
Chapter 6

APPENDIXES

6.1. SINGLE ELECTRON TRANSFER AT AN ELECTRODE

6.1.1. Laplace Transformation. Useful Definitions and Relationships

Laplace transformation is a convenient tool for resolving linear differential,

integrodifferential, and partial derivative equations thanks to their conver-

sion into algebraic equations in Laplace space. We will need only a limited

number of definitions and relationships in the derivations below. They are

summarized in Table 6.1,1 which is to be read from left to right, or vice

versa, according to the case. The variable that undergoes the transformation

is named t here and will be t or t in the following applications. In both cases,

the corresponding Laplace variable is denoted s.

6.1.2. Cyclic Voltammetry of Nernstian Systems.
Current– and Charge–Potential Curves

In this section we establish the equation of the forward scan current potential

curve in dimensionless form (equation 1.3), justify the construction of the

reverse trace depicted in Figure 1.4, and derive the charge-potential forward

and reverse curves, also in dimensionless form. Linear and semi-infinite

diffusion is described by means of the one-dimensional first and second Fick’s

laws applied to the reactant concentrations. This does not imply necessarily

that their activity coefficients are unity but merely that they are constant within

the diffusion layer. In this case, the activity coefficient is integrated in the

diffusion coefficient. The latter is assumed to be the same for A and B (D).

The concentrations of A and B thus obey the following system of

partial derivative equations, accompanied by a series of initial and
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boundary conditions:

qCA

qt
¼ D

q2CA

qx2

qCB

qt
¼ D

q2CB

qx2

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0 ðconservation of fluxesÞ

CA ¼ CB exp
F

RT
ðE � E0Þ

� �
ðNernst’s lawÞ

where the electrode potential depends on time according to

0 	 t 	 tR : E ¼ Ei � vt

tR 	 t 	 2tR : E ¼ Ef þ vðt � tRÞ ¼ 2Ef � Ei þ vt

TABLE 6.1. Useful Laplace Transforms

Laplace Transform Original Function

�ff ðsÞ ¼
ð1

0

f ðtÞ expð�stÞ dt f ðtÞ

s�ff ðsÞ � ft¼0

qf

qt

s2�ff ðsÞ � sft¼0 �
qf

qt

� �
t¼0

q2f

qt2

�ff ðsÞ�ggðsÞ
ðt

0

f ðZÞgðt � ZÞ dZ ¼
ðt

0

f ðt � ZÞgðZÞ dZ

1

s
1

1ffiffi
s
p 1ffiffiffiffiffi

pt
p

1

sþ A
expð�AtÞ

1

ðsþ AÞðsþ BÞðsþ CÞ
ðC � BÞ expð�AtÞ þ ðA� CÞ expð�BtÞ þ ðB� AÞ expð�CtÞ

�ðB� AÞðC � BÞðA� CÞ

Ps2 þ Qsþ R

s½ðsþ AÞ2 þ B2�

R

A2 þ B2
þ P� R

A2 þ B2

� �
expð�AtÞ cos Btð Þ

þ 1

B
Q� AP� AR

A2 þ B2

� �
expð�AtÞ sinðBtÞ
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The current is related to the fluxes of A and B according to

i

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0

and the charge passed is defined as Qe ¼
Ð t

0
iðZÞ dZ: Since the cathodic

currents are counted as positive, Qe quantifies the amount of negative charge

passed from the electrode to the solution at time t.

It is useful to introduce normalized variables, functions, and parameters

so as to obtain a dimensionless formulation, resolve the problem at this

level, and finally, come back to the real experimental quantities. This

strategy allows one to find out, here and in more complicated cases, the

minimal number of parameters that are actually governing the electroche-

mical responses. We thus introduce the following normalized variables:

time : t ¼ Fv

RT
t; tR ¼

Ei � Ef

v
¼ ui � uf

potential : x ¼ � F

RT
ðE � E0Þ; ui ¼

F

RT
ðEi � E0Þ; uf ¼

F

RT
ðEf � E0Þ

ðin practice; ui  0 and uf � 0Þ

space : y ¼ x

ffiffiffiffiffiffiffiffiffiffi
Fv

RTD

r
; concentrations : a ¼ CA

C0
; b ¼ CB

C0

current : c ¼ i

FSC0
ffiffiffiffi
D
p ffiffiffiffiffiffiffiffi

Fv

RT

r

charge : qe ¼
Qe

Fv

RT

� �1=2

FSC0
ffiffiffiffi
D
p

The set of equations above thus becomes

qa

qt
¼ q2a

qy2

qb

qt
¼ q2b

qy2

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0

where x and t are related by

0 	 t 	 tR: x ¼ xc ¼ �ui þ t

tR 	 t 	 2tR: x ¼ xa ¼ �2uf þ ui � t ¼ �uf � ðt� tRÞ
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The dimensionless current is given by

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

and the dimensionless charge by qe ¼
Ð t

0
cðZÞ dZ. Laplace transformation is

particularly expedient to handle the two partial derivative equations. We

thus obtain, taking the initial conditions into account,

s�aa� 1 ¼ q2�aa

qy2

s�bb ¼ q2�bb

qy2

Integration of these two second-order constant-coefficient differential equa-

tions, taking into account the second y ¼ 0 boundary condition, leads to

�aa ¼ 1

s
þ �aay¼0 �

1ffiffi
s
p q�aa

qy

� �
y¼0

� 1

s

" #
expð�

ffiffi
s
p

yÞ
2

þ �aay¼0 þ
1ffiffi
s
p q�aa

qy

� �
y¼0

� 1

s

" #
expð

ffiffi
s
p

yÞ
2

�bb ¼ �bby¼0 �
1ffiffi
s
p qb

qy

� �
y¼0

" #
expð� ffiffi

s
p

yÞ
2

þ �bby¼0 þ
1ffiffi
s
p qb

qy

� �
y¼0

" #
expð ffiffisp yÞ

2

The coefficient of the term in expð
ffiffi
s
p

yÞ, which tends toward infinite with y,

must be nil in both equations since for y ¼ 1, �aa and �bb remain finite (equal

to 1/s and 0, respectively). It follows that

�aay¼0 ¼
1

s
�

�ccffiffi
s
p and �bby¼0 ¼

�ccffiffi
s
p ð6:1Þ

Coming back to the original space, we obtain integral relationships linking, in

dimensionless terms, the concentrations at the electrode surface to the current:

ðaÞy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:2Þ

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:3Þ

SINGLE ELECTRON TRANSFER AT AN ELECTRODE 351



Adding up these two equations leads to ðaÞy¼0 þ ðbÞy¼0 ¼ 1, which ex-

presses the fact that the sum of the concentrations at the surface is equal to

the concentration of A introduced in the solution.

The integral relationships above are valid for any transient technique

other than cyclic voltammetry, since at this stage of the derivation, the fact

that the potential is a linear function of time has not yet been introduced. It

is also valid in the case where charge transfer is not fast and together with

diffusion, kinetically governs the electrochemical response. In the present

case, the linear relationship between potential and time comes into play

through Nernst’s law, leading to

ðaÞy¼0 ¼
expð�xÞ

1þ expð�xÞ ðbÞy¼0 ¼
1

1þ expð�xÞ

Thus, over the entire voltammogram,

1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
x� Z

p dZ ¼ 1

1þ expð�xÞ

During the first part of the scan, x ¼ xc ¼ �ui þ t, and therefore

1ffiffiffi
p
p
ðx
�ui

cðZÞffiffiffiffiffiffiffiffiffiffiffi
x� Z

p dZ ¼ 1

1þ expð�xÞ ð6:4Þ

ui !1 as the starting potential is made more and more positive compared

to the standard potential, thus finally leading to equation (1.5).

During the second part of the scan, we may decompose the interval of

integration in two portions:

1ffiffiffi
p
p
ðtR

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt
tR

caðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xaÞ

where cc and ca stands for the forward and reverse current traces, noting

that x on the right-hand side represents the potential during the second part

of the scan ðx ¼ xa ¼ �uf þ t� tRÞ. The preceding equation may be recast

as follows:

1ffiffiffi
p
p
ðt

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt
tR

½caðZÞ � ccðZÞ�ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xaÞ
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The first term of the left-hand side relates to the first part of the scan and its

prolongation during the second part of the scan. Thus,

1ffiffiffi
p
p
ðt

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xcÞ
¼ 1

1þ expð2uf þ xaÞ

Thus, if the inversion potential is far beyond the standard potential, meaning

that 2uf þ xa ! �1,

1ffiffiffi
p
p
ðt

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

and thus

1ffiffiffi
p
p
ðxa

1

½caðZÞ � ccðZÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffi
xa � Z

p dZ ¼ � 1

1þ exp xað Þ

Comparing this equation with the equation characterizing the forward scan,

1ffiffiffi
p
p
ðx
�ui

cðZÞffiffiffiffiffiffiffiffiffiffiffi
x� Z

p dZ ¼ 1

1þ expð�xÞ

shows that the anodic and cathodic traces are superimposed exactly after

transformations depicted in Figure 1.4 have been performed.

The charge passed is obtained, in dimensionless form, by integrating c
over the 0–t interval leading to the normalized charge–time (or –potential)

curves in Figure 6.1a. Figure 6.1b shows that the charge passed during the

reverse scan can be deduced from the charge passed during the forward scan

in exactly the same manner as for the current (Figure 1.4).

A particularly important conclusion concerns the actual charge: At

any point of the scan the charge passed, Qe, is proportional to the concen-

tration and inversely proportional to the square root of the scan rate as

results from the equation

Qe ¼ FSC0

ffiffiffiffiffiffiffiffiffiffi
RTD

Fv

r
qe

whereas the current is proportional to the square root of the scan rate.

6.1.3. Double-Layer Charging in Cyclic Voltammetry. Oscillating
and Nonoscillating Behavior

During the forward scan, the Laplace expression of equation (1.10) is written

Las2�iiC þ�Rus�iiC þ
�iiC

Cd

¼ v

s
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leading to

�iiC ¼
Cdv

CdLas s2 þ�Ru

La

sþ 1

CdLa

� �
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FIGURE 6.1. a: Dimensionless current (c) and charge passed ðqeÞ in the cyclic voltammetry

of a Nernstian system. b: Construction of the reverse trace from the forward trace.
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that is, with the definitions of o and ru given in the text:

�iiC ¼
Cdvo2

sðs2 þ 2ruosþ o2Þ ¼
Cdvo2

s½ðsþ ruoÞ
2 þ o2ð1� r2

uÞ�

The oscillatory or nonoscillatory behavior of iC depends on the roots of the

second-order trinomial in the denominator of the right-hand member being

real or imaginary. These conditions are achieved when �Ru > �Rc
u and

�Ru < �Rc
u, respectively, where the critical value, �Rc

u, corresponding to

the transitions between the two regimes is given by �Rc
u ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
La=Cd

p
, or

introducing ru ¼ �Ru=�Rc
u, by ru ¼ 1. We also introduce o ¼ 1=

ffiffiffiffiffiffiffiffiffiffi
CdLa

p
.

There are thus three different cases:

1. �Ru > �Rc
uðru > 1Þ:

�iiC ¼
Cdvo2

s½sþ oðru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

Þ�½sþ oðru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

Þ�

leading to

iC¼ Cdv 1þ ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p exp �oðru þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
Þt

� �(

� ru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p exp �oðru �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
Þt

� �)

We note, in passing, that when ru !1 (i.e., when �Ru  �Rc
u),

iC ¼ Cdv 1� exp � o
2ru

t

� �� �
¼ Cdv 1� exp � t

�RuCd

� �� �

the same double-layer charging curve as when no positive feedback compen-

sation of the ohmic drop is attempted (equation 1.8), simply by replacing the

total resistance Ru by the remaining uncompensated resistance �Ru.

2. �Ru ¼ �Rc
u ðru ¼ 1Þ:

�iiC ¼
Cdvo2

sðsþ oÞ2

leading to

iC ¼ Cdv½1� expð�otÞ � ot expð�otÞ�
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3. �Ru < �Rc
u ðru < 1Þ:

�iiC ¼
Cdvo2

sðs2 þ 2ruosþ o2Þ ¼
Cdvo2

s½ðsþ ruoÞ
2 þ o2ð1� r2

uÞ�

leading to

iC ¼ Cdv 1� expð�ruotÞ cosðo
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
tÞ

�

� ruffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

p expð�ruotÞ sinðo
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
tÞ
#

typical of damped oscillations. Sustained oscillations are obtained when

r ¼ 0. Then

iC ¼ Cdvð1� cosotÞ:
o thus appears as their pulsation, their period being 2p=o.

During the reverse scan, the Laplace transformation is based on t–tR as

the time variable. Equation (1.10) then becomes

Laðs2�iiC � sCdvÞ þ�Ruðs�iiC � CdvÞ þ
�iiC
Cd

¼ � v

s

taking due account of the new initial conditions: namely, that iC ¼ Cdv for

t–tR ¼ 0. Thus, introducing the same parameters o and ru yields

�iiC ¼ �Cdv
�s2 � 2ruosþ o2

sðs2 þ 2ruosþ o2Þ ¼ Cdv
1

s
� 2o2

sðs2 þ 2ruosþ o2Þ

� �

The equations of the reverse traces are thus derived straightforwardly from

those of the forward scan in the same three cases:

1. �Ru > �Rc
uðru >1):

iC ¼ Cdv
�1� 2

ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p exp �o ru þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
ðt � tRÞ

� �(

þ 2
ru þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p exp �o ru �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
ðt � tRÞ

� �)

We note, in passing, that when ru !1 (i.e., �Ru  �Rc
u),

iC ¼ Cdv �1þ 2 exp � o
2ru

t

� �� �
¼ Cdv �1þ 2 exp � t

�RuCd

� �� �
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the same double-layer charging curve as when no positive feedback

compensation of the ohmic drop is attempted [equation (1.9)].

2. �Ru ¼ �Rc
uðru ¼ 1Þ:

iC ¼ Cdvf�1þ 2 exp½�o t � tRÞ� þ 2ot exp �o t � tRð Þ½ �ð g
3. �Ru < �Rc

uðru < 1Þ:

iC ¼ Cdv �1þ 2 exp½�ruot�ðt � tRÞ cos o
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
ðt � tRÞ

� ��

þ 2
ruffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
u

p expð�ruotÞ sin o
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
ðt � tRÞ

� �)

typical of damped oscillations. Sustained oscillations are obtained when

r ¼ 0, thus corresponding to

iC ¼ Cdvð�1þ 2 cosotÞ
The equations of the forward and reverse traces for oscillatory and

nonoscillatory behaviors are summarized in Table 6.2.

6.1.4. Effect of Ohmic Drop and Double-Layer Charging
on Nernstian Cyclic Voltammograms

This section is devoted to the establishment of equations (1.12) and (1.13).

In addition to the dimensionless variables used previously (Section 6.1.2),

we normalize the Faradaic and double-layer charging current,

cf ¼
if

FSC0
ffiffiffiffi
D
p
ðFv=RTÞ1=2

cC ¼
iC

FSC0
ffiffiffiffi
D
p
ðFv=RTÞ1=2

and the two potentials, E and E0:

x ¼ � Fv

RT
ðE � E0Þ x0 ¼ � Fv

RT
ðE0 � E0Þ

We may thus translate the current and potential relationships of Section

1.3.1 [equations (1.11)] into the following dimensionless equations:

x ¼ x0 � rc and cC ¼
yc

r
dx
dt

r and yc being defined by equations (1.13). Thus,

cC ¼
yc

r
dx0

dt
� yc

dc
dt

leading to cþ yc

dc
dt
¼ yc

r
dx0

dt
þ cf
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TABLE 6.2. Positive Feedback Compensation of Ohmic Drop: Equations of the

Forward and Reverse Traces for Oscillatory and Nonoscillatory Behaviorsa

�Ru > �Rc
u

ðru > 1Þ
Forward scan:

iC ¼ Cdv

(
1þ

ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q exp �o ru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
t

� �

�
ru þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q exp �o ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
t

� �)

Reverse scan:

iC ¼ Cdv

(
�1� 2

ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q exp �o ru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
ðt � tRÞ

� �

þ 2
ru þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q exp �o ru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1

q� �
ðt � tRÞ

� �)

leading to equations (1.8) and (1.9) when ru !1 (i.e., �Ru  �Rc
u)

�Ru ¼ �Rc
u

ðru ¼ 1Þ
Forward scan:

iC ¼ Cdv½1� expð�otÞ � ot expð�otÞ�
Reverse scan:

iC ¼ Cdvf�1þ 2 exp½�oðt � tRÞ� þ 2ot exp½�oðt � tRÞ�g

�Ru < �Rc
u

ðru < 1Þ
Forward scan:

iC ¼ Cdv

(
1� expð�ruotÞ cos o

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
t

� �

� ruffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

p expð�ruotÞ sin o
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
t

� �)

Reverse scan:

iC ¼ Cdv

(
�1þ 2 exp �ruot½ �ðt � tRÞ cos o

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
ðt � tRÞ

� �

þ 2
ruffiffiffiffiffiffiffiffiffiffiffiffiffi

1� r2
u

p expð�ruotÞ sin o
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
ðt � tRÞ�

)"

r ¼ 0 (sustained oscillations):

Forward scan: iC ¼ Cdv½1� cosðotÞ�

Reverse scan: iC ¼ Cdv½�1þ 2 cosðotÞ�
ao ¼ 1=

ffiffiffiffiffiffiffiffiffiffi
CdLa

p
, ru ¼ �Ru=�Rc

u with �Rc
u ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
La=Cd

p
.
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with

1ffiffiffi
p
p
ðt

0

cf ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xÞ

During the forward scan, x0 ¼ x0c ¼ �ui þ t, dx0=dt ¼ 1, and thus

cc �
yc

r
þ yc

dcc

dt
¼ cf

where cc stands for the cathodic current (i.e., the current during the forward

scan). It follows that

1ffiffiffi
p
p
ðt

0

c� yc

r
þ yc

dc
dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ¼ 1ffiffiffi

p
p
ðt

0

cf ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xÞ

Since x ¼ �ui þ t� rcc,

1ffiffiffi
p
p
ðx0c
�ui

cc �
yc

r
þ yc

dcc

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffiffiffi
x0c � Z

p ¼ 1

1þ exp �x0c þ rcc

� �
and in practice:

1ffiffiffi
p
p
ðx0c
�1

cc �
yc

r
þ yc

dcc

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffiffiffi
x0c � Z

p ¼ 1

1þ exp �x0c þ rcc

� �
[i.e., equation (1.12), where the subscript c has been dropped for simplicity.]

