the Tn acting on ~ (n~ 1), and define similarly R relative to v:
(2.3) Theorem. We have dimFp(R)~d.
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The proof of this theorem is the object of § 3 and §4. For the moment, we
observe that (2.3) implies the remaining case of (1.7). Indeed, (1.7) states that
the natural map

is injective for each k, where T k is the Heeke algebra earlier denoted T. Since,
by (2.2), the dimension of Tk/pTk is d(k), we know a priori that the image of ik
has dimension at most d(k), and (1.7) states that this image has dimension
precisely d(k). On the other hand, this image is by definition the algebra Rk ,

and we have, again by definition, an inclusion

(2.4)

Therefore, (2.3) proves (1.7) for each k between 3 and p, and it shows in
cidentally that (2.4) is an equality.

To prove (2.3), we exhibit a specific quotient of R having dimension d: the
algebra generated by all T; acting on a certain "primitive" subspace of the
cotangent space of an Igusa curve in characteristic p. To do this, we recall the
relation, essentially due to Shimura and Hida, between the space V and the
group of p-division points on the Jacobian J1(pN).

3. Let X 1 be the modular curve X 1(pN) (regarded as a curve over Q), and let
X 0 similarly denote the modular curve associated with the group T,(N) n ro(p).
The natural covering

n: X 1-+XO

induces by Pic functoriality a map

where Jo and J1 are the Jacobians of X 0 and X l' We denote by L and by Q
the kernel and the cokernel of a, respectively. The former is a finite subgroup
of Jo whose order divides p -1, while the latter is an abelian variety. We write

v: J1 -+Q

for the structural map defining Q.

(3.1) Proposition. The dimension of Q is 2d.

Proof The dimension in question may be viewed simply as the difference
between the dimensions of the spaces of weight-2 cusp forms for T,(pN) and for
ro(p) n r 1(N). Thus what is asserted is a relation between dimensions of spaces
of cusp forms of weight 2 and spaces of cusp forms of higher weight. Such
relations may be verified by suitable trace formulas, as in Koike [10J. We
leave to the reader the verification that the desired relation follows from [10,
Th.1J.

Acting on Jo, J 1 , and Q we have Heeke operators Tn (n~ 1) as usual. One
has also an action of (Z/pNZ)* onX 1 as a group of automorphisms, and a
corresponding action of this group (induced by Albanese functoriality) on J1 •

In fact, we shall be interested only in the action of the subgroup

L1 = (Z/pZ)*
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of (ZjpNZ)* on J1 and on Xl' For aELl, we write <a) for the corresponding
automorphism of X 1 or of J1 • We set

0'= I <a).
aEL1

Finally, we define as usual an Atkin-Lehner involution w of J1 by choosing a
primitive (pNyh root of 1 in Q and by using the modular recipe given on page
15 of [9J. We let U be the Hecke operator Tp , and define

U'=wUw.

(3.2) Proposition. We have the relations

U'U=UU'=p
in End(Q).

Proof We will prove the proposition in an especially long winded manner in
order to introduce some notation and some facts which will be useful in the
next §. Let K c Q be the field of pth roots of unity, and let p be the unique
prime of K lying over p. By a theorem of Deligne and Rapoport [1, V, 3.2J,
the abelian variety Q/K has good reduction at p, We denote by Q the reduction
of Q/K at p ; thus Q is an abelian variety over the residue field Fp of p. The
quotient introduced above induces a map

v: I, ~Q,

where i 1 is the connected component of 0 in the special fibre of the Neron
model of J1/K at p, Let C and C' be the two Igusa curves C~) and CbN )

appearing in [16, Prop. 5.2J, and let A and A' be their Jacobians. By the
proposition of Wiles just cited, v must factor through the product A x A'. Let

/1: AXA'~Q

be the map induced v.
It is obvious that the endomorphism (p -I-a) of J1 vanishes on Ja/r and

therefore induces a homomorphism

T: Q~J1

such that v 0 T = P-1. By reducing mod p we obtain a map

i: Q~j1;

combining this map with the canonical quotient

we obtain a map
{3: Q~A xA'

with the property that
JlO {3=p-l.
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Especially, f3 has finite kernel; its image is an abelian subvariety B of
A x A', isogenous to {2, which is killed by the endomorphism of A x A' induced
by a. Using the Eichler-Shimura relation of Wiles [16, Th. 5.3] (cf. [7, (4.11)J),
we obtain the factorizations

p=UU'=U'U

in End(B), and therefore in End(Q) as desired.