During the reverse scan, x0 ¼ x0a ¼ �uf � ðt� tRÞ, dx0=dt ¼ �1 and thus

ca þ
yc

r
þ yc

dca

dt
¼ cf

where ca stands for the cathodic current (i.e., the current during the reverse

scan). It follows that

1ffiffiffi
p
p
ðtR

0

cc �
yc

r
þ yc

dcc

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p þ 1ffiffiffi

p
p
ðt
tR

ca þ
yc

r
þ yc

dca

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

¼ 1

1þ expð�x0a þ rcaÞ

The first term on the left-hand side relates to the first part of the scan:

1ffiffiffi
p
p
ðtR

0

cc �
yc

r
þ yc

dcc

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ¼ 1

1þ expð�uf � rcaÞ
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Therefore,

1ffiffiffi
p
p
ðx0a
�uf

ca þ
yc

r
þ yc

dca

dZ

� �
dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ¼ 1

1þ expð�x0a þ rcaÞ

� 1

1þ expð�uf � rcaÞ

which allows the computation of the reverse trace, ca, once the para-

meter uf , which characterized the potential of scan inversion, has been

specified.

The entire cyclic voltammogram is no longer reversible according to the

definition we have attached to this term so far. In other words, the symmetry

and translation operations as in Figures 1.4 and 6.1 do no longer allow the

superposition of the reverse and forward trace. It also appears that the

midpoint between the anodic and cathodic peak potentials does not exactly

coincide with the standard potential. The gap between the two potentials

increases with the extent of the ohmic drop as illustrated in Figure 6.2 for

typical conditions, which thus provides an estimate of the error that would

result if the two potentials were regarded as equal.
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FIGURE 6.2. Difference between the midpoint between the anodic and cathodic peak

potentials and the standard potential and the extent of ohmic drop (as measured by the

difference between the cathodic peak potentials in the absence and presence of ohmic drop).

Bottom horizontal and left-hand vertical axes: dimensionless representation. Top horizontal

and right-hand vertical axes: potential differences at 25�C. Inversion of the potential scan at

x ¼ 20 (0.514 V beyond the standard potential).
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6.1.5. Potential Step and Double Potential Step
Chronoamperometry of Nernstian Systems

The analysis is the same as in the preceding section, as long as the

relationship between potential and time has not been introduced. The

same dimensionless approach may also be followed with the exception of

the time variable, which may now be normalized against the inversion time

tR: t ¼ t=tR, leading to the following definition of the normalized current:

c ¼ i
ffiffiffiffi
tR
p

=FSC0
ffiffiffiffi
D
p

. In applying equations (6.1) to the first potential step,

we take into account that in the conditions specified in Section 1.3.2, the

concentration of A at the electrode surface is zero (i.e., �aay¼0 ¼ 0), or

equivalently, the concentration of B at the electrode is equal to C0 (i.e.,
�bby¼0 ¼ 1=s). It follows that �cc ¼ 1=

ffiffi
s
p

and therefore c ¼ 1=
ffiffiffiffiffi
pt
p

, thus

yielding equation (1.19). During the second step, equation (6.3) leads to

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1ffiffiffi

p
p
ð1

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt

1

caðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 0

and thus

1ffiffiffi
p
p
ðt

1

ccðZÞ � caðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1ffiffiffi

p
p
ðt

0

ccðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

1ffiffiffi
p
p
ðt�1

0

ccðZÞ � caðZÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðt� 1Þ � Z

p dZ ¼ 1

It follows that

ca ¼ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

pðt� 1Þ
p þ 1ffiffiffiffiffi

pt
p

thus leading to equation (1.21).

6.1.6. Overlapping of Double-Layer Charging and Faradaic
Currents in Potential Step and Double Potential Step
Chronoamperometry. Oscillating and Nonoscillating Behavior

In the Laplace space, equation (1.22) is written

Las2�iiþ�Rus�iiþ
�ii

Cd

¼ �E þ
�iif
Cd

During the forward scan (Section 6.1.4),

�iif ¼
FSC0

ffiffiffiffi
D
pffiffi
s
p
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leading to

�ii ¼ �E

La s2 þ�Ru

La

sþ 1

CdLa

� �þ FSC0
ffiffiffiffi
D
p

CdLa s2 þ�Ru

La

sþ 1

CdLa

� � ffiffi
s
p

that is, to

�ii ¼ Cd�E�ff ðsÞ þ FSC0
ffiffiffiffi
D
p �ff ðsÞffiffi

s
p

TABLE 6.3. Double-Layer Charging and Ohmic Drop in Potential Step

Chronoamperometry: Characteristic Function �ff ðsÞ and f ðtÞ in the Laplace and

Original Spacesa

�Ru > �Rc
u

ðru > 1Þ
�ff ðsÞ ¼ o2

sþ oðru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

Þ
� �

sþ oðru �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

Þ
� �

f ðtÞ ¼ o
exp �o ru �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p� �

t
� �

� exp �o ru þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p� �

t
� �

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

u � 1
p

when ru !1 (i.e., �Ru  �Rc
u)

f ðtÞ ¼ expð��RuCdtÞ
�RuCd

�Ru ¼ �Rc
u

ðru ¼ 1Þ
�ff ðsÞ ¼ o2

ðsþ oÞ2

f ðtÞ ¼ o2t expð�otÞ

�Ru < �Rc
u

ðru < 1Þ
0 < ru < 1: damped oscillations

�ff ðsÞ ¼ o2

½ðsþ ruoÞ
2 þ o2ð1� r2

uÞ�

f ðtÞ ¼ offiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

p expð�ruotÞ sinð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r2

u

q
otÞ

ru ¼ 0 : sustained oscillations :

�ff ðsÞ ¼ o2

s2 þ o2

f ðtÞ ¼ o sinðotÞ

ao ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
CdLa

p
, ru ¼ �Ru=�Rc

u with �Rc
u ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
La=Cd

p
.
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or in the original space,

i ¼ Cd�Ef ðtÞ þ FSC0
ffiffiffiffi
D
pffiffiffi
p
p

ðt

0

f ðZÞ dZffiffiffiffiffiffiffiffiffiffi
t � Z
p ð6:5Þ

The first term is the double-layer charging response, while the second is a

measure of the overlap between double-layer charging and Faradaic reac-

tion, which eventually tends toward the Faradaic response that would have

been obtained if double-layer charging were absent. As to the expression of

the characteristic functions �ff ðsÞ and f ðtÞ in the Laplace and original spaces,

respectively, with the same notations as in Section 6.1.4,

�Rc
u ¼ 2

ffiffiffiffiffiffi
La

Cd

r
ru ¼

�Ru

�Rc
u

o ¼ 1ffiffiffiffiffiffiffiffiffiffi
CdLa

p

three different cases must be distinguished depending on ru being larger,

equal, or smaller than 1. The results are summarized in Table 6.3.

Calculation of the convolution integral in equation (6.5) may be

performed as depicted in Section 2.2.8, leading to the results displayed in

Figure 1.12.

6.1.7. Solvent Reorganization in Marcus–Hush Model

For the sake of simplicity, we first compute the free-energy changes,

�GI and �GII, in the case where the reaction site is far enough from

the electrode surface for image effects to be neglected. At any stage

of the first charging process, the number of charge borne by the react-

ant is

zðnÞ ¼ zA þ nðz� zAÞ ð0 	 n 	 1Þ

and the electrical potential at a distance r from the center of the A equivalent

sphere is

jðnÞ ¼ e0

4pe0

zðnÞ
eSr

where e0 is the vacuum permitivity, e0 the electron charge, and eS the solvent

static dielectric constant. The potential, j0AðnÞ, to be considered in the
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computation of

�GI ¼ e0

ð1

0

j0AðnÞðz� zAÞ dn

is obtained for r ¼ aA (where aA is the reactant radius), after subtraction of

the self-potential of A2,3:

j0AðnÞ ¼
e0

4pe0

zðnÞ
eSaA

� e0

4pe0

zðnÞ
aA

� �
¼ e0

4pe0

zðnÞ
aA

1

eS

� 1

� �

Thus,

�GI ¼
e2

0

4pe0aA

1

eS

� 1

� �
zAðz� zAÞ þ

ðz� zAÞ2

2

" #

During the second step, the charge number varies as

zðnÞ ¼ zþ nðzA � zÞ ð0 	 n 	 1Þ

The potential at a distance r from the center of A is now the sum of its value

at the end of the first step [i.e., ðe0=4pe0Þðz=eSrÞ] and of its variation in a

medium that responds only via the optical dielectric constant, eop (square of

the refractive index). Altogether,

jðnÞ ¼ e0

4pe0

z

eSr
þ nðzA � zÞ

eopr

� �

The potential, j0AðnÞ, to be considered in the computation of �GII, is finally

obtained, for r ¼ aA, after subtraction of the appropriate self-potentials:

j0AðnÞ ¼
e0

4pe0

z

aA

1

eS

� 1

� �
þ nðzA � zÞ

aA

1

eop

� 1

� �� �

leading to

�GII ¼
e2

0

4pe0aA

1

eS

� 1

� �
zðzA � zÞ þ 1

eop

� 1

� �
ðz� zAÞ2

2

" #

Overall,

�GI þ�GII ¼ l0ðzA � zÞ2
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with

lel
0 ¼

e2
0

4pe0

1

2aA

1

eop

� 1

eS

� �

In the case of a homogeneous electron transfer between two molecules,

AzA þ DzD Ð AzA�1 þ DzDþ1

the presence of two reacting ions must be taken into account in the

expression of the electrical potentials, and the charging process must be

achieved on both species. Thus, during step I, the numbers of charge borne

by the reactants are

za or dðnÞ ¼ zA or D þ nðza or d � zA or DÞ

The z’s with lowercase subscripts designate the current values of the charge

number for the acceptor and donor, respectively, while the z’s with upper-

case subscripts designate the values of the charge number for the acceptor

and donor in the initial state, respectively. The electrical potential at any

point of the space is

jðnÞ ¼ e0

4pe0

zaðnÞ
eSra

þ zdðnÞ
eSrd

� �

where ra and rd are the distances to the centers of A and D. At the surface of

each ion, the potential minus the self-potential are

j0aðnÞ ¼
e0

4pe0

zaðnÞ
aA

1

eS

� 1

� �
þ zdðnÞ

rdeS

� �

where rd now represents the distance between the center of D and any point

at the surface of A:

j0dðnÞ ¼
e0

4pe0

zdðnÞ
aD

1

eS

� 1

� �
þ zaðnÞ

raeS

� �

where ra now represents the distance between the center of A and any point

at the surface of D. Averaging these expressions over the surface of each

reactant, one obtains

�jj0aðnÞ ¼
e0

4pe0

zaðnÞ
aA

1

eS

� 1

� �
þ zdðnÞ

deS

� �

�jj0dðnÞ ¼
e0

4pe0

zdðnÞ
aD

1

eS

� 1

� �
þ zaðnÞ

deS

� �
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d being the distance between the centers of the two reactants. The

computation of

�GI ¼ e0

ð1

0

�jj0aðnÞ za � zAð Þdnþ
ð1

0

�jj0dðnÞ zd � zDð Þ dn
� �

thus leads to

�GI ¼
e2

0

4pe0

(
zazd � zAzD

eSd
þ zAðza � zAÞ þ

ðza � zAÞ2

2

" #
1

eS

� 1

� �
1

aA

þ zDðzd � zDÞ þ
ðzd � zDÞ2

2

" #
1

eS

� 1

� �
1

aD

)

During step II, the numbers of charge borne by the reactants are

za or dðnÞ ¼ za or d þ nðzA or D � za or dÞ

The potential at any point at a distance ra from the center of A and rd from

the center of D is the sum of its value at the end of step I:

e0

4pe0

za

eSra

þ zd

eSrd

� �

and of its variation in a medium that responds only via the optical dielectric

constant, eop (square of the refractive index). Altogether,

j0a or dðnÞ ¼
e0

4pe0

za

eSra

þ zd

eSrd

þ nðzA � zaÞ
eopra

þ nðzD � zdÞ
eopr

d

� �

After subtraction of the self-potentials and averaging over the surface of

each ion, one obtains

�jj0aðnÞ ¼
e0

4pe0

za

aA

1

eS

� 1

� �
þ zd

deS

þ nðzA � zaÞ
aA

1

eop

� 1

� �
þ nðzD � zdÞ

eopd

� �

�jj0dðnÞ ¼
e0

4pe0

zd

aD

1

eS

� 1

� �
þ za

deS

þ nðzD � zdÞ
aD

1

eop

� 1

� �
þ nðzA � zaÞ

eopd

� �

Computation of

�GII ¼ e0

ð1

0

�jj0aðnÞðzA � zaÞ dnþ
ð1

0

�jj0dðnÞðzD � zdÞ dn
� �
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thus leads to

�GII ¼
e2

0

4pe0

(
ðzA � zaÞðzD � zdÞ

eop

� zdðza � zAÞ þ zaðzd � zDÞ
eS

� �
1

d

þ ðza � zAÞ2

2

1

eop

� 1

� �
� zaðza � zAÞ

1

eS

� 1

� �" #
1

aA

þ ðzd � zDÞ2

2

1

eop

� 1

� �
� zdðzd � zDÞ

1

eS

� 1

� �" #
1

aD

)

Overall,

�GIþII ¼
e2

0

4pe0

1

eop

� 1

eS

� �
ðza � zAÞ2

2aA

þ z
d
� z

D
ð Þ2

2aD

þ ðza � zAÞðzd
� z

D
Þ

d

" #

Since

�ðza � zAÞ ¼ ðzd � zDÞ ¼ X

G0;A ¼ lhom
0 X2 for the reactants, and similarly,

G0;B ¼ lhom
0 ð1� XÞ2 for the products, with

lhom
0 ¼ e2

0

4pe0

1

eop

� 1

eS

� �
1

2aA

þ 1

2aD

� 1

d

� �

[i.e., equation (1.44)].

Similar derivations apply for the electrochemical case when taking the image

force effect into account. More precisely, in the expression of the potential at the

surface of the A sphere, the contribution of the electrical image of A (which

bears an opposite charge and which center is located at a distance di from the

center of A) has to be taken into account.

In the first step,

�jj0AðnÞ ¼
e0

4pe0

zA þ nðz� zAÞ
aA

1

eS

� 1

� �
� zA þ nðz� zAÞ

dieS

� �

�GI ¼
e2

0

4pe0

zAðz� zAÞ þ 1
2
ðz� zAÞ2

aA

1

eS

� 1

� �
�

zAðz� zAÞ þ 1
2
ðz� zAÞ2

dieS

" #
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In the second step,

�jj0AðnÞ ¼
e0

4pe0

z

aA

1

eS

� 1

� �
� z

dieS

þ nðzA� zÞ
aA

1

eop

� 1

� �
� nðzA� zÞ

eopdi

� �

�GII ¼
e2

0

4pe0

"
zðzA� zÞ

aA

1

eS

� 1

� �
� zðzA� zÞ

dieS

þðzA� zÞ2

2aA

1

eop

� 1

� �
�ðzA� zÞ2

2eopdi

#

�GI þ�GII ¼
e2

0

4pe0

1

eop

� 1

eS

� �
1

2aA

� 1

2di

� �
ðz� zAÞ2

Thus,

G0;A ¼ lel
0 ðz� zAÞ2

with

lel
0 ¼

e2
0

4pe0

1

eop

� 1

eS

� �
1

2aA

� 1

2di

� �

thus establishing equation (1.27).

6.1.8. Effect of the Multiplicity of Electronic States in the Electrode

The individual forward rate constant for the transfer of one electron from

one electron state in the metal to the acceptor (oxidized form of the redox

couple) in the solution may be expressed as

kf; j ¼ Zelkel;j exp �
F�G

6¼
f; j

RT

 !

where kel; j is the transmission coefficient defined in equation (1.36). The

individual activation free energy for the forward reaction, �G
6¼
f ;j, is related to

the reorganization energy, lt, according to

�G
6¼
f; j ¼

lt

4
1� E� E0

lt

� �2

¼ 1

4lt

lt � ðE� E0Þ
� �2

where E is the energy of the electron in the metal and E0 is its value

when the electrode potential, E, is equal to the formal potential of the redox

couple, E0. The overall rate constant, kf, is obtained after multiplication by
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the Fermi–Dirac probability of finding an electron with the energy E:

1

1þ exp
F

RT
ðE� EFÞ

� �
by integration over the entire set of electron states in the metal:

kf

k1
¼

ð1
�1

kelðEÞrðEÞ
exp � F

4RTlt

� �
½lt�ðE�E0Þ�2

� �

1þexp
F

RT

� �
ðE�EFÞ

� � dE

limðEF�E0ltÞ
ð1
�1

kelðEÞrðEÞ
exp � F

4RTlt

� �
½lt�ðE�E0Þ�2

� �

1þexp
F

RT

� �
E�EFð Þ

� � dE

where k1 is the maximal rate constant and rðEÞ is the density of states

corresponding to the energy E.

Similarly, for the oxidation process,

kb; j ¼ Zelkel; j exp �
F�G

6¼
b; j

RT

 !

with

�G
6¼
b; j ¼

lt

4
1þ E� E0

lt

� �2

¼ 1

4lt

lt þ ðE� E0Þ
� �2

The overall rate constant, kb, is obtained after multiplication by the Fermi–

Dirac probability of finding a hole with the energy E

1

1þ exp � F

RT

� �
ðE� EFÞ

� �
by integration over the entire set of holes states in the metal:

kb

k1
¼

ð1
�1

kelðEÞrðEÞ
exp � F

4RTlt

½ltþðE�E0Þ�2
� �

1þexp � F

RT
ðE�EFÞ

� � dE

limðEF�E0�ltÞ
ð1
�1

kelðEÞrðEÞ
exp � F

4RTlt

½ltþðE�E0Þ�2
� �

1þexp � F

RT
ðE�EFÞ

� � dE
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Assuming, as discussed in Section 1.4.2, that r and kel are independent of E,

introducing � ¼ F½ðE� EFÞ=RT�, and taking into account that �EF ¼ E

and �E0 ¼ E0, we obtain

kf

k1
¼

ð1
�1

exp � RT

4Flt

F

RT
½ltþðE�E0Þ���

� �2
" #

1þexpð�Þ d�

limðE�E0��ltÞ
ð1
�1

exp � RT

4Flt

F

RT
½ltþðE�E0Þ���

� �2
" #

1þexpð�Þ d�

Similarly, introducing � ¼ �F½ðE� EFÞ=RT� gives us

kb

k1
¼

ð1
�1

exp � RT

4Flt

F

RT
½lt�ðE�E0Þ���

� �2
" #

1þexpð�Þ d�

limðE�E0ltÞ
ð1
�1

exp � RT

4Flt

F

RT
½lt�ðE�E0Þ���

� �2
" #

1þexpð�Þ d�

An alternative change of integration variable is as follows:

� ¼
� � F

RT
½lt þ ðE � E0Þ�ffiffiffiffiffiffiffiffiffiffiffi

4
Flt

RT

r

leading to

kf

k1
¼

ð1
�1

expð��2Þd�

1þexp
F

RT
½ltþðE�E0Þ�

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

limðE�E0��ltÞ
ð1
�1

expð��2Þd�

1þexp
F

RT
½ltþðE�E0Þ�

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

limðE�E0��ltÞ
ð1
�1

expð��2Þd�

1þexp
F

RT
½ltþðE�E0Þ�

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

¼
ð1
�1

expð��2Þd�¼
ffiffiffi
p
p
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and thus

kf

k1
¼ 1ffiffiffi

p
p
ð1
�1

expð��2Þ d�

1þ exp
F

RT
lt þ E � E0

� �� �� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

Similarly,

kb

k1
¼ 1ffiffiffi

p
p
ð1
�1

expð��2Þ d�

1þ exp
F

RT
lt � E � E0

� �� �� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

with k1 ¼ Zelkel. At zero driving force ðE ¼ E0Þ, kf ¼ kb ¼ kS, with

kS

k1
¼ 1ffiffiffi

p
p
ð1
�1

expð��2Þd�

1þ exp
Flt

RT

� �
exp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4lt

F

RT

r
�

� �

The expressions of the rate constants given in equations (1.37) to (1.39) follow.

6.1.9. Cyclic Voltammetry of Two-Electron Nernstian
Systems. Disproportionation

In the absence of disproportionation reaction taking place in solution,

the concentrations of A, B, and C obey the following system of partial deriv-

ative equations:

qCA

qt
¼ D

q2CA

qx2
ð6:6Þ

qCB

qt
¼ D

q2CB

qx2
ð6:7Þ

qCC

qt
¼ D

q2CC

qx2
ð6:8Þ

whereas if the disproportionation–coproportionation reaction is taken into

account, the governing partial derivative equations become

qCA

qt
¼ D

q2CA

qx2
þ kDC2

B � k�DCACC

qCB

qt
¼ D

q2CB

qx2
� 2ðkDC2

B � k�DCACCÞ

qCC

qt
¼ D

q2CC

qx2
þ kDC2

B � k�DCACC
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In both cases the accompanying initial and boundary conditions are:

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0; CC ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
þ qCC

qx
¼ 0

CA

CB

¼ exp
F

RT
E � E0 ��E0

2

� �� �
ð6:9Þ

CB

CC

¼ exp
F

RT
E � E0 þ�E0

2

� �� �
ð6:10Þ

There are two contributions to the current:

i

FS
¼ D

qCA

qx

� �
x¼0

�D
qCC

qx

� �
x¼0

We may therefore combined linearly the three partial derivative equations as

follows in both cases:

qðCA þ CB þ CCÞ
qt

¼ D
q2ðCA þ CB þ CCÞ

qx2

qðCA � CCÞ
qt

¼ D
q2ðCA � CCÞ

qx2

taking into account the appropriate initial and boundary conditions:

ðCAÞx¼0

C0
þ ðCBÞx¼0

C0
þ ðCBÞx¼0

C0
¼ 1 ð6:11Þ

and

ðCAÞx¼0

C0
� ðCCÞx¼0

C0
¼ 1�

ðFvt
RT

0

i

FSC0
ffiffiffiffi
D
p ffiffiffiffiffiffiffiffi

Fv

RT

r dZffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fvt

RT
� Z

r ð6:12Þ

Combination of equations (6.9) to (6.12) leads to the final expression of

the current [equation 1.58)], which is therefore exactly the same in the

presence and absence of the disproportionation reaction, provided that the

diffusion coefficients of the three species are the same. The individual

fluxes and concentration profiles are different, however, as exemplified in

Figure 6.3.
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6.2 COUPLING OF HOMOGENEOUS CHEMICAL REACTIONS
WITH ELECTRON TRANSFER

6.2.1. The EC Mechanism

In the framework of Scheme 2.1, we start with the case where the electron

transfer does not interfere kinetically. As compared to the simple Nernstian

electron transfer case (Section 6.1.2), the main change occurs in the partial

derivative equation pertaining to B, where a kinetic term is introduced in

Fick’s second law. A corresponding equation for C should also be taken into

account, leading to the following system of partial derivative equations,

accompanied by a series of initial and boundary conditions (assuming that the

diffusion coefficients of A, B, and C are the same):

qCA

qt
¼ D

q2CA

qx2

qCB

qt
¼ D

q2CB

qx2
� kþCB þ k�CC

qCC

qt
¼ D

q2CC

qx2
þ kþCB � k�CC

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0; CC ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0 ðconservation of fluxesÞ

CA ¼ CB exp
F

RT
ðE � E0Þ

� �
ðNernst

;
s lawÞ

qCC

qx
¼ 0 ðC is not reduced at the electrodeÞ

distance to
the electrode

distance to
the electrode

a

co
nc

en
tr

at
io

n

b

co
nc

en
tr

at
io

n

FIGURE 6.3. Concentration profiles for two separated waves (Figure 1.25) at a potential

located beyond the second wave. a: with no disproportionation process. b: In the presence of a

fast disproportionation. —, A; � � � , B; – –, C.
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where the electrode potential depends on time according to

0 	 t 	 tR : E ¼ Ei � vt

tR 	 t 	 2tR : E ¼ Ef þ vðt � tRÞ ¼ 2Ef � Ei þ vt

The current is related to the fluxes of A and B according to

i

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0

We introduce the same normalized variables and parameters as in Section

6.1.2 and, in addition,

lþ ¼
RT

F

kþ
v

l� ¼
RT

F

k�
v

l ¼ lþ þ l�
lþ
l�
¼ kþ

k�
¼ K

which characterize the competition between the homogeneous reaction and

diffusion.

The set of equations above thus becomes

qa

qt
¼ q2a

qy2
ð6:13Þ

qb

qt
¼ q2b

qy2
� lþbþ l�c ð6:14Þ

qc

qt
¼ q2c

qy2
þ lþb� l�c ð6:15Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0; c ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0;

qc

qy
¼ 0

where x and t are related by

0 	 t 	 tR : x ¼ xc ¼ �ui þ t ð6:16Þ

tR 	 t 	 2tR : x ¼ xa ¼ �2uf þ ui � t ¼ �uf � ðt� tRÞ ð6:17Þ

The dimensionless current is given by:

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

374 APPENDIXES



Equations (6.14) and (6.15) may be combined linearly as

qðbþ cÞ
qt

¼ q2ðbþ cÞ
qy2

ð6:18Þ

and

qðKb� cÞ
qt

¼ q2ðKb� cÞ
qy2

� lðKb� cÞ ð6:19Þ

Integration of equation (6.13) leads as in Section 6.1.2 to

ðaÞy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:20Þ

Similarly, from equation (6.18),

ðbÞy¼0 þ ðcÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:21Þ

Integration of equation (6.19) in the Laplace space leads to

K�bb� �cc ¼ ðK�bb� �ccÞy¼0 �
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p qðK�bb� �ccÞ

qy

� �
y¼0

" #
expð�

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

þ ðK�bb� �ccÞy¼0 þ
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p qðK�bb� �ccÞ

qy

� �
y¼0

" #
expð

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

and thus to

ðK�bb� �ccÞy¼0 ¼
Kffiffiffiffiffiffiffiffiffiffiffi

sþ l
p �cc

Returning to the original space (see Table 6.1), we have

ðKb� cÞy¼0 ¼
Kffiffiffi
p
p
ðt

0

exp½�lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:22Þ

A combination of equations (6.21) and (6.22) leads to

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

K

1þ K
exp½�lðt� ZÞ� þ 1

1þ K

� �
cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:23Þ
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Application of Nernst’s law to equations (6.20) and (6.23) finally leads to

the dimensionless expression of the voltammogram in the general case (KG

zone in Figure 2.1) reported in Table 6.4.

The response depends on two dimensionless parameters, K and l. The

number of independent parameters decreases for limiting values of

the parameters where asymptotic behaviors are met, corresponding to the

various zones in the kinetic zone diagram in Figure 2.1. The corresponding

dimensionless expressions of the voltammograms are given in Table 6.4. As

they stand in the table, the integral equations contain both the time (t) and

potential (x) dimensionless variables and are therefore suited for calculation

of both the cathodic and anodic traces, using the relationships between x and

t pertaining to each part of the scan [equations (6.16) and (6.17), respec-

tively]. Derivation of the characteristics of the forward trace is simplified

when it is assumed, as is always the case in practice, that the initial potential

is much more positive than the peak potential. Then integration over the 0–t
interval may be replaced by an integration over the �1–x interval.

TABLE 6.4. Equations of the Voltammograms for the EC Mechanism

Zone Dimensionless Expression of the Voltammogram

KG expð�xÞffiffiffi
p
p K

1þ K

ðt
0

exp½�lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1þ expð�xÞ

1þ K

� �
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

DO K small 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xÞand/or

l small

KO K large expð�xÞffiffiffi
p
p

ðt
0

exp½�lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

KP K large, c expð�xÞffiffiffi
l
p þ 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

l large,ffiffiffi
l
p

=K small

i:e:;c expð�xcÞ þ 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ; with : xc ¼ xþ ln

ffiffiffi
l
p� �

KE K large,
c expð�xeqÞ Kffiffiffi

l
p þ ½1þ expð�xeqÞ� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

l large

with xeq ¼ xþ ln K

DE l large, 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xeqÞ
ffiffiffi
l
p

=K

large with xeq ¼ xþ lnð1þ KÞ
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It is worth noting that for large values of l,

1ffiffiffi
p
p
ðt

0

exp½�lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ cffiffiffi

l
p

as results immediately from examining the Laplace transform:

�ccffiffiffiffiffiffiffiffiffiffiffi
sþ l
p �!l!1

�ccffiffiffi
l
p

The disappearance of the time variable s in front of l corresponds to

establishment of the steady state discussed in Section 2.2.1, leading to

by¼0 ¼
cffiffiffi
l
p ð6:24Þ

It may also be obtained directly by equating to zero the term in the partial

derivative equation (6.25) that governs the variations of the B concentration

with time

qb

qt
¼ q2b

qy2
� lþb ð6:25Þ

leading to

q2b

qy2
¼ lþb

After multiplication by qb=qy,

q2b

qy2

qb

qy
¼ lþb

qb

qy

and integration, one obtains

qb

qy

� �2

¼ lþb2 þ Cst

The constant is, in fact, zero, since there are points outside the thin reaction

layer where both b and qb=qy are equal to zero. It follows that

qb

qy

� �2

¼ lþb2
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leading, therefore, for y ¼ 0, to equation (6.24). This possibility of an

alternative demonstration of equation (6.24) will be precious when dealing

with higher-order reactions, giving rise to nonlinear differential equations.

Still another approach to the notion of pure kinetic conditions and the

related concept of reaction layer involves the following normalization of

space and concentration:

y� ¼ y
ffiffiffiffiffiffi
lþ

p
¼ xffiffiffiffiffi

D

kþ

s

(i.e., the distance to the electrode is normalized toward the thickness of the

reaction layer) and

b� ¼ b
ffiffiffiffiffiffi
lþ

p
¼ CB

ffiffiffiffiffiffiffiffiffiffiffiffiffi
RT

F

kþ
v

r

which converts the very small b into a quantity, b*, that is commensurable to

1 over the reaction layer. Equation (6.25) thus becomes

1

lþ

qb

qt
¼ q2b�

qy�2
� b� ����!lþ!1

0 ¼ q2b�

qy�2
� b� ð6:26Þ

Integration of equation (6.26) again leads to equation (6.24).

The pure kinetic conditions still apply if electron transfer is not uncondi-

tionally fast and Nernst’s law has to be replaced by the law that governs the

electron transfer kinetics as boundary condition, that is, in dimensionless terms,

c ¼ Lf ðxÞ½ay¼0 � by¼0 expð�xÞ�

with

Lf ðxÞ ¼ kf ðEÞ
ffiffiffiffiffiffiffiffiffi
RT

FvD

r

thus leading to

c
1

Lf ðxÞ
þ c expð�xÞffiffiffi

l
p

� �
¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

Since the wave is irreversible, interest is concentrated on the cathodic trace:

c
1

Lf ðxÞ
þ c expð�xÞffiffiffi

l
p

� �
¼ 1� 1ffiffiffi

p
p
ðx
�1

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ
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thus leading to equation (2.22). When the Butler–Volmer law applies,

Lf ðxÞ ¼ L expðaxÞ;
and therefore

c
expð�axÞ

L
þ c expð�xÞffiffiffi

l
p

� �
¼ 1� 1ffiffiffi

p
p
ðx
�1

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

thus leading to equation (2.11).

6.2.2. The CE Mechanism

In the framework of Scheme 2.2, we consider the case where the elec-

tron transfer is fast enough for not interfering kinetically. The govern-

ing system of partial derivative equations and of initial and boundary

conditions writes in this case

qCA

qt
¼ D

q2CA

qx2
� k�CA þ kþCC

qCB

qt
¼ D

q2CB

qx2

qCC

qt
¼ D

q2CC

qx2
þ k�CA � kþCC

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼
K

1þ K
C0; CB ¼ 0; CC ¼

C0

1þ K

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0

CA ¼ CB exp
F

RT
ðE � E0Þ

� �
qCC

qx
¼ 0

The electrode potential depends on time according to the same relationships

as in the preceding section.

The current is related to the fluxes of A and B according to

i

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0

We introduce the same normalized variables and parameters as in Section

6.2.1, and in addition,

lþ ¼
RT

F

kþ
v

l� ¼
RT

F

k�
v

l ¼ lþ þ l�
lþ
l�
¼ kþ

k�
¼ K
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which characterize the competition between the homogeneous reaction and

diffusion. The set of equations above thus becomes

qa

qt
¼ q2a

qy2
� l�aþ lþc ð6:27Þ

qb

qt
¼ q2b

qy2
ð6:28Þ

qc

qt
¼ q2c

qy2
þ l�a� lþc ð6:29Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0; c ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0;

qc

qy
¼ 0

where x and t are related by the same relationships as in the preceding

section. The dimensionless current is given by

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

Equations (6.27) and (6.29) may be linearly combined as

qðaþ cÞ
qt

¼ q2ðaþ cÞ
qy2

ð6:30Þ

and

qðKc� aÞ
qt

¼ q2ðKc� aÞ
qy2

� lðKc� aÞ ð6:31Þ

Integration of equation (6.28) leads to

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:32Þ

Similarly, from equation (6.30),

ðaÞy¼0 þ ðcÞy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:33Þ
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Integration of equation (6.31) in the Laplace space leads to

K�cc� �aa ¼ ðK�cc� �aaÞy¼0 �
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p qðK�cc� �aaÞ

qy

� �
y¼0

" #
expð�

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

þ ðK�cc� �aaÞy¼0 þ
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p qðK�cc� �aaÞ

qy

� �
y¼0

" #
expð

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

and thus to

ðK�cc� �aaÞy¼0 ¼
�ccffiffiffiffiffiffiffiffiffiffiffi

sþ l
p

Coming back to the original space (see Table 6.1), we have

ðKc� aÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

exp½�lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:34Þ

Combination of equations (6.33) and (6.34) leads to

ðaÞy¼0 ¼
K

1þ K
1� 1ffiffiffi

p
p
ðt

0

1þ exp½�lðt� ZÞ�
K

� �
cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

� �
ð6:35Þ

Application of Nernst’s law to equations (6.32) and (6.35) finally leads to

the dimensionless expression of the voltammogram in the general case (KG

zone in Figure 2.8) reported in Table 6.5.

The response depends on two dimensionless parameters, K and l. The

number of independent parameters decreases for limiting values of

the parameters where asymptotic behaviors are met, corresponding to

the various zones in the kinetic zone diagram in Figure 2.8. The corres-

ponding dimensionless expressions of the voltammograms are given in

Table 6.5. As they stand in the table, the integral equations contain both

the time (t) and potential (x) dimensionless variables and are therefore

suited for calculation of both the cathodic and anodic traces, using the

relationships between x and t pertaining to each part of the scan

[equations (6.16) and (6.17), respectively]. Derivation of the character-

istics of the forward trace is simplified, when it is considered, as always

the case in practice, that the initial potential is much more positive than

the peak potential. Then integration over the 0–t interval may be replaced

by an integration over the �1–x interval.
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6.2.3. Double Potential Step Responses for Processes Involving
First- or Second-Order Follow-up Reactions

The governing dimensionless partial derivative equations are similar to those

derived for cyclic voltammetry in Section 6.2.2 for the various dimerization

mechanisms and in Section 6.2.1 for the EC mechanism. They are summar-

ized in Table 6.6. The definition of the dimensionless variables is different,

however, the normalizing time now being the time tR at which the potential is

reversed. Definitions of the new time and space variables and of the kinetic

parameter are thus changed (see Table 6.6). The equation systems are then

solved numerically according to a finite difference method after discretization

of the time and space variables (see Section 2.2.8). Computation of the

TABLE 6.5. Equations of the Voltammograms for the CE Mechanism

Zone Dimensionless Expression of the Voltammogram

KG 1ffiffiffi
p
p
ðt

0

1þ exp½�lðt� ZÞ�
K

þ 1þ K

K
expð�xÞ

� �
cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

DO l small 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ K

1þ K

1

1þ expð�xÞ

KO K small 1ffiffiffi
p
p
ðt

0

fexp½�lðt� ZÞ� þ expð�xÞg cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ K

KP K small,
cþ

ffiffiffi
l
p

expð�xÞffiffiffi
p
p

ðt
0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ K

ffiffiffi
l
p

l large,

K
ffiffiffi
l
p

small
i:e:;cþ expð�xcÞffiffiffi

p
p

ðt
0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ K

ffiffiffi
l
p

with xc ¼ x� ln
ffiffiffi
l
p� �

plateau-shaped wave with, as plateau height, cðx!1Þ ¼ K
ffiffiffi
l
p

and as half-wave location, xc ¼ 0:17

KE l large cðZÞ
K
ffiffiffi
l
p þ ½1þ expð�xeqÞ� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

with xeq ¼ x� ln
K

1þ K

� �

DE l large, K
ffiffiffi
l
p

large

1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

1þ expð�xeqÞ

with xeq ¼ xþ ln
K

1þ K

� �
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gradient of a then allows one to obtain the anodic-to-cathodic current ratio

taken at the end of each step, according to the relationship given in Table 6.6.