(3.3) Corollary. The kernels of U and of U' in Q are contained in the group
Q[p] of p-division points on Q, and they each have order pdim(Q) = o". If we
regard U and U' as endomorphisms of the finite group Q[p], we have the
relations

Image(U) = Kernel(U'),

Image(U') = Kernel(U).

Proof Since U and U' are conjugate by w, their kernels have the same order.
By (3.2), the common order must be r". and the kernels are contained in
Q [p]. Finally, the indicated kernel-image relations follow from the fact that all
four groups have the same order, together with the obvious inclusions of the
left-hand groups in the right-hand groups.

We now let
G=HomFp(Q[p], F p)

be the Fp-dual of the group of p-division points on Q. If T is an endomor
phism of Q, we will again write T for the endomorphism of G induced by T.

(3.4) Theorem. There are T,,-equivariant maps

l: V~G, 1t: G~V

such that l 0 1t = U on G.

Proof This result is simply a variant of some facts proved in § 3 of [7J. Let t»

denote the identity map

viewed as an F;-valued character of the finite group L1. For each k"?; 2, let Gk

denote the eigenspace of G corresponding to the character wk
- 2 under the

action of L1 on G:

Since a annihilates Q, it is clear that G2 = 0, so that we have

For each k, we wish to exhibit maps

T,,-equivariant, such that 'k 0 1tk is the restriction of U to Gk •
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Jlof3=p-1

In [7, (3.8)J, such maps are constructed with the group Gk replaced by a
cohomology group denoted

whose precise definition will not be recalled here. The ~-equivariance of these
maps follows from Theorem 3.1 of [7] for n prime to p and from Theorem 3.2
of [7] for n a power of p. Further, the latter theorem furnishes also the desired
relation lk 0 nk = U. Now in [7, (3.14a)] we find an identification between the
above cohomology group and the wk

- 2 eigenspace of the Fp-dual J1 [p] v of the
group of p-division points on J1 • Finally, this eigenspace is easily seen to be
identified with Gk by the natural map J1 ~ Q, since the action of L1 on JolL: is
trivial.

(3.5) Corollary. The map l induces an isomorphism between V and the kernel
G[V'] of tr acting on G.

Proof The formula l 0 n = V shows that the image of l is contained in the
image of V. Since the image of V has the same cardinality as the group V
(because of (3.3)), l induces an isomorphism between V and the image of V. By
(3.3) again, this image is alternately the kernel of V'.

From now on, we let T be the subring of End(Q) generated by the
endomorphisms T; of Q. Since V' commutes with the ~, T operates on the
group G[V'], so that we obtain a homomorphism

tp : T-+End(G[V']).

Using l to identify G[V'] with ~ we see that the image of cp may be identified
with the algebra R defined near the end of § 2, i.e., with the algebra generated
by the T; acting on JI: Therefore, (2.5) becomes a statement about the image of
cp.

(3.6) Proposition. Let T be an element of T. We have cp(T) = 0 if and only if T
may be written in the form V'11 for some 11 E End Q(Q).

Proof If T may be so written, then we have the opposite relation

in End(G), and therefore cp(T) =0. Conversely, if T annihilates G[V'], then the
endomorphism VT of Q acts as 0 on G and is therefore divisible by p in
EndQ(Q). Writing p= VV' and using that V is invertible in (EndQ(Q))@Q, we
obtain the desired result.

4. We return now to the discussion begun in the course of the proof of (3.2).
The relation

shows that the map
cx*: Cot(Q) -+ Cot(A)~Cot(A')

is injective. Since (J = 0 on Q, the image of cx* lies in the direct sum of the
eigenspaces of Cot(A)Ef)Cot(A') corresponding to the non-trivial characters of
L1. We refer to this direct sum as the primitive part of Cot(A)~Cot(A').
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(4.1) Lemma. The map a* induces an isomorphism between Cot(Q) and the
primitive part of Cot(A)Ef)Cot(A').