6.2.4. The ECE and DISP Mechanisms

We consider the case where the follow-up reaction is irreversible, thus being

characterized by the rate constant k, and the electron transfer is so fast as to obey

Nernst’s equilibrium law. The governing equations may thus be expressed as

qCA

qt
¼ D

q2CA

qx2

qCB

qt
¼ D

q2CB

qx2
� kCB

qCC

qt
¼ D

q2CC

qx2
þ kCB

TABLE 6.6. Governing Equations for Mechanisms Involving First- or

Second-Order Follow-up Reactions

Dimensionless Variables

Mechanism l ¼ Governing Equations and Parameters

EC ktR qa

qt
¼ q2a

qy2

qb

qt
¼ q2b

qy2
� lb

t ¼ t

tR

; y ¼ xffiffiffiffiffiffiffiffi
DtR
p

a ¼ CA

C0
A

; b ¼ CB

C0
A

RRD kdC0tR qa

qt
¼ q2a

qy2

qb

qt
¼ q2b

qy2
� 2lb2

Initial and Boundary Conditions

t ¼ 0; y � 0 and y ¼ 1; t � 0 :

a ¼ 1; b ¼ 0

y ¼ 0; t � 0 :
qa

qy
þ qb

qy
¼ 0

RSD–ECE kdC0tR qa

qt
¼ q2a

qy2
� lab

qa

qt
¼ q2a

qy2
� lab

first potential step:

y ¼ 0; 0 < t < 1 : a ¼ 0

RSD–DISP1 kdC0tR
reverse potential step:

y ¼ 0; 1 < t : b ¼ 0
qa

qt
¼ q2a

qy2

qb

qt
¼ q2b

qy2
� 2lab Anodic-to-Cathodic Current Ratio

RSD–DISP2 KdkDC02

tR qa

qt
¼ q2a

qy2

qb

qt
¼ q2b

qy2
� 2lab2

RDPS ¼ �
1

1� ð1=
ffiffiffi
2
p
Þ
ðqa=qyÞy¼0;t¼2

ðqa=qyÞy¼0;t¼1
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qCD

qt
¼ D

q2CD

qx2

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0; CC ¼ 0; CD ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0;

qCC

qx
þ qCD

qx
¼ 0

CA ¼ CB exp
F

RT
ðE � E0Þ

� �
ðNernst

;
s lawÞ

CC ¼ 0 ðC is reduced at the electrode as soon as formedÞ

where the electrode potential depends on time according to

0 	 t 	 tR : E ¼ Ei � vt

tR 	 t 	 2tR : E ¼ Ef þ vðt � tRÞ ¼ 2Ef � Ei þ vt

The current is the sum of two contributions, i1, which corresponds to the

reduction of A, and i2, which corresponds to the reduction of C:

i ¼ i1 þ i2

i1

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0

i2

FS
¼ D

qCC

qx

� �
x¼0

¼ �D
qCD

qx

� �
x¼0

The main difference with the EC mechanism (Section 6.2.1) is that C is

reduced as soon as it reaches the electrode: hence the replacement of the

boundary condition ðqCC=qxÞx¼0 ¼ 0 by the condition ðCCÞx¼0 ¼ 0. A

second difference is the contribution to the current provided by the

reduction of C. Introduction of the same normalized variables and para-

meters as in Sections 6.1.2 and 6.2.1 leads to

qa

qt
¼ q2a

qy2
ð6:36Þ

qb

qt
¼ q2b

qy2
� lb ð6:37Þ

qc

qt
¼ q2c

qy2
þ lb ð6:38Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0; c ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0; c ¼ 0

where x and t are related by equations (6.16) and (6.17).
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The dimensionless current is the sum of two contributions given by

c ¼ c1 þ c2

c1 ¼
qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

c2 ¼
qc

qy

� �
y¼0

¼ � qd

qy

� �
y¼0

We see that to obtain the two contributions to the current, it is not necessary

to take the partial derivative equation concerning d into consideration.

In the Laplace plane, equation (6.37) becomes, taking into account the

initial condition on b,

s�bb ¼ q2�bb

qy2
� l�bb;

thus,

�bb ¼ ð�bbÞy¼0 �
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p q�bb

qy

� �
y¼0

" #
expð�

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

þ ð�bbÞy¼0 þ
1ffiffiffiffiffiffiffiffiffiffiffi

sþ l
p q�bb

qy

� �
y¼0

" #
expð

ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

yÞ
2

and from the y ¼ 1 boundary condition,

ð�bbÞy¼0 ¼
�cc1ffiffiffiffiffiffiffiffiffiffiffi
sþ l
p

Coming back to the original plane, we have

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

exp½�lðt� ZÞ� c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

Since, as in the absence of follow-up reactions,

ðaÞy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ
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Application of Nernst’s law as an y ¼ 0 boundary condition thus leads to

expð�xÞffiffiffi
p
p

ðt
0

exp½�lðt� ZÞ� c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt

0

c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1 ð6:39Þ

The second contribution to the current may then be derived as follows.

Addition of equations (6.37) and (6.38) leads to

qbþ c

qt
¼ q2bþ c

qy2

Using Laplace transformation in the same manner as in Section 6.2.1, we

obtain

�bb0 þ �cc0 þ
1ffiffi
s
p q�bb

qy

� �
y¼0

þ q�cc

qy

� �
y¼0

" #
¼ 0

and thus

�cc1 � �cc2ffiffi
s
p ¼ �bb0 ð6:40Þ

That is, in the original space,

1ffiffiffi
p
p
ðt

0

c2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1ffiffiffi

p
p
ðt

0

c1ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ� b0

and finally,

1ffiffiffi
p
p
ðt

0

c2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1ffiffiffi

p
p
ðt

0

c1ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

� expð�xÞffiffiffi
p
p

ðt
0

exp½�lðt� ZÞ� c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:41Þ

For each value of the kinetic parameter, l, once c1 has been computed from

equation (6.39), c2, and thus the total dimensionless current c, is obtained

from equation (6.41).

The pure kinetic conditions, which are achieved for large values of l,

implies that �bb0 ¼ �cc1=
ffiffiffi
l
p
! 0 and thus, from equation (6.40), c2 ¼ c1. It

follows that the current is exactly the double of the irreversible EC current

obtained under pure kinetic conditions along the entire current–potential curve.

386 APPENDIXES



In the DISP case the governing partial derivative equations and the set of

initial and boundary conditions are written

qCA

qt
¼ D

q2CA

qx2
þ kDCBCC

qCB

qt
¼ D

q2CB

qx2
� kCB � kDCBCC

qCC

qt
¼ D

q2CC

qx2
þ kCB � kDCBCC

qCD

qt
¼ D

q2CD

qx2
þ kDCBCC

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0; CC ¼ 0; CD ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0;

qCC

qx
þ qCD

qx
¼ 0

CA ¼ CB exp
F

RT
ðE � E0Þ

� �
ðNernst

;
s lawÞ

where the electrode potential depends on time according to

0 	 t 	 tR : E ¼ Ei � vt

tR 	 t 	 2tR : E ¼ Ef þ vðt � tRÞ ¼ 2Ef � Ei þ vt

Since reaction B! C is the rate-determining step, the concentration of C

obeys the steady-state approximation leading to

CC ¼
k

kD

and therefore to

qCA

qt
¼ D

q2CA

qx2
þ kCB

qCB

qt
¼ D

q2CB

qx2
� 2kCB

qCD

qt
¼ D

q2CD

qx2
þ kCB

Only the reduction of A contributes to the current. Thus,

i

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0
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In dimensionless terms,

qa

qt
¼ q2a

qy2
þ lb ð6:42Þ

qb

qt
¼ q2b

qy2
� 2lb ð6:43Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0

where x and t are related by equations (6.16) and (6.17). The dimensionless

current is given by

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

Addition of equations (6.42) and (6.43) leads to

qð2aþ bÞ
qt

¼ q2ð2aþ bÞ
qy2

It follows that in the Laplace plane, taking into account the initial conditions

sð2�aaþ �bbÞ � 2 ¼ q2ð2�aaþ �bbÞ
qy2

and therefore, taking account of the boundary conditions for y ¼ 1, we

have

2ð�aaÞy¼0 þ ð�bbÞy¼0 þ
�ccffiffi
s
p � 2

s
¼ 0

Coming back to the original space we find that

2ðaÞy¼0 þ ðbÞy¼0 ¼ 2� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

and thus, taking account of Nernst’s law as y ¼ 0 boundary condition,

ðbÞy¼0½1þ 2 expð�xÞ� ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ
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Integration of equation (6.42) with due attention to the initial and boundary

conditions leads to

ðbÞy¼0 ¼
1ffiffiffi
p
p
ðt

0

exp½�2lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

The dimensionless voltammogram is thus finally given by the equation

1þ 2 expð�xÞffiffiffi
p
p

ðt
0

exp½�2lðt� ZÞ� cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZþ 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

When l!1, the pure kinetic conditions are achieved, and the wave is

much displaced toward negative x values. It follows that

expð�xÞ c=2ffiffiffiffiffiffiffiffi
l=2

p þ 1ffiffiffi
p
p
ðt

0

c=2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ¼ 1

that is,

c
2

expð�xDÞ þ 1ffiffiffi
p
p
ðt

0

c=2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ with xD ¼ xþ lnð

ffiffiffiffiffiffiffiffi
l=2

p
Þ

The current is then exactly twice that in the irreversible EC case under pure

kinetic conditions after a shift of the potential scale by a factor of

ðRT=2FÞ ln 2.

Investigation of the competition between the ECE and DISP pathways

requires considering the full partial derivative equation system involving all

three species A, B, and C. In dimensionless terms,

qa

qt
¼ q2a

qy2
þ lDbc ð6:44Þ

qb

qt
¼ q2b

qy2
� lb� lDbc ð6:45Þ

qc

qt
¼ q2c

qy2
þ lb� lDbc ð6:46Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0; c ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0; c ¼ 0

where x and t are related by equations (6.16) and (6.17).
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The dimensionless current is the sum of two contributions given by

c ¼ c1 þ c2

c1 ¼
qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

c2 ¼
qc

qy

� �
y¼0

¼ � qd

qy

� �
y¼0

The first of the partial derivative equation may be replaced by

qð2aþ bþ cÞ
qt

¼ q2ð2aþ bþ cÞ
qy2

leading to

2ð�aaÞy¼0 þ ð�bbÞy¼0 þ ð�ccÞy¼0 þ
�cc1 þ �cc2ffiffi

s
p � 2

s
¼ 0

and therefore, since ðcÞy¼0 ¼ 0, to

ð�aaÞy¼0 þ ð�bbÞy¼0 þ
�cc1 þ �cc2ffiffi

s
p � 2

s
¼ 0

That is, in the original plane and taking Nernst’s law into account, we

have

ðbÞy¼0½1þ 2 expð�xÞ� ¼ 2� 1ffiffiffi
p
p
ðt

0

c1 þ c2

2

dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

Insofar as the pure kinetic conditions are achieved ðl!1Þ, the wave

is shifted toward positive potential (i.e., toward negative values of x).

Thus,

ðbÞy¼0 expð�xÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

c1 þ c2

2

dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

These conditions also imply that qb=qt ’ 0 and qc=qt ’ 0. Thus, after

introduction of the renormalized variables, y�¼ y
ffiffiffi
l
p

; b�¼ b
ffiffiffi
l
p

; c�¼ c
ffiffiffi
l
p

,

which are suited to pure kinetic conditions as discussed in Section 6.2.1,
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equations (6.45) and (6.46) become

q2b�

qy�2
� b� � lD

l3=2
b�c� ¼ 0

q2c�

qy�2
þ b� � lD

l3=2
b�c� ¼ 0

The problem is defined entirely by these partial derivative equations,

associated with the following boundary conditions:

y� ¼ 1 : b� ¼ 0; c� ¼ 0

y� ¼ 0 : b� expð�xcÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

c1 þ c2

2

dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ; c� ¼ 0

It follows that the dimensionless current, defined by

c1 þ c2 ¼ �
qb�

qy�

� �
y�¼0

þ qc�

qy�

� �
y�¼0

is a function of a single competition parameter:

pDISP
ECE ¼

l

l3=2
D

6.2.5. Electrodimerization

In the radical–radical dimerization case, the governing partial derivative

equations and the set of initial and boundary conditions are written

qCA

qt
¼ D

q2CA

qx2

qCB

qt
¼ D

q2CB

qx2
� 2kdC2

B

(note that with this formulation, kd is the rate constant for the formation of

the dimer)

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CA ¼ C0; CB ¼ 0

x ¼ 0; t � 0 :
qCA

qx
þ qCB

qx
¼ 0; CA ¼ CB exp

F

RT
ðE � E0Þ

� �
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where the electrode potential depends on time according to

0 	 t 	 tR : E ¼ Ei � vt

tR 	 t 	 2tR : E ¼ Ef þ vðt � tRÞ ¼ 2Ef � Ei þ vt

the current being given by

i

FS
¼ D

qCA

qx

� �
x¼0

¼ �D
qCB

qx

� �
x¼0

Introducing the usual dimensionless variables plus the dimensionless para-

meter measuring the competition between diffusion and dimerization,

ld ¼
RT

F

kdC0

v
ð6:47Þ

leads to the following dimensionless formulation:

qa

qt
¼ q2a

qy2
ð6:48Þ

qb

qt
¼ q2b

qy2
� 2ldb2 ð6:49Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0

where x and t are related by equations (6.16) and (6.17). The dimensionless

current is given by

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

As seen in several other cases, integration of the first partial derivative

equation (6.48), taking into account the corresponding initial and boundary

conditions leads to

ðaÞy¼0 ¼ ðbÞy¼0 expð�xÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

In the general case, integration of equation (6.49) requires a finite

difference computation (see Section 2.2.8). However, when pure kinetic

conditions are achieved ðld !1Þ, qb=qt ’ 0 in equation (6.49), which

may then be integrated as follows:

q2b

qy2

qb

qy
¼ ldb2 qb

qy
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the integration of which, after account has been taken of the fact that for

y ¼ 1, not only b ¼ 0 but also qb=qy ¼ 0, leads to

qb

qy

� �2

¼ 2ld

3
b3

Application for y ¼ 0 provides a relationship between the current and the

concentration of B at the electrode surface:

ðbÞy¼0 ¼
c2=3

ð2ld=3Þ1=3

and therefore the dimensionless expression of the voltammogram:

c2=3 expð�xÞ
ð2ld=3Þ1=3

¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

that is,

c2=3 expð�xrrdÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

with

xrrd ¼ xþ 1

3
ln

2ld

3
¼ � F

RT
ðE � E0Þ

� �
þ 1

3
ln

2RT

3F

kdC0

v

� �

In the RSD–ECE case, the problem may be formulated in dimensionless

terms as

qa

qt
¼ q2a

qy2
� ldab ð6:50Þ

qb

qt
¼ q2b

qy2
� ldab ð6:51Þ

qc

qt
¼ q2c

qy2
þ ldab ð6:52Þ

with the same definition of ld as in equation (6.47):

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0; c ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0; c ¼ 0
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where x and t are related by equations (6.16) and (6.17). The dimensionless

current is given by the sum of two contributions, one, c1, pertaining to the

reduction of A, and the other, c2, pertaining to the reduction of C:

c1 ¼
qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

c2 ¼
qc

qy

� �
y¼0

Subtraction of equation (6.49) from equation (6.50) and addition of

equations (6.51) and (6.52) leads to

qða� bÞ
qt

¼ q2ða� bÞ
qy2

and

qðbþ cÞ
qt

¼ q2ðbþ cÞ
qy2

respectively. Integration in the Laplace plane and application of the initial

and boundary conditions yields

ð�aaÞy¼0 � ð�bbÞy¼0 þ
2�cc1ffiffi

s
p � 1

s
¼ 0

and

ð�bbÞy¼0 þ ð�ccÞy¼0 �
�cc1 � �cc2ffiffi

s
p ¼ 0 and thus

�cc1 � �cc2ffiffi
s
p ¼ ð�bbÞy¼0

Besides of the irreversibility of the cyclic voltammetric trace, pure

kinetic conditions ðld !1Þ entail important simplifications. One is that

the wave is shifted to infinitely positive potential from the standard

potential. Another is that ðbÞy¼0 is very small. It follows that

c1 ¼ c2 ¼
c
2
;

and since ðbÞy¼0 � ðaÞy¼0, that

ð�aaÞy¼0 ¼
1

s
� 2�cc1ffiffi

s
p ¼ 1

s
�

�ccffiffi
s
p

Therefore,

ðaÞy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ
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Focusing attention on equation (6.51), another implication of pure

kinetic conditions is that qb=qt ’ 0. Also, the fact that ðqa=qyÞy¼0þ
ðqb=qyÞy¼0 ¼ 0 and ðbÞy¼0 � ðaÞy¼0 implies that in the thin reaction layer

containing the entire concentration profile of B,

aþ b ’ ðaÞy¼0 þ ðbÞy¼0 and a ’ ðaÞy¼0

Equation (6.51) may thus be reformulated as

q2b

qy2
¼ ldðaÞy¼0b and thus

qb

qy

q2b

qy2
¼ ldðaÞy¼0 b

qb

qy

and after integration, account being taken that for y ¼ 1, not only does

b ¼ 0, but also qb=qy ¼ 0:

ðbÞy¼0 ¼
c1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ldðaÞy¼0

q
and thus, after application of Nernst’s law,

c2=3 expð�2x=3Þ
ð4ldÞ1=3

¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

The kinetic parameter may be incorporated in the dimensionless potential

variable by introducing

xrsdECE ¼ xþ 1

2
lnð4ldÞ ¼ �

F

RT
ðE � E0Þ

� �
þ 1

2
ln 4

RT

F

kdC0

v

� �

thus leading to the final dimensionless expression of the cyclic voltammetric

response under pure kinetic conditions:

c2=3 exp � 2xrsdECE

3

� �
¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

With the RSD–DISP mechanism, the governing equations are written

similarly:

qa

qt
¼ q2a

qy2
� ldabþ l�dcþ lDbc ð6:53Þ

qb

qt
¼ q2b

qy2
� ldabþ l�dc� lDbc ð6:54Þ
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with the same definition of ld as in equation (6.47) and with

l�d ¼
RT

F

k�d

v
¼ ld

Kd

It is, moreover, assumed that C obeys the steady-state approximation:

ldab� l�dc ¼ lDbc c ¼ ldab

l�d þ lDb

Thus equations (6.53) and (6.54) become

qa

qt
¼ q2a

qy2
ð6:55Þ

qb

qt
¼ q2b

qy2
� 2lda

lDb2

l�d þ lDb
ð6:56Þ

Equations (6.55) and (6.56) are accompanied by initial and boundary

conditions:

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0

y ¼ 0; t � 0 : a ¼ b expð�xÞ; qa

qy
þ qb

qy
¼ 0

where x and t are related by equations (6.16) and (6.17). The dimensionless

current is given by

c ¼ qa

qy

� �
y¼0

¼ � qb

qy

� �
y¼0

Integration of equation (6.55) leads to the familiar relationship

ðaÞy¼0 ¼ ðbÞy¼0 expð�xÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

There are two subcases, according to whether the coupling step or the

disproportionation step is rate-determining.

The first situation, termed the rsd–DISP1 mechanism, prevails when

l�d � lDb. Then equation (6.56) becomes

qb

qt
¼ q2b

qy2
� 2ldab
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For the same reasons as in the ECE case, the pure kinetic conditions allow

this equation to be simplified as

q2b

qy2
¼ 2ldðaÞy¼0b

integration of which, similarly to the ECE case, leads to

ðbÞy¼0 ¼
cffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ldðaÞy¼0

q
thus leading to

c2=3 expð�2x=3Þ
ð2ldÞ1=3

¼ 1� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

and to the final dimensionless expression of the cyclic voltammetric

response under pure kinetic conditions:

c2=3 exp � 2xrsdDISP1

3

� �
¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

after incorporation of the kinetic parameter in the dimensionless potential

variable

xrsdDISP1 ¼ xþ 1

2
lnð2ldÞ ¼ �

F

RT
ðE � E0Þ

� �
þ 1

2
ln 2

RT

F

kdC0

v

� �

The situation where the radical–substrate coupling is a preequilibrium to

the homogeneous electron transfer step, termed the rsdDISP2 mechanism,

prevails when l�d  lDb. Then equation (6.56) becomes

qb

qt
¼ q2b

qy2
� 2kdlDab2

with

kd ¼
ld

l�d

¼ KdC0

For the same reasons as in the ECE and DISP1cases, the pure kinetic

conditions allow this equation to be simplified as

q2b

qy2
¼ 2kdlDðaÞy¼0b2
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integration of which, similar to the rrc case, leads to

ðbÞy¼0 ¼
c2=3

2
3
kdlDðaÞy¼0

� �1=3

thus leading to

c2=3 expð�xÞ
4
3
kdlDðaÞy¼0

� �1=3
¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

and to the final dimensionless expression of the cyclic voltammetric

response under pure kinetic conditions:

c1=2 exp �3xrsdDISP2

4
Þ ¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

�

after incorporation of the kinetic parameter in the dimensionless potential

variable:

xrsdDISP2 ¼ xþ 1

3
ln

4

3
kdlD

� �
¼ � F

RT
ðE � E0Þ

� �
þ 1

3
ln

4RT

3F

KdlDC02

v

 !

A graphical representation of the dimensionless irreversible voltammograms

obtained for the four dimerization mechanisms under pure kinetic conditions

is given in Chapter 2 (Figure 2.14) together with their peak characteristics.

6.2.6. Competition Between Dimerization of and Electron Transfer
to Intermediates

In a reaction scheme where dimerization of an intermediate and its reduction

compete as in Scheme 6.1 (taking reductions as an example), the location

and characteristics of the second wave in cyclic voltammetry at which the

intermediate B is reduced are governed by the outcome of this competition.

dk

0
1 1 ,1, , ap

SE       ka

0
2 2 ,2, ,

ap
SE        ka

2 B

B

C

+ De _

D products
fast

B

+ e _A
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The two successive electron transfer reactions are assumed to obey the

Butler–Volmer law with the values of standard potentials, transfer coeffi-

cient, and standard rate constants indicated in Scheme 6.1. It is also

assumed, matching the examples dealt with in Sections 2.5.2 and 2.6.1,

that the reduction product, D, of the intermediate C, is converted rapidly into

other products at such a rate that the reduction of B is irreversible. With the

same dimensionless variables and parameters as in Section 6.2.4, the

following system of partial derivative equations, and initial and boundary

conditions, is obtained:

qa

qt
¼ q2a

qy2
ð6:57Þ

qb

qt
¼ q2b

qy2
� 2ldb2 ð6:58Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : a ¼ 1; b ¼ 0 ð6:59Þ
y ¼ 0; t � 0 :

c1 ¼ L1 exp � a1F

RT
ðE � E0

1Þ
� �

a� b exp
a1F

RT
ðE � E0

1Þ
� �

ð6:60Þ

c2 ¼ L2 exp � a2F

RT
ðE � E0

2Þ
� �

b ð6:61Þ

There are two contributions, c1 and c2, to the total dimensionless current,

c, with

c1 ¼
qa

qy

� �
y¼0

ð6:62Þ

c2 � c1 ¼
qb

qy

� �
y¼0

ð6:63Þ

x and t are related by equations (6.16) and (6.17):

L1 ¼ k
ap
S;1

ffiffiffiffiffiffiffiffiffi
RT

FvD

r
L2 ¼ k

ap
S;2

ffiffiffiffiffiffiffiffiffi
RT

FvD

r
ld ¼

RTkdC0
A

Fv

The potential distance between the first and second waves depends, in

dimensionless terms, on the parameter

�x ¼ E0
1 � E0

2 þ
RT

a2F
lnL2
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Thus, the dimensionless current–potential curves depend on the dimension-

less parameters ld, L1, �x, a1, and a2. Simulating the dimensionless cyclic

voltammograms then consists of finite difference resolutions of equations

(6.57) and (6.58), taking into account all initial and boundary conditions.

Examples of such responses are given in Section 2.5.2 (Figure 2.35).

The preceding analysis is made simpler if, as often the case, the first as

well as the electron transfer step may be regarded as totally irreversible, and

dimerization is so fast that pure kinetic conditions are fulfilled. The last

simplification implies that qb=qt ¼ 0 in equation (6.58). Integration of this

equation, taking into account initial and boundary conditions (6.59) and

equations (6.63), leads to

by¼0 ¼
3

4ld

ðc1 � c2Þ
2=3 ð6:64Þ

Combining equations (6.64) and (6.61), then leads to

c2 ¼
3

4ld

exp � a2F

RT
ðE � ER

2 Þ
� �

ðc1 � c2Þ
2=3 ð6:65Þ

with

ER
2 ¼ E0

2 þ
RT

a2F
ln k

ap
S;2

ffiffiffiffiffiffiffiffiffi
RT

FvD

r !
ð6:66Þ

It just remains to compute c1 from equations (6.57), (6.59), (6.62), and the

simplified version of equation (6.60), which takes into account the assumed

irreversibility of the first electron transfer step:

c1 ¼ L1 exp � a1F

RT
ðE � E0

1Þ
� �

1� 1ffiffiffi
p
p
ðt

0

c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

� �
ð6:67Þ

The potential scale may then be redefined as

x1 ¼ �
F

RT
ðE � ER

1 Þ
� �

after introduction of a potential, ER
1 , characterizing the irreversible reduction

of A:

ER
1 ¼ E0

1 þ
RT

a1F
ln k

ap
S;1

ffiffiffiffiffiffiffiffiffi
RT

FvD

r !
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leading to a simple integral equation for c1:

c1 ¼ expða1x1Þ 1� 1ffiffiffi
p
p
ðt

0

c1ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

� �

Since the waves are irreversible, the forward scan response,

c1 ¼ expða1x1Þ 1� 1ffiffiffi
p
p
ðx1

�1

c1ðZÞffiffiffiffiffiffiffiffiffiffiffiffiffi
x1 � Z

p dZ

" #
ð6:68Þ

is the only one needed. Equation (6.65) may be recast as

c2 ¼
3

4ld

exp½a2ðx1 � pDIM
ET Þ�ðc1 � c2Þ

2=3 ð6:69Þ

with

pDIM
ET ¼

F

RT
ðER

1 � ER
2 Þ þ

1

3a2

ln
4RTkdC0

A

3Fv

� �
ð6:70Þ

Combining equations (6.68) and (6.69) finally leads to the total forward scan

response. Examples are given in Figure 6.4.

The same analysis may also be applied when B is a secondary radical

formed upon fast and irreversible transformation of a primary radical, B0

0

0.1

0.2

0.3

0.4

0.5

0.6

−20 0 20 40 60 80 100 120

y

x

FIGURE 6.4. Dimensionless cyclic voltammograms for Schemes 6.1 and 6.2 for various

values of the dimensionless competition parameter pd=et [equation (6.69)], from left to right:

�20, 0, 20, 40, 60, 80.
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(Scheme 6.2). In the previous mechanism, B was formed in concert with

electron transfer, whereas the present mechanism follows the stepwise

pathway. (The stepwise vs. concerted dichotomy is discussed in detail in

Chapter 3 for the cased where the B0 ! B step is a bond-breaking reaction.)

Although equation (6.51) still applies, equation (6.58) is replaced by

qb0

qt
¼ q2b0

qy2
� lb0 ð6:71Þ

qb

qt
¼ q2b

qy2
þ lb0 � 2ldb2 ð6:72Þ

where l is the dimensionless rate factor corresponding to the rate constant

kðl ¼ RTk=FvÞ. Equation (6.59) still applies, while for y ¼ 0, t � 0,

c1 ¼ L1 exp � a1F

RT
ðE � E0

1Þ
� �

a c2 ¼ L2 exp � a2F

RT
ðE � E0

2Þ
� �

b

with

c1 ¼
qa

qy

� �
y¼0

¼ � qb0

qy

� �
y¼0

ð6:73Þ

c2 ¼
qb

qy

� �
y¼0

ð6:74Þ

Addition of equations (6.71) and (6.72) leads to

qðb0 þ bÞ
qt

¼ q2ðb0 þ bÞ
qy2

� 2ldb2

dk

0
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SE ka
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SE k

k
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which may be transformed into

qðb0 þ bÞ
qt

¼ q2ðb0 þ bÞ
qy2

� 2ldðb0 þ bÞ2 ð6:75Þ

noting that b0 is very small. Indeed, integration of equation (6.71), taking

equation (6.74) into account, leads to

b0y¼0 ¼
c1ffiffiffi
l
p ;

in which l is very large.

From equations (6.73) to (6.75), under pure kinetic conditions,

ðb0 þ bÞy¼0 ’ by¼0 ¼
3

4ld

ðc1 � c2Þ
2=3

We are thus back to equation (6.64), showing that the current–potential

responses are the same as in the concerted case.

6.2.7. Homogeneous Catalysis

We first consider the case where the rate-determining step is the forward

homogeneous electron transfer step (rate constant ke). The governing

equations are

qCP

qt
¼ DP

q2CP

qx2
þ keCQCA

qCQ

qt
¼ DP

q2CQ

qx2
� keCQCA

qCA

qt
¼ DA

q2CA

qx2
� keCQCA

with, as initial and boundary conditions:

t ¼ 0; x � 0 and x ¼ 1; t � 0 : CP ¼ C0
P; CQ ¼ 0; CA ¼ C0

A

x ¼ 0; t � 0 :
qCP

qx
þ qCQ

qx
¼ 0 ðconservation of fluxesÞ

CP ¼ CQ exp
F

RT
ðE � E0

P=QÞ
� �

ðNernst
;
s lawÞ

qCA

qx
¼ 0 ðA is not reduced at the electrode at the

potential where the catalytic wave occursÞ:
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Conversion into a dimensionless formulation follows the same principle

and notations as in the preceding sections with, in addition, the following

definitions:

x ¼ � F

RT
ðE � E0

P=QÞ c ¼ i

FSC0
P

ffiffiffiffiffiffi
DP

p
ffiffiffiffiffiffiffiffi
Fv

RT

r

p ¼ CP

C0
P

q ¼ CQ

C0
P

a ¼ CA

C0
P

g ¼ C0
A

C0
P

le ¼
RT

F

keC0
P

v
dD ¼

DP

DA

Thus

qp

qt
¼ q2p

qy2
þ leaq ð6:76Þ

qq

qt
¼ q2q

qy2
� leaq ð6:77Þ

qa

qt
¼ dD

q2a

qy2
� leaq ð6:78Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : p ¼ 1; q ¼ 0; a ¼ g

y ¼ 0; t � 0 :
qp

qy
þ qq

qy
¼ 0;

qa

qy
¼ 0; p ¼ q expð�xÞ

x and t are related by equations (6.16) and (6.17) and

c ¼ qp

qy

� �
y¼0

¼ � qq

qy

� �
y¼0

Addition of equations (6.76) and (6.77) leads to

qpþ q

qt
¼ q2pþ q

qy2

integration of which, taking the initial and boundary conditions into

account, provides an essential relationship in all catalytic problems:

ðpÞy¼0 þ ðqÞy¼0 ¼ 1 ð6:79Þ
and insofar as Nernst’s law is obeyed,

ðqÞy¼0 ¼
1

1þ expð�xÞ ð6:80Þ
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Resolution of the problem may therefore be pursued looking only at the fate

of q and a.

A simple situation is reached if the excess is big enough for a to remain

unconditionally equal to g whatever t and x. More precisely, this situation is

reached when le=g! 0, ensuring that the consumption of a is negligible.

Equation (6.77) then becomes

qq

qt
¼ q2q

qy2
� legq

integration of which leads to

1ffiffiffi
p
p
ðt

0

exp½�leðt� ZÞ�ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p cðZÞ dZ ¼ 1

1þ expð�xÞ ð6:81Þ

When le ! 0, we are back to the reversible Nernstian wave. When,

conversely, le !1 (pure kinetic conditions),

c ¼
ffiffiffiffiffi
le

p

1þ expð�xÞ

leading to a plateau-shaped wave, the forward and reverse trace being

superimposed [equations (2.18) and (2.19)]. The variation of the current–

potential responses with le between the reversible Nernstian wave and the

plateau-shaped wave [equation (6.81)] is represented in Figure 2.18.

The total catalysis situation is reached when le !1 and le=g!1. a is

not longer independent of the space coordinate. Since le is large, pure

kinetic conditions are achieved and the q profile is squeezed into a thin

reaction layer within which a is a constant equal to its value at the electrode

surface, ay¼0. Equation (6.77) may thus be simplified into

q2q

qy2
� leay¼0q ’ 0 ð6:82Þ

leading after integration to

cffiffiffiffiffiffiffiffiffiffiffiffiffi
leay¼0

p ¼ qy¼0 ¼
1

1þ expð�xÞ

ay¼0 may be obtained as follows. Subtraction of equation (6.82) from

equation (6.78), taking the pure kinetic conditions into account, leads to

qða� qÞ
qt

’
a q� q

dD

� �
qt

’ dD

q2 a� q

dD

� �
qy2
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and after integration,

ay¼0 ¼ gþ 1

dD

1

1þ expð�xÞ �
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffi
dD

p dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

and thus

c½1þ expð�xÞ�ffiffiffiffiffi
le

p ¼ gþ 1

dD

1

1þ expð�xÞ �
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffi
dD

p dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

� �1=2

In the total catalysis zone (Figure 2.17), the current–potential response

splits into two waves. One is the mediator reversible wave. The other is

an irreversible wave arising in a much more positive potential region. The

characteristics of the latter may be derived from the integral equation above,

noting that since the wave is located at a very positive potential,

1=½1þ expð�xÞ� is small compared to g and 1þ expð�xÞ ’ expð�xÞ. Thus,

c expð�xÞffiffiffiffiffi
le

p ¼ g� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffi
dD

p dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p

� �1=2

Introducing

ctc ¼ c
g
ffiffiffiffiffiffi
dD

p ¼ i

FSC0
A

ffiffiffiffiffiffiffi
DA

p
ffiffiffiffiffiffiffiffi
Fv

RT

r

and

xtc ¼ xþ 1

2
ln

le

gdD

� �
¼ � F

RT
ðE � E0

P=QÞ þ
1

2
ln
RT

Fv

keC0
P

2

C0
A

DP

DA

 !

one finally obtains

ctc expð�xtcÞ ¼ 1� 1ffiffiffi
p
p
ðt

0

ctcðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

� �1=2

that is, an irreversible peak-shaped curve (Figure 6.5), whose peak char-

acteristics are

ctc
p ¼ 0:609 xtc

p ¼ 0:409 xtc
p � xtc

p=2 ¼ 1:41

leading to equations (2.20) to (2.22).
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Homogeneous Catalytic EC Mechanism The system is governed by

the following dimensionless equations (we need not consider equations

involving p, since as in all preceding cases, p ¼ 1� q), where two additional

normalized rate parameters are introduced:

l�e ¼
RT

F

k�e

v
l ¼ RT

F

k

v

qq

qt
¼ q2q

qy2
� leaqþ l�ebð1� qÞ

qa

qt
¼ dD

q2a

qy2
� leaqþ l�ebð1� qÞ

qb

qt
¼ dD

q2b

qy2
þ leaq� l�ebð1� qÞ � lb

t ¼ 0; y � 0 and y ¼ 1; t � 0 : q ¼ 0; a ¼ g

y ¼ 0; t � 0 : q ¼ 1

1þ expð�xÞ ;
qa

qy
¼ 0

x and t are related by equations (6.16) and (6.17) and the normalized current

is given by c ¼ �ðqq=qyÞy¼0. In most cases the reactions that destroy the

transient intermediate B are faster than its production, meaning that it obeys

the steady-state approximation

b ¼ leaq

lþ l�eð1� qÞ

0
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FIGURE 6.5. Homogeneous catalysis electrochemical reactions. Cyclic voltammetric

response in a total catalysis situation.
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Thus

qq

qt
¼ q2q

qy2
� lleaq

lþ l�eð1� qÞ ð6:83Þ

qa

qt
¼ dD

q2a

qy2
� lleaq

lþ l�eð1� qÞ ð6:84Þ

showing that the system depends on two parameters, le and the competition

parameter l�e=l.