Proof We establish this lemma by a simple dimension argument. We note that
the two Igusa coverings over F p

C~X 1(N)/Fp ' C'~X 1(N)/Fp

have degree prime to p. They consequently induce injections

Cot(J1(N);F
p

) ~Cot(A), Cot(J1(N);F
p

) ~Cot(A').

It follows that the trivial eigenspace in Cot(A)Ef)Cot(A') for the action of L1 has
dimension at least equal to 2 dimt.J. (N)). Therefore, to prove the lemma it
suffices to check the equality

dim(A x A') == dim(Q) +2 dimt.J, (N)).

We know that the left-hand side represents the dimension of the maximal
abelian variety quotient of the connected component of 0 in the fibre over F p

of the Neron model for JlIK [16, (5.2)]. We have already remarked that the
abelian variety Q/K has good reduction at p because of [1, V, 3.2]. On the
other hand, the abelian variety Jo, up to isogeny, is a product of two copies of
J1(N) (abelian varieties which have good reduction at p) and an abelian variety
which generalizes Jo(p) and has in particular toric reduction at p, cf. [1, VI, Th.
6.9]. Hence, up to isogeny, J1 is the product of a "potentially good"

Qx J1(N ) x J1(N )

and an abelian variety which has toric reduction at p and therefore at p.

(4.2) Corollary. The intersection

W== Cot(A) n a* Cot(Q),

computed in Cot(A)Ef)Cot(A') is the primitive part of Cot(A). We have

dimFp(W)== d.

Proof By (4.1), a* Cot(Q) is the primitive part of Cot(A)Ef)Cot(A'), which is just
the direct sum of the primitive parts of the two factors. Therefore, the indicated
intersection is indeed the primitive part of the first factor. Since the dimension
of Q is 2d by (3.1), the second statement of (4.2) means that the primitive parts
of Cot(A) and of Cot(A') have the same dimension, since the sum of these
dimensions is the dimension of Q. In fact, from the discussion at the beginning
of the proof of (4.1), the two dimensions in question are respectively the
differences

dim (A) - dim(J1(N)) , dim(A') - dim(Jl (N));

therefore, we need know only that A and A' have the same dimensions, i.e.,
that the Igusa curves C and C' have the same genus. This is the case because
they are permuted by the Atkin-Lehner involution w of X 1(pN), as is apparent
from the discussion in § 5 of [16].
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HO(C, (1)(Wk-2)~Sk

We now study the action of the Heeke operators T; on W; we may view
these ~, for instance, as being induced by the action of the Heeke algebra

T~End(Q)

on Cot(Q) by transport of structure. In this optic, we obtain a homomorphism

q/: T~EndFp(W),

whose image R' is the algebra generated by the T; acting on W We wish to
compare rp' and R' with the homomorphism cp and its image R which we
introduced at the end of §3. As explained in § 3, the main result (2.5) amounts
to the ineq uali ty ?

dimFp(R)~d.

This inequality clearly results from the following two assertions.

(4.3) We have ker( cp) ~ ker( cp'). (Therefore R' is naturally a quotient of R.)

Proof In view of (3.6), it suffices to show that the operator V' induces the 0
map on W By the Eichler-Shimura formula of Wiles [16J (see [7, 4.11J), this is
certainly the case.

(4.4) The Fp-dimension of R' is at least d.

Proof This assertion follows by the proof of (2.1). Indeed, we may view Cot(A)
as HO( C, (1) and exploit the fact that there is a natural injective q-expansion
map

which satisfies the usual formula

(See [16, § 6J and the proof of Corollary 5.3 of [7J.)

Remark. Serre (for N = 1) and Katz (for general N) have established an isomor
phism

for all k = 2, ... , p, where Sk denotes the space of cusp forms of weight k on
T;(N) with coefficients in Fp. Therefore W may be viewed as a space of mod p
modular forms. Although this fact was not used in the above proof, it moti
vated consideration of W
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