Two-Electron Catalytic Reactions The steady-state approximation may

be applied to both transient intermediates B and C. It follows that not only

does

b ¼ le1aq

lþ l�e1ð1� qÞ

but also, lb ¼ le2cq, where le2 ¼ ðRT=FÞðke2=vÞ and thus

qq

qt
¼ q2q

qy2
� lle1ð2aÞq
lþ l�e1ð1� qÞ ð6:85Þ

and

qð2aÞ
qt
¼ dD

q2ð2aÞ
qy2

� lle1ð2aÞq
lþ l�e1ð1� qÞ ð6:86Þ

with as boundary conditions

t ¼ 0; y � 0 and y ¼ 1; t � 0 : q ¼ 0; ð2aÞ ¼ 2g

y ¼ 0; t � 0 : q ¼ 1

1þ expð�xÞ ;
qa

qy
¼ 0

x and t are related by equations (6.16) and (6.17) and the normalized current

is given by

c ¼ � qq

qy

� �
y¼0

y ¼ 0; t � 0 : q ¼ 1

1þ expð�xÞ ;
qð2aÞ
qy
¼ 0

Comparison of equations (6.85) and (6.86) with equations (6.83) and (6.84)

shows that the previous analysis of the catalytic EC mechanism is applicable

to the catalytic ECE mechanism after replacement of g by 2g.
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Deactivation of the Mediator In the framework of Scheme 2.10 the

system is governed by the following dimensionless equations and conditions:

qp

qt
¼ q2p

qy2
þ le1aqþ le2cq

qq

qt
¼ q2q

qy2
� le1aq� le2cq� licq

qa

qt
¼ dD

q2a

qy2
� le1aq

le1aq ¼ le2cqþ licq ¼ ðle2 þ linÞcq ðsteady-state approximation on CÞ
t ¼ 0; y � 0 and y ¼ 1; t � 0 : q ¼ 0; a ¼ g

y ¼ 0; t � 0 : p ¼ q expð�xÞ; qa

qy
¼ 0

x and t are related by equations (6.16) and (6.17) and the normalized current is

given by c ¼ �ðqq=qyÞy¼0. The relationship (6.79), characterizing unper-

turbed catalytic mechanisms leading to equation (6.80), is no longer applic-

able. The partial derivative equation system above may be recast as follows:

qp

qt
¼ q2p

qy2
þ le1

2
1þ le2

le2 þ lin

� �
ð2aÞq ð6:87Þ

qq

qt
¼ q2q

qy2
� le1ð2aÞq ð6:88Þ

qð2aÞ
qt
¼ dD

q2ð2aÞ
qy2

� le1ð2aÞq ð6:89Þ

Combining equations (6.87) and (6.88), integrating, and applying Nernst’s

law leads to

1

2
1þ le2

le2 þ lin

� �
þ expð�xÞ

� �
qy¼0 ¼ 1� 1

2
1� le2

le2 þ lin

� �

� 1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

which may serve as boundary conditions for the simultaneous computation

of equations (6.88) and (6.89). It is useful to introduce the deactivation

parameter, rc ¼ le2=ðle2 þ linÞ, thus leading to

½ð1þ rcÞ þ 2 expð�xÞ�qy¼0 ¼ 2� ð1� rcÞ
1ffiffiffi
p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ
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In summary, the system is governed by the following set of equations,

thus depending on three independent parameters, le1, g, and rc:

qq

qt
¼ q2q

qy2
� le1ð2aÞq

qð2aÞ
qt
¼ dD

q2ð2aÞ
qy2

� le1ð2aÞq

t ¼ 0; y � 0 and y ¼ 1; t � 0 : q ¼ 0; 2a ¼ 2g

y ¼ 0; t � 0 : q ¼
1� ð1� rcÞ

1ffiffiffi
p
p
ðt

0

cðZÞ=2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

1þ rc

2
þ expð�xÞ

;
qa

qy
¼ 0

x and t are related by equations (6.16) and (6.17) and the normalized current

is given by c ¼ �ðqq=qyÞy¼0. When rc ! 1, we are back to the two-

electron ECE homogeneous catalytic mechanism analyzed in the preceding

subsection. When rc ! 0, there is no catalysis; the cyclic voltammograms

are then obtained from the same two partial derivative equations and for the

boundary condition at the electrode surface:

y ¼ 0; t � 0 : q ¼
1� 1ffiffiffi

p
p
ðt

0

cðZÞ=2ffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

1

2
þ expð�xÞ

;
qa

qy
¼ 0

Numerical resolution of the system above leads to the examples of current–

potential responses and of ip=i0
p vs. rc plots in Figure 2.22.

Two-Step (Push-Pull, Ping-Pong) Mechanisms Dealing with Scheme

2.11a we impose two simplifying conditions, often fulfilled in practice. One

is that there is no consumption of the substrate ½aðy; tÞ ¼ g�. The other is

that the intermediate C disappears faster than it is produced, thus obeying

the steady-state approximation. Under these conditions, and introducing as

rate parameters l1g ¼ ðRT=FÞðk1C0
A=vÞ and l2 ¼ ðRT=FÞðk2C0

Z=vÞ the

catalytic response is governed by the following dimensionless equations and

conditions:

qp

qt
¼ q2p

qy2
þ l1gqþ l2d ð6:90Þ
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qq

qt
¼ q2q

qy2
� 2l1gq ð6:91Þ

qd

qt
¼ q2d

qy2
þ l1gq� l2d ð6:92Þ

t ¼ 0; y � 0 and y ¼ 1; t � 0 : p ¼ 1; q ¼ 0; d ¼ 0

y ¼ 0; t � 0 : p ¼ q expð�xÞ; qd

qy
¼ 0

x and t are related by equations (6.16) and (6.17) and the normalized current

is given by c ¼ �ðqq=qyÞy¼0. Numerical resolution of the system allows the

derivation of any cyclic voltammogram, such as, for example, those

represented in Figure 2.23, which correspond to pure kinetic conditions

(large values of l1g). Under these conditions, and in the case where l2 is

also large, variation of the plateau current with the rate parameters may be

depicted by a closed-form expression that can be derived as follows.

Appropriate linear combination of equations (6.91) and (6.92) gives

q qþ 2� l2

l1g

� �
d

� �
qt

¼
q2 qþ 2� l2

l1g

� �
d

� �
qy2

� l2 qþ 2� l2

l1g

� �
d

� �

which after integration leads in the Laplace plane to

�qqy¼0 þ 2� l2

l1g

� �
�ddy¼0 �

�ccffiffiffiffiffiffiffiffiffiffiffiffi
sþ l2

p ¼ 0

Since l2 is large,

qy¼0 þ 2� l2

l1g

� �
dy¼0 �

cffiffiffiffiffi
l2

p ¼ 0

Addition of equations (6.90) to (6.92) and integration leads to py¼0þ
qy¼0 þ dy¼0 ¼ 1.

At the level of the plateau, py¼0 ¼ 0 and thus, finally,

cffiffiffiffiffiffiffi
l1g
p ¼ 2� rc

1� rc þ
ffiffiffiffiffi
2

rc

s

ðrc ¼ l2=l1g ¼ k2C0
Z=k1C0

AÞ, from which Figure 2.23a has been constructed.

We now go to Scheme 2.11b with the same two simplifying conditions as

before. We introduce the same rate parameters and, in addition, two

dimensionless potential variables referred to the standard potentials of the
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P/Q and C/D couples, respectively:

x1 ¼ �
F

RT
E � E0

P=Q

� �
and x2 ¼ �

F

RT
E � E0

C=D

� �
The governing equation system is thus

qp

qt
¼ q2p

qy2
þ l2d ð6:93Þ

qq

qt
¼ q2q

qy2
� l1gq ð6:94Þ

qc

qt
¼ q2c

qy2
þ l1gq ð6:95Þ

qd

qt
¼ q2d

qy2
� l2d ð6:96Þ

t¼ 0; y� 0 and y¼1; t� 0: p¼ 1; q¼ 0; c¼ 0; d¼ 0

y¼ 0; t� 0: p¼ qexpð�x1Þ; c¼ d expð�x2Þ;
qpþ q

qy
¼ 0;

qcþ d

qy
¼ 0

x1 and t are related by equations similar to equations (6.16) and (6.17) and

x2 ¼ x1 þ�x0, with

�x0 ¼ F

RT
ðE0

C=D � E0
P=QÞ

There are two contributions, c1 and c2, to the total dimensionless current,

c, involving the P/Q and the C/D couples, respectively. In normalized terms,

c1 ¼
qp

qy

� �
y¼0

¼ � qq

qy

� �
y¼0

and c2 ¼
qc

qy

� �
y¼0

¼ � qd

qy

� �
y¼0

Addition of equations (6.93) to (6.96) followed by integration leads to

py¼0 þ qy¼0 þ cy¼0 þ dy¼0 ¼ 1

and after introduction of the two Nernst’s laws to

qy¼0½1þ expð�x1Þ� þ dy¼0½1þ expð�x2Þ� ¼ 1 ð6:97Þ

Addition of equations (6.93) and (6.96), followed by integration, leads in the

Laplace plane to

�ppy¼0 þ �ddy¼0 ¼
1

s
�

�cc1 � �cc2ffiffi
s
p ð6:98Þ
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that is, in the original plane,

py¼0 þ dy¼0 ¼ 1� 1ffiffiffi
p
p
ðt

0

c1ðZÞ � c2ðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ ð6:99Þ

Since we assume that both l1 and l2 are large (pure kinetic conditions),

qy¼0 ¼
c1ffiffiffiffiffiffiffi
l1g
p and dy¼0 ¼

c2ffiffiffiffiffi
l2

p

as demonstrated repeatedly in previous sections.

At the first wave, dy¼0 ¼ 0, c2 ¼ 0, and thus, from equation (6.99),

cffiffiffiffiffiffiffi
l1g
p expð�x1Þ ¼ 1� 1ffiffiffi

p
p
ðt

0

cðZÞffiffiffiffiffiffiffiffiffiffiffi
t� Z
p dZ

(i.e., the equation of voltammogram corresponding to an irreversible EC

mechanism). At the second wave, since py¼0 ¼ 0, equation (6.98) becomes

�ddy¼0 ¼
c2ffiffiffiffiffi
l2

p ¼ 1

s
�

�cc1 � �cc2ffiffi
s
p

and since l2 is large,

�cc1 � �cc2 ¼
1ffiffi
s
p ; i:e:; c1 � c2 ¼

1ffiffiffiffiffi
pt
p

At the level of the second wave, the right-hand side of the second equation

is practically nil, thus leading to c1 ¼ c2 ¼ c=2. Equation (6.97) may be

recast as

qy¼0 þ dy¼0½1þ expð�x2Þ� ¼ 1

that is,

c ¼ 2

1ffiffiffiffiffiffiffi
l1g
p þ 1ffiffiffiffiffi

l2

p þ expð�x2Þffiffiffiffiffi
l2

p

thus leading to equation (2.23) or, alternatively, to

c
2

1ffiffiffiffiffiffiffi
l1g
p þ 1ffiffiffiffiffi

l2

p
� �

¼ 1

1þ expð�x2Þ

1þ
ffiffiffiffiffi
l2

pffiffiffiffiffiffiffi
l1g
p

¼ 1

1þ expð�x2;cÞ
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with

x2;c ¼ x2 þ ln 1þ
ffiffiffiffiffi
l2

pffiffiffiffiffiffiffi
l1g
p

� �

thus leading to equation (2.24).

6.2.8. Product Distribution in Preparative Electrolysis

As in preceding discussions, we take reductions as an example. Transposi-

tion to oxidations just requires a few changes of sign. In the case of a simple

Aþ e� ! B reaction, equations (2.30) and (2.31) are obtained from the

integration of equations (2.28) and (2.29), with ðCb
AÞt¼0 ¼ C0 and ðCb

BÞt¼0 ¼
0 as initial conditions, respectively. In the absence of coupled homogeneous

reactions, the gradients of both A and B are constant over the entire diffu-

sion layer (Figure 2.31). Thus, in the case where the potential the surface

concentration of A is zero,

i

FSD
¼ dCA

dx

� �
x¼d
¼ dCA

dx

� �
x¼0

¼ Cb
A � 0

d
¼ � V

SD

dCb
A

dt

It follows that

dCb
A

Cb
A

¼ �d
t

tC

� �
½tC is defined by equation ð2:32Þ�

Hence, knowing that ðCb
AÞt¼0 ¼ C0, equation (2.30) is obtained. Addition of

equations (2.28) and (2.29), followed by time-integration, leads to

Cb
A þ Cb

B ¼ C0

and thus, taking equation (2.30) into account, to equation (2.31).

In the case of constant reactant concentration–constant potential electro-

lysis, equation (2.28) does not apply since

dCb
A

dt
¼ 0 ðCb

A ¼ C0Þ

although

i

FSD
¼ dCA

dx

� �
x¼d�
¼ dCA

dx

� �
x¼0

¼ Cb
A

d

is still valid. It follows that equations (2.29) may be recast as

dCb
B ¼ C0 dt

tC
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leading, after integration, to equation (2.33), since

ðCb
BÞt¼0 ¼ 0:

In constant reactant concentration–constant current electrolysis, the bulk

concentration of B also increase proportionally with time, but the propor-

tionality factor is i=FV instead of C0=tC [equation (2.34)].

When the reaction scheme involves first- or pseudo- first-order reactions,

fast enough for pure kinetic conditions to be achieved ð
ffiffiffiffiffiffiffiffiffi
D=k

p
� dÞ, the

concentration profile of B is squeezed within a thin reaction layer adjacent

to the electrode surface as represented in Figure 2.31 (bottom diagram).

Starting from the electrode surface, the following relationships apply.

At the electrode surface (i.e., for x ¼ 0),

i

FSD
¼ dCA

dx

� �
x¼0

¼ � dCB

dx

� �
x¼0

ð6:100Þ

dCC

dx

� �
x¼0

¼ 0 ð6:101Þ

Within the reaction layer (i.e., for 0 	 x 	 m),

CA ’ ðCAÞx¼0

D
d2CB

dx2
� kCB ¼ 0 ð6:102Þ

D
d2CC

dx2
þ kCB ¼ 0 ð6:103Þ

At the reaction layer/diffusion layer boundary (i.e., for x ¼ m),

ðCAÞx¼0 ’ ðCAÞx¼m;
dCA

dx

� �
x¼m
¼ dCA

dx

� �
x¼0

¼ i

FSD

ðCBÞx¼m ¼ 0;
dCB

dx

� �
x¼m
¼ 0 ð6:104Þ

ðCCÞx¼m� ¼ ðCCÞx¼mþ
Within the diffusion layer (i.e., for m 	 x 	 d),

dCA

dx
¼ dCA

dx

� �
x¼m
¼ dCA

dx

� �
x¼d
¼ dCA

dx

� �
x¼0

¼ i

FSD

dCC

dx
¼ dCC

dx

� �
x¼m
¼ dCC

dx

� �
x¼d

ð6:105Þ
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At the diffusion layer–solution boundary, (i.e., for x ¼ d),

i

F
¼ �V

dCb
A

dt
¼ SD

dCA

dx

� �
x¼d

V
dCb

C

dt
¼ �SD

dCC

dx

� �
x¼d

ð6:106Þ

Addition of equations (6.102) and (6.103), followed by integration, taking

equations (6.100), (6.101), and (6.104) into account, leads to

dCC

dx

� �
x¼m
¼ dCB

dx

� �
x¼0

¼ � i

FSD

and therefore to

dCC

dx

� �
x¼d�
¼ dCC

dx

� �
x¼m
¼ � i

FSD

which, taking equation (6.106) into account, means that the production of C

follows exactly the same rules as the production of B in the preceding case.

Dealing now with Scheme 2.16, which involves two competing first-order

reactions, the A concentration profile and gradients are not modified. The

following differential equations govern the concentration profiles of the

intermediate B and the two products C and D within the reaction layer:

D
d2CB

dx2
� ðk1 þ k2ÞCB ¼ 0 ð6:107Þ

D
d2CC

dx2
þ k1CB ¼ 0 ð6:108Þ

D
d2CD

dx2
þ k2CB ¼ 0 ð6:109Þ

with as additional boundary conditions at the electrode surface,

dCC

dx

� �
x¼0

¼ 0
dCD

dx

� �
x¼0

¼ 0 ð6:110Þ

while, outside the reaction layer, equation (6.105) and a similar equation for

D apply. At the diffusion layer–solution boundary,

V
dCb

C

dt
¼ �SD

dCC

dx

� �
x¼d

V
dCb

D

dt
¼ �SD

dCD

dx

� �
x¼d

ð6:111Þ
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Summing equations (6.107) to (6.109) and integrating, taking equations

(6.100), (6.104), (6.110), and (6.111) into account leads to

V
dðCb

C þ Cb
DÞ

dt
¼ �SD

dðCC þ CDÞ
dx

� �
x¼d
¼ i

F

meaning that the build up of the sum of the two products follows exactly the

same laws as B in the case of a simple electron transfer in any of the electro-

lysis regimes. Then, linear combination of equations (6.107) and (6.108),

D

d2 CB þ
k1 þ k2

k1

CC

� �
dx2

¼ 0

followed by integration, with due account of the pertinent boundary

conditions, leads to

V
dCb

C

dt
¼ k1

k1 þ k2

i

F

thus yielding equations (2.35).

Passing to Scheme 2.17, where the competition involves two follow-up

reactions of different orders, the governing differential equations for B, C,

and D are now

D
d2CB

dx2
� k1CB � 2k2C2

B ¼ 0 ð6:112Þ

D
d2CC

dx2
þ k1CB ¼ 0 ð6:113Þ

D
d2CD

dx2
þ k2C2

B ¼ 0 ð6:114Þ

with the same boundary conditions as in the preceding case. From the linear

combination of equations (6.112) to (6.114) and integration, taking the

appropriate boundary conditions into account, one obtains

V
dðCb

C þ 2Cb
DÞ

dt
¼ �SD

dðCC þ 2CDÞ
dx

� �
x¼d
¼ i

F

This means that the build up of the sum of the first-order reaction product

and twice the second-order reaction product follows exactly the same laws
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as B in the case of a simple electron transfer in any of the electrolysis

regimes. The yields are obtained from

YD ¼ 1� YC ¼
2

dCb
D

dt
dCb

C

dt
þ 2

dCb
D

dt

¼
2

dCD

dx

� �
x¼d

dCC

dx

� �
x¼d
þ 2

dCD

dx

� �
x¼d

Addition of equation (6.112) and twice equation (6.114) leads to

D
d2ð2CD þ CBÞ

dx2
¼ k1CB

(i.e., after integration), taking into account equations (6.104) and (6.110),

D
d2CD

dx

� �
x¼d
¼ D

dCB

dx

� �
x¼0

þ k1

ðx¼d

x¼0

CB dx

and therefore

YD ¼ 1� YC ¼
�D

dCB

dx

� �
x¼0

�k1

ðx¼d

x¼0

CBdx

i

FS

that is, taking account of equation (6.100),

YD ¼ 1� YC ¼ 1�
k1

ðx¼d

x¼0

CBdx

i=FS
ð6:115Þ

The concentration profile of B is squeezed within the reaction layer. It may

be analyzed in dimensionless term so as to obtain the expression of the

yields with introduction of a minimal number of parameters. This is arrived

at by normalizing the space variable versus the reaction layer thickness as

y� ¼ x
ffiffiffiffiffiffiffiffiffiffi
k1=D

p
ðy� ¼ 1 corresponds to x ¼ mÞ and the concentrations as

b� ¼ CB

ffiffiffiffiffiffiffiffi
k1D

p FS

i
c� ¼ CC

ffiffiffiffiffiffiffiffi
k1D

p FS

i
d� ¼ CD

ffiffiffiffiffiffiffiffi
k1D

p FS

i

in the two constant-concentration regimes considered so far. In the constant-

current regime, the normalizing factor is indeed a constant, independent

of time. This is also true for the constant-potential regime when the

potential is negative enough for the condition ðCAÞx¼0 ¼ 0, implying that
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i=FS ¼ C0D=d is also time-independent. The competition between the two

follow-up reactions is consequently a function of a single parameter:

p2nd
1st ¼

k2

k
3=2
1

i

FSD1=2
ð6:116Þ

which applies as such in the constant-current regime and becomes

p2nd
1st ¼

k2

k
3=2
1

C0D1=2

d

in the constant-potential regime just defined.

With these changes of variables, the expression of the yields in equation

(6.115) becomes

YD ¼ 1� YC ¼ 1�
ðy�¼1

y�¼0

b�dy� ð6:117Þ

while equation (6.102) is transformed into

d2b�

dy�2 ¼ b� þ 2p2nd
1st b�

2 ð6:118Þ

the integration of which, taking equation (6.104) into account, leads to

� db�

dy�
¼ b� 1þ 4

3
p2nd

1st b�
� �1=2

ð6:119Þ

The integral in equation (6.117) may be recast as

ðy�¼1

y�¼0

b� dy� ¼ �
ðb�¼ðb�Þy�¼0

b�¼0

b�db�

db�=dy�

¼
ðb�¼ðb�Þy�¼0

b�¼0

db�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4p2nd

1st

3
b�

r ¼ 3

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4p2nd

1st

3
ðb�Þy�¼0

r
� 1

" #

where ðb�Þy�¼0 is provided by the application of equation (6.119) for y� ¼ 0:

ðb�Þy�¼0 1þ 4

3
p2nd

1st ðb�Þy�¼0

� �1=2

¼ 1
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leading to an alternative expression of the yields:

YD ¼ 1� YC ¼ 1� 3

2p2nd
1st

1

ðb�Þy�¼0

� 1

" #

Computation of YC and YD as a function of the competition parameter from

the two equations above leads to the curves in Figure 2.32. Since Cb
C þ 2Cb

D

increases proportionally with time and since the competition parameter is

independent of time, the concentration of each product also increases

proportionally with time.

In the exhaustive electrolysis constant potential regime,

Cb
A ¼ C0 exp � t

tC

� �

and

Cb
C þ 2Cb

D ¼ C0 1� exp � t

tC

� �� �

We therefore introduced newly normalized concentrations, taking the

exponential time variation into account:

b
~ ¼ b� exp

t

tC

� �
c
~ ¼ c� exp

t

tC

� �
d

~ ¼ d� exp
t

tC

� �

as well as a modified form of the competition parameter,

p2nd
1st

~ ¼ p2nd
1st exp � t

tC

� �
ð6:120Þ

Equation (6.118) still applies to these modified variables and parameter,

leading to the following expressions:

d2b
~

dy�2 ¼ b
~ þ 2p2nd

1st

~

b
~

2

d2c
~

dy�2 ¼ �b
~

d2d
~

dy�2 ¼ �p2nd
1st

~

b
~

2
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The yields ensue (ECP for exhaustive constant potential electrolysis):

ðYDÞECP ¼ 1� ðYCÞECP ¼

ðt=tC

0

1�
ð1

0

b
~

dy�
� �

expð�ZÞ dZ

1� exp � t

tC

� �

that is,

ðYDÞECP ¼ 1� ðYDÞECP ¼

ðp2nd
1st

p2nd
1st

~

ðYDÞCC dZ

p2nd
1st � p2nd

1st

~
ð6:121Þ

where ðYDÞCC is the yield under constant concentration conditions. At the

end of the electrolysis ðt=tC !1Þ,

YD ¼ 1� YC ¼ 1

p2nd
1st

ðp2nd
1st

0

ðYDÞCC dZ ð6:122Þ

The curves in Figure 2.32b are thus obtained from integration of the curves

in Figure 2.32a.

The reduction of carbon dioxide (Section 2.5.4) raises the question of

possible competition between a radical–radical coupling and a radical–

substrate coupling according to Scheme 6.3, in which the competition

shown in the upper part of Scheme 2.34 is represented symbolically.

The mechanism, albeit somewhat more complicated than in the preceding

case, also involves competition between a first- and second-order follow-up

reaction. For this reason, a similar analysis applies and the yields vs.

competition parameter curves can be derived from those pertaining to the

preceding case.

A +

B

B

C

e_

+ A

+ FeC

ECE DISP

B F+ C
kD

Krs =B2 D
krr

krs

k–rs

krs

k–rs

_

SCHEME 6.3
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The data shown in Figure 2.36 were gathered at constant current with a

value of the current density that brought the electrode potential at the foot of

the current–potential characteristic of the system. The concentration of

substrate may thus be considered as constant. As discussed in Section 2.5,

we consider only the case where the second electron transfer in the radical–

substrate coupling pathway occurs at the electrode (ECE). The following

equations and conditions apply.

At the electrode surface (i.e., for x ¼ 0),

ðCCÞx¼0 ¼ 0 ð6:123Þ

dCD

dx

� �
x¼0

¼ 0 ð6:124Þ

dCF

dx

� �
x¼0

¼ � dCC

dx

� �
x¼0

ð6:125Þ

i

FS
¼ �D

dðCB þ CFÞ
dx

� �
x¼0

ð6:126Þ

Within the reaction layer (i.e., for 0 	 x 	 m),

D
d2CB

dx2
¼ 2krrC

2
B þ krsC

0CB ð6:127Þ

D
d2CC

dx2
¼ �krsC

0CB ð6:128Þ

D
d2CD

dx2
þ krrC

2
B ¼ 0 ð6:129Þ

D
d2CF

dx2
¼ 0 ð6:130Þ

In the rest of the diffusion layer (i.e., for m 	 x 	 d),

CB ¼ 0
dCB

dx
¼ 0 ð6:131Þ

dCC

dx
¼ 0 ð6:132Þ

D
d2CD

dx2
¼ 0 ð6:133Þ

D
d2CF

dx2
¼ 0 ð6:134Þ
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At the diffusion layer–solution boundary (i.e., for x ¼ d),

V
dCb

D

dt
¼ �SD

dCD

dx

� �
x¼d

V
dCb

F

dt
¼ �SD

dCF

dx

� �
x¼d

The yields in the two products are obtained from

YD ¼ 1� YF ¼ dCb
D=dt

dCb
D

dt
þ dCb

F

dt

¼ dCD=dxx¼d
dCD

dx

� �
x¼d
þ dCF

dx

� �
x¼d

A first linear combination of equations (6.127) to (6.130) aiming at the

elimination of the kinetic terms gives

D
d2CB þ CC þ 2CD þ 2CF

dx2
¼ 0

which is valid within and outside the reaction layer. Integration, taking into

account equations (6.124), (6.125), (6.131), and (6.132), leads to

D
dð2CD þ 2CFÞ

dx

� �
x¼d
¼ D

dðCB þ CFÞ
dx

� �
x¼0

¼ � i

FS

The yields are thus expressed as

YD ¼ 1� YF ¼
�2D

dCD

dx

� �
x¼d

i

FS

Another linear combination involving equations (6.127) to (6.129) gives

D
d2CB � CC þ 2CD

dx2
¼ 2krsC

0CB

and after integration and introduction of (6.124), (6.125), (6.131), and

(6.132),

�D
dð2CDÞ

dx

� �
x¼d
¼ i

FS
� 2krsC

0

ðx¼d

x¼0

CB dx
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and therefore

YD ¼ 1� YF ¼ 1�
2krsC

0

ðx¼d

x¼0

CB dx

i
FS

ð6:135Þ

The search of the minimal number of competition parameters calls for

normalizing the space and concentration as follows:

y� ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2krsC0

D

r

b� ¼ CB

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2krsC0D

p FS

i

Then equations (6.127) and (6.133) become, after introduction of a single

dimensionless competition parameter,

prr
rs1 ¼

krr

ð2krsÞ3=2

i

FSD1=2C03=2
ð6:136Þ

YD ¼ 1� YF ¼ 1�
ðy�¼1

y�¼0

b�dy� ð6:137Þ

d2b�

dy�2 ¼ b� þ 2prr
rs1b�

2 ð6:138Þ

Comparison of equations (6.136), (6.137), and (6.138) with equations

(6.116), (6.117) and (6.118), respectively, shows that the variations of the

yields with the competition parameter are exactly the same as already

computed for the case of competition between a first- and second-order

follow-up reaction (Scheme 2.17), although definition of the competition

parameter is different.

For the ECE–DISP competition, the following equations and conditions

apply. At the electrode surface (i.e., for x ¼ 0),

dCA

dx

� �
x¼0

¼ � dCB

dx

� �
x¼0

ð6:139Þ

dCC

dx

� �
x¼0

¼ � dCDE

dx

� �
x¼0

ð6:140Þ

dCDD

dx

� �
x¼0

¼ 0 ð6:141Þ

ðCCÞx¼0 ¼ 0 ð6:142Þ
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For a constant-potential regime, if the electrode potential is set negative

enough (for a reduction, positive enough for an oxidation), ðCAÞx¼0 ¼ 0. For

a constant-current regime,

i

FSD
¼ dCA

dx

� �
x¼0

þ dCC

dx

� �
x¼0

ð6:143Þ

is maintained constant.

Within the reaction layer (i.e., for 0 	 x 	 m),

D
d2CA

dx2
þ kDCBCC ¼ 0 ð6:144Þ

D
d2CB

dx2
� kCB � kDCBCC ¼ 0 ð6:145Þ

D
d2CC

dx2
þ kCB � kDCBCC ¼ 0 ð6:146Þ

D
d2CDE

dx2
¼ 0 ð6:147Þ

D
d2CDD

dx2
þ kDCBCC ¼ 0 ð6:148Þ

At the reaction layer–diffusion layer boundary (i.e., for x ¼ m),

ðCBÞx¼m ¼ 0
dCB

dx

� �
x¼m
¼ 0 ð6:149Þ

and the conditions expressing the continuity of concentrations and gradients

for A, C, DE, and DD.

Within the diffusion layer (i.e., for m 	 x 	 d),

D
d2CA

dx2
¼ 0 ð6:150Þ

D
d2CC

dx2
¼ 0 ð6:151Þ

D
d2CDE

dx2
¼ 0 ð6:152Þ

D
d2CDD

dx2
¼ 0 ð6:153Þ

CB ¼ 0
dCB

dx
¼ 0 ð6:154Þ
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At the diffusion layer–solution boundary (i.e., for x ¼ d),

�V
dCb

A

dt
¼ SD

dCA

dx

� �
x¼d

in exhaustive electrolysis, and CA ¼ C0 in constant-concentration regimes.

In addition,

�V
dCb

C

dt
¼ SD

dCC

dx

� �
x¼d

ð6:155Þ

�V
dCb

DE

dt
¼ SD

dCDE

dx

� �
x¼d

ð6:156Þ

�V
dCb

DD

dt
¼ SD

dCDD

dx

� �
x¼d

ð6:157Þ

Linear combination of equations (6.144) to (6.146) leads to

D
d22CA þ CB þ CC

dx2
¼ 0 ð6:158Þ

which applies not only within the reaction layer but also over the entire

diffusion layer [from equations (6.150) to (6.154)]. It follows that

2CA þ CB þ CC ¼ 2ðCAÞx¼0 þ ðCBÞx¼0 þ ðCCÞx¼0

þ 2
dCA

dx

� �
x¼0

þ dCB

dx

� �
x¼0

þ dCC

dx

� �
x¼0

� �
x
ð6:159Þ

which becomes

2CA þ CB þ CC ¼ 2ðCAÞx¼0 þ
dCA

dx

� �
x¼0

þ dCC

dx

� �
x¼0

� �
x ð6:160Þ

in view of equations (6.140) and (6.143), and of the fact that ðCBÞx¼0 ’ 0

(achievement of pure kinetic conditions). Application of equation (6.160)

for x ¼ d, taking equation (6.154) into account, gives

2ðCAÞx¼d þ ðCCÞx¼d ¼ 2ðCAÞx¼0 þ
dCA

dx

� �
x¼0

þ dCC

dx

� �
x¼0

� �
d
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It also results from equation (6.145) that

2
dCA

dx

� �
x¼d
þ dCC

dx

� �
x¼d
¼ dCA

dx

� �
x¼0

þ dCC

dx

� �
x¼0

Therefore,

2ðCAÞx¼d þ ðCCÞx¼d ¼ 2ðCAÞx¼0 þ 2
dCA

dx

� �
x¼d
þ dCC

dx

� �
x¼d

� �
d

From equations (6.150) and from the fact that m� d, we infer that

dCA

dx

� �
x¼d
¼
ðCAÞx¼d � ðCAÞx¼m

d� m

’
ðCAÞx¼d � ðCAÞx¼m

d
’ ðCAÞx¼d � ðCAÞx¼0

d

and similarly, from equation (6.151),

dCC

dx

� �
x¼d
¼
ðCCÞx¼d � ðCCÞx¼m

d� m

’
ðCCÞx¼d � ðCCÞx¼m

d

Therefore,

2ðCAÞx¼d þ ðCCÞx¼d ¼ 2ðCAÞx¼0

þ 2½ðCAÞx¼d � ðCAÞx¼m� þ ½ðCCÞx¼d � ðCCÞx¼m�

Since ðCAÞx¼m ’ ðCAÞx¼m and ðCCÞx¼m ’ 0, then

dCC

dx

� �
x¼d
¼ ðCCÞx¼d

d

implying that

dCb
C

dt
¼ �Cb

C

SD

Vd

Since there is no C at the start of electrolysis, the concentration of C and its

gradient are negligible [on the order of ðCBÞx¼0] within the diffusion layer.

Thus, ðdCC=dxÞx¼m ¼ 0 may serve as a boundary condition.
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Addition of equations (6.144) to (6.148) gives

D
d2CA þ CB þ CC þ CDE þ CDD

dx2
¼ 0

which applies within the reaction layer but also outside it [equations (6.150)

to (6.154)]. It follow that the sum of all gradients is conserved from x ¼ m to

x ¼ d. Thus, taking into account equations (6.140) to (6.142) and (6.149)

and the fact that

dCB

dx

� �
x¼d
¼ dCB

dx

� �
x¼m
¼ 0

and

dCC

dx

� �
x¼d
¼ 0

It follows that:

dCA

dx

� �
x¼d
þ dCDE

dx

� �
x¼d
þ dCDD

dx

� �
x¼d
¼ 0

meaning that the production of the sum of DE and DD equals the consump-

tion of A.

From equations (6.147) and (6.152),

dCDE

dx

� �
x¼d
¼ dCDE

dx

� �
x¼0

and therefore from equation (6.140),

dCDE

dx

� �
x¼d
¼ dCC

dx

� �
x¼0

In constant-concentration regimes,

Cb
DE þ Cb

DD ¼ C0 t

tC

and

Cb
DE ¼

td
tC

dCC

dx

� �
x¼0
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The yields are thus expressed as

YDE ¼ 1� YDD ¼ d
C0

dCC

dx

� �
x¼0

The gradient of C at the electrode surface may be obtained from the

simultaneous resolution of equations (6.145) and (6.146). As in the

preceding case, convenient dimensionless expressions are obtained after

normalization of the space variable as y� ¼ x
ffiffiffiffiffiffiffiffiffiffi
k1=D

p
and of the concentra-

tion as

b� ¼ CB

C0

ffiffiffiffiffi
k1

D

r
d c� ¼ CC

C0

ffiffiffiffiffi
k1

D

r
d d� ¼ CD

C0

ffiffiffiffiffi
k1

D

r
d

in the constant-potential regime and

b� ¼ CB

ffiffiffiffiffiffiffiffi
k1D

p FS

i
c� ¼ CC

ffiffiffiffiffiffiffiffi
k1D

p FS

i

in the constant-current regime with introduction of the competition

parameters

pDISP
ECE ¼

k2

k
3=2
1

C0D1=2

d
and

k2

k
3=2
1

iD1=2

FS

in the two regimes, respectively, convert equations (6.145) and (6.146) into

the following dimensionless system, which depends on the single competi-

tion parameter pDISP
ECE .

d2b�

dy�2
¼ b� þ pDISP

ECE b�c�

d2c�

dy�2
¼ �b� þ pDISP

ECE b�c�

with as boundary conditions

dc�

dy�

� �
y�¼0

� db�

dy�

� �
y�¼0

¼ 2
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[from equations (6.142) and (6.160)]

ðc�Þy�¼0 ¼ 0

ðb�Þy�¼1 ¼ 0

dc�

dy�

� �
y�¼1

¼ 0

Finite difference resolution of this system of partial derivative equations

with their boundary conditions allows calculation of ðdc�=dy�Þy�¼0 and

thereby of

YDE ¼ 1� YDD ¼ dc�

dy�

� �
y�¼0

finally leading to the curves in Figure 2.33a.

As in the preceding case, yields at the end of a constant-potential

exhaustive electrolysis are obtained by integration of the constant-concen-

tration yields [see the establishment of equations (6.121) and (6.122)]:

YDE ¼ 1� YDD ¼ 1

pDISP
ECE

ðpDISP
ECE

0

YDE
� �

CC
dZ

finally leading to the curves in Figure 2.33b.

The competition between H-atom transfer and electronþ proton transfer,

exemplified by the reduction of aryl halides in Section 2.5.5, corresponds to

the symbolic Scheme 6.4.

This three-cornered competition may be analyzed on the basis of three

two-cornered competitions, ECE–HAT, DISP–HAT, and ECE–DISP, where

‘‘HAT’’ stands for the formation of products F and H even if this type of

e
_

e
_

e
_

A + B

B C
k1

ECE DISP

+ DEC B C
kD

+ A + DD

C F 
k2

+ G 

+ HG B
kD

+ A + HG

SCHEME 6.4
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reaction scheme may involve reactions other than H-atom transfer and sub-

strates other than aryl halides. The ECE–DISP competition was just analyzed

in Section 6.2.7. Before examining the ECE–HAT and DISP–HAT pathways

separately, we establish several relationships that hold when both pathways are

involved simultaneously and are therefore valid in each of the two cases.

At the electrode surface,

dCA

dx

� �
x¼0

¼ � dCB

dx

� �
x¼0

ð6:161Þ

dCC

dx

� �
x¼0

¼ � dCD

dx

� �
x¼0

ð6:162Þ

dCF

dx

� �
x¼0

¼ 0 ð6:163Þ

dCG

dx

� �
x¼0

¼ � dCH

dx

� �
x¼0

ð6:164Þ

ðCCÞx¼0 ¼ 0 ðCGÞx¼0 ¼ 0

For a constant-potential regime, if the electrode potential is set negative

enough (for a reduction, positive enough for an oxidation), ðCAÞx¼0 ¼ 0.

For a constant-current regime,

i

FSD
¼ dCA

dx

� �
x¼0

þ dCC

dx

� �
x¼0

þ dCG

dx

� �
x¼0

ð6:165Þ

is maintained constant.

Within the reaction layer (i.e., for 0 	 x 	 m),

D
d2CA

dx2
þ kDCBCC þ kDCBCG ¼ 0 ð6:166Þ

D
d2CB

dx2
� k1CB � kDCBCC � kDCBCG ¼ 0 ð6:167Þ

D
d2CC

dx2
þ k1CB � k2CC � kDCBCC ¼ 0 ð6:168Þ

D
d2CD

dx2
þ kDCBCC ¼ 0 ð6:169Þ

D
d2CF

dx2
þ k2CC ¼ 0 ð6:170Þ

D
d2CG

dx2
þ k2CC � kDCBCG ¼ 0 ð6:171Þ

D
d2CH

dx2
þ kDCBCG ¼ 0 ð6:172Þ
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At the reaction layer–diffusion layer boundary (i.e., for x ¼ m),

ðCBÞx¼m ¼ 0
dCB

dx

� �
x¼m
¼ 0 ð6:173Þ

dCC

dx

� �
x¼m
¼ 0 ð6:174Þ

dCG

dx

� �
x¼m
¼ 0 ð6:175Þ

Within the diffusion layer (i.e., for m 	 x 	 d),

D
d2CA

dx2
¼ 0 ð6:176Þ

CB ¼ 0
dCB

dx
¼ 0 ð6:177Þ

CC ¼ 0
dCC

dx
¼ 0 ð6:178Þ

CG ¼ 0
dCG

dx
¼ 0 ð6:179Þ

D
d2CD

dx2
¼ 0 ð6:180Þ

D
d2CF

dx2
¼ 0 ð6:181Þ

D
d2CH

dx2
¼ 0 ð6:182Þ

At the diffusion layer–solution boundary (i.e., for x ¼ d) there is

no production of B, C, and G because there is no gradient of these

species. We are thus left with the following boundary conditions, which

express the consumption of the substrate and the generation of the

products DE, F, and G:

�V
dCb

A

dt
¼ SD

dCA

dx

� �
x¼d
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in exhaustive electrolysis, and Cb
A ¼ C0 in constant-concentration regimes.

In addition,

�V
dCb

D

dt
¼ SD

dCD

dx

� �
x¼d

ð6:183Þ

�V
dCb

F

dt
¼ SD

dCF

dx

� �
x¼d

ð6:184Þ

�V
dCb

H

dt
¼ SD

dCH

dx

� �
x¼d

ð6:185Þ

Addition of equations (6.171), (6.172), and subtraction of equation (6.170)

yields

D
d2ðCG þ CH � CFÞ

dx2
¼ 0

which is valid within and outside [equations (6.179), (6.181), (6.182)] the

reaction layer. After integration, while taking account of equation (6.179),

dCF

dx

� �
x¼d
¼ dCG

dx

� �
x¼d

meaning that, as expected, the rates of production of F and G are the same.

Summing equations (6.166) to (6.169), (6.171), and (6.172) leads to

D
d2ðCA þ CB þ CC þ CD þ CG þ CHÞ

dx2
¼ 0

which is valid within and outside [equations (6.176) to (6.180) and (6.182)]

the reaction layer. Therefore,

D
dðCA þ CB þ CC þ CD þ CG þ CHÞ

dx

� �
x¼0

¼ D
dðCA þ CB þ CC þ CD þ CG þ CHÞ

dx

� �
x¼d

and thus, in view of equations (6.162) to (6.164) and (6.177) to (6.179), the

first member of the equation above is equal to zero. Therefore,

dðCD þ CF or HÞ
dx

� �
x¼d
¼ � dCA

dx

� �
x¼d
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meaning, after application of equations (6.183) to (6.185) that the produc-

tion of D and H (or F) amounts to the consumption of A.

Still another linear combination of the reactant, intermediate, and product

concentrations leads to

D
d2ð2CA þ CB þ CC þ CGÞ

dx2
¼ 0

which is valid within [equations (6.166) to (6.168) and (6.172)] and outside

[equations (6.176) to (6.179)] the reaction layer. After integration,

i

FSD
¼ � dCB

dx

� �
x¼0

þ dCC

dx

� �
x¼0

þ dCG

dx

� �
x¼0

¼ 2
dCA

dx

� �
x¼d

Because the ratio of the reaction layer over the diffusion layer thickness

tends toward zero, ðCAÞx¼m ’ ðCAÞx¼0, and thus

� dCB

dx

� �
x¼0

þ dCC

dx

� �
x¼0

þ dCG

dx

� �
x¼0

’ 2
Cb

A � ðCAÞx¼0

d

It also follows that

i

2FSD
¼ dCA

dx

� �
x¼d
¼ � dðCD þ CF or HÞ

dx

� �
x¼d

ð6:186Þ

From equations (6.163), (6.170), and (6.181),

D
dCF

dx

� �
x¼d
¼ �k2

ðx¼d

x¼0

CCdx

As in the preceding cases, the following transformations are suggested by

search for the minimal number of governing parameters, thanks to the fact

that pure kinetic conditions are assumed to hold: y� ¼ x
ffiffiffiffiffiffiffiffiffiffi
k1=D

p
and of the

concentration as

b� ¼ CB

ffiffiffiffiffiffiffiffi
k1D

p 2FS

i
c� ¼ CC

ffiffiffiffiffiffiffiffi
k1D

p 2FS

i
g� ¼ CG

ffiffiffiffiffiffiffiffi
k1D

p 2FS

i

with introduction of two competition parameters:

pECE
HAT ¼

k1

k2

ð6:187Þ
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and

pDISP
HAT ¼

kD

k2k
1=2
1

iD1=2

2FS
ð6:188Þ

We may note in passing (compare equations (6.187) and (6.188) with

equation (2.37)) that

pDISP
HAT

pECE
HAT

¼ pDISP
ECE

These transformations apply for both the constant-current and constant-

potential regimes, noting that in the latter case, i=2FS ¼ DC0=d in the condi-

tions assumed to hold so far where the electrode potential is negative enough

for ðCAÞx¼0 ¼ 0. Then, equations (6.167), (6.168), and (6.171) become

d2b�

dy�2
� b� � pDISP

HAT

pECE
HAT

b�ðc� þ g�Þ ¼ 0 ð6:189Þ

d2c�

dy�2
þ b� � pDISP

HAT

pECE
HAT

b�c� � 1

pECE
HAT

c� ¼ 0 ð6:190Þ

d2g�

dy�2
þ 1

pECE
HAT

c� � pDISP
HAT

pECE
HAT

b�g� ¼ 0 ð6:191Þ

with, as boundary conditions,

ðc�Þy�¼0 ¼ ðg�Þy�¼0 ¼ 0

� db�

dy�

� �
y�¼0

þ dc�

dy�

� �
y�¼0

þ dg�

dy�

� �
y�¼0

¼ 2 ð6:192Þ

It follows that:

dCb
F

dt
¼ � SD

V

dCF

dx

� �
x¼d
¼ i

2FS

S

V

1

pECE
HAT

ðy�¼1

y�¼0

c�dy�

Combination with equation (6.186), taking equations (6.183) to (6.185) into

account leads to

dCb
F or H

dt
dCb

D

dt
þ dCb

F or H

dt

¼ 1

pECE
HAT

ðy�¼1

y�¼0

c�dy� ð6:193Þ
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In the two constant-concentration regimes, all terms of equation (6.193) are

independent of time. Therefore,

YF or H ¼ 1� YD ¼ 1

pECE
HAT

ðy�¼1

y�¼0

c�dy� ð6:194Þ

In the exhaustive electrolysis regime, following the analysis as developed

previously to derive equations (6.121) and (6.122), the yields are obtained

by integration of the constant-concentration yields:

ðYF or HÞECP ¼ 1� ðYDÞECP ¼

Ð pDISP
HAT

pDISP~

HAT

ðYF or HÞCC dZ

pDISP
HAT � pDISP~

HAT

ð6:195Þ

where

pDISP~

HAT ¼ pDISP
HAT exp � t

tC

� �
ð6:196Þ

At the end of the electrolysis ðt=tC !1Þ,

YF or H ¼ 1� YD ¼ 1

pDISP
HAT

ðpDISP
HAT

0

ðYF or HÞCC dZ ð6:197Þ

Based on these general relationships, we may now examine separately

the ECE–HAT and DISP–HAT pathways.

In the ECE–HAT competition, pDISP
HAT =pECE

HAT ¼ pDISP
ECE ! 0. Equations (6.189)

to (6.191) simplify to

d2b�

dy�2
� b� ¼ 0 ð6:198Þ

d2c�

dy�2
þ b� � 1

pECE
HAT

c� ¼ 0 ð6:199Þ

d2g�

dy�2
þ 1

pECE
HAT

c� ¼ 0 ð6:200Þ

Addition of equations (6.198) to (6.200), followed by integration, taking

into account equations (6.173) to (6.175) leads to

db�

dy�

� �
y�¼0

þ dc�

dy�

� �
y�¼0

þ dg�

dy�

� �
y�¼0

¼ 0
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implying after connection with equation (6.192) that

db�

dy�

� �
y�¼0

¼ �1

Applying this condition after integration of equation (6.198) leads to

b� ¼ expð�y�Þ, and therefore from integration of equation (6.199),

c� ¼ pECE
HAT

1� pECE
HAT

expð�y�Þ � exp � y�ffiffiffiffiffiffiffiffiffiffi
pECE

HAT

p
 !" #

It then follows from equation (6.194) that in the constant-concentration

regimes,

YF or H ¼ 1� YD ¼ 1

1þ
ffiffiffiffiffiffiffiffiffiffi
pECE

HAT

p ð6:201Þ

In the exhaustive electrolysis regime, the same relationship applies as results

from the combination of equations (6.195) and (6.201). The resulting

variations are represented in Figure 2.38a.

In the DISP–HAT competition, pDISP
HAT =pECE

HAT ¼ pDISP
ECE !1. An homoge-

neous steady-state is established for C, resulting in

c� ¼ pECE
HATb�

1þ pDISP
HAT b�

and

d2b�

dy�2
� 2b� ¼ 0

with

db�

dy�

� �
y�¼0

¼ �2

It follows that

b� ¼
ffiffiffi
2
p

expð�
ffiffiffi
2
p

y�Þ

and thus that

c� ¼
ffiffiffi
2
p

pECE
HAT expð�

ffiffiffi
2
p

y�Þ
1þ

ffiffiffi
2
p

pDISP
HAT expð�

ffiffiffi
2
p

y�Þ
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The yields in the two constant concentration regimes are thus obtained by

application of equation (6.194):

YF or H ¼ 1� YD ¼ lnð1þ
ffiffiffi
2
p

pDISP
HAT Þffiffiffi

2
p

pDISP
HAT

ð6:202Þ

In the exhaustive electrolysis regime, combination of equations (6.202) and

(6.195) leads to

ðYF or HÞECP ¼ 1� ðYDÞECP ¼

ð ffiffi2p pDISP
HATffiffi

2
p

pDISP~

HAT

ln 1þ Zð Þ
Z

dZ

ffiffiffi
2
p

pDISP
HAT � pDISP~

HAT

� �
At the end of the electrolysis ðt=tC !1Þ,

YF or H ¼ 1� YD ¼ 1ffiffiffi
2
p

pDISP
HAT

ðp
ffiffi
2
p DISP

HAT

0

lnð1þ ZÞ
Z

dZ

The resulting variations are represented in Figure 2.38b.

6.3. ELECTRON TRANSFER, BOND BREAKING,
AND BOND FORMATION

6.3.1. Contribution of the Cleaving Bond Stretching to Internal
Reorganization of the First Step of the Stepwise Mechanism

Assuming that the most important contribution to the internal reorganization

is the stretching of the cleaving bond, the free energy surfaces for the

reactant ðGRXÞ and product ðGRX��Þ may be written as

GRXþe� ¼ l0;RXþe�$RX��X2 þ DRXf1� exp½�bðy� yRXÞ�g2 ð6:203Þ

GRX�� ¼ l0;RX$RX��ð1� XÞ2 þ DRX��f1� exp½�bðy� yRX��Þ�g2

þ�G0
RXþe�!RX�� ð6:204Þ

It is also assumed that the repulsive terms in the two Morse curves are

approximately the same, leading to an equation that relates the difference in

the equilibrium distances to the ratio of the dissociation energies:

yRX�� ¼ yRX þ
1

2b
ln

DRX

DRX��
ð6:205Þ
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Equations (6.203) and (6.204) may then be recast as follows:

GRXþe� ¼ DRY2 þ l0;RXþe�$RX��X2 ð6:206Þ

GRX�� ¼ DRX 1�
ffiffiffiffiffiffiffiffiffiffiffiffi
DRX��

DRX

r� �
� Y

� �2

þl0;RXþe�!RX��ð1� XÞ2

þ�G0
RXþe�!RX�� ð6:207Þ

with

Y ¼ 1� exp½�bðy� yRXÞ� ð6:208Þ

The activation free energy is then obtained by the usual minimization

procedure, thus leading to equation (3.22).

6.3.2. Morse Curve Model of Intramolecular Dissociative
Electron Transfer

The classical Morse curve model of intramolecular dissociative electron trans-

fer, leading to equations (3.23) to (3.27), involves the following free energy

surfaces for the reactant ðGRX��Þ and product ðGR�þX�Þ systems, respectively:

GRX�� ¼ l0;RX��$R�þX�X2 þ DRX��Y2 ð6:209Þ
GR�þX� ¼ l0;RX��$R�þX�ð1� XÞ2 þ DRX��ð1� YÞ2

þ�G0
RX��!R�þX� ð6:210Þ

As previously, X is a fictitious charge borne by the X portion of the molecule

serving as index for solvent reorganization upon shifting the charge from the

R to the X portion of the molecule:

Y ¼ 1� exp½�bðy� yRX��Þ�

with b ¼ vcð2p2=DRX��Þ1=2
(y : bond length, yRX�� : equilibrium value of y

in the anion radical, vc: frequency of the cleaving bond, m: reduced mass) is

a variable representing the stretching of the cleaving bond. The saddle

point on the intersection of the two surfaces leads, exactly as for the

Marcus model of outer-sphere electron transfer or for the Morse curve

model of extramolecular dissociative electron transfer, to equations (3.23) to

(3.27).
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Extension of the model to take into account the bond bending effect and

the interactions within the product cluster leads to the following modifica-

tion of equations (6.209) and (6.210), in which the diabatic character of the

surfaces is emphasized in the subscript notations:

GRX��;dia ¼ l0;RX��$RþX�X2 þ DRX��Y2 þ fb

2
y 2

b

GR�þX�;dia ¼ l0;RX��$R�þX�ð1� XÞ2 þ DRX�� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
DR�;X�

DRX��

r
� Y

� �2

þ fb

2
y 2

b þ�G0
RX��!R�þX�

where yb is the bending angle and f the corresponding force constant. DR�;X�

is a measure of the energy of interaction in the product cluster. Mixing the

two diabatic surfaces through the following secular determinant produces

the two adiabatic surfaces

Gadia;�
GRX��;dia � Gadia;� H

H GR�þX�;dia � Gadia;�

�����
����� ¼ 0

with H ¼ h0yb, thus leading to

Gadia;�ðX;Y ; yÞ ¼
GRX��;dia þ GR�þX�;dia

2

� 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðGRX��;dia � GR�þX�;diaÞ2 þ 4ðh0ybÞ2

q

The transition state corresponds to

qGadia;�
qyb

¼ 0
qGadia;�

qX
¼ 0

qGadia;�
qY

¼ 0

It follows that

X 6¼ ¼ Y 6¼

1�
ffiffiffiffiffiffiffiffiffiffiffiffi
DR;X�

DRX��

r

¼ 1

2
1þ

�G0
RX��!R�þX�

l0;RX��$R�þX� þ DR�;X� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
DR�;X�

DRX��

r� �2

� 2h 2
0

fb

0
BBB@

1
CCCA
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and

y6¼ ¼ h0

f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

�G0
RX��!R�þX�

l0;RX��$R�þX� þ DR�;X� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
DR�;X�

DRX��

r� �2

� 2h 2
0

fb

0
BBB@

1
CCCA

2
vuuuuuut

Finally,

G
6¼
adia;� ¼ �G

6¼
0 1þ

�G0
Ar��!Ar�þX�

4�G
6¼
0

 !2

with

�G
6¼
0 ¼

l0 þ DArX�� 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
DAr�;X�

DArX��

r� �2

4
� h 2

0

2fb

thus showing the validity of equation (3.31) as an expression of the intrinsic

barrier.

6.4. ANALYSIS OF SUPPORTED MOLECULAR CATALYSIS
BY ROTATING DISK ELECTRODE VOLTAMMETRY
AND CYCLIC VOLTAMMETRY

6.4.1. Catalysis at Monolayer Electrode Coatings

The sum of the surface concentrations of the two forms of the catalyst GP

and GQ is equal to the total catalyst surface concentration, G0. In the case of

a Nernstian system,

GP

GQ

¼ exp
F

RT
ðE � E0

P=QÞ
� �

and therefore

GQ

G0
¼ 1

1þ exp
F

RT
ðE � E0

P=QÞ
� � ð6:211Þ

Material balance in the monolayer electrode coating leads to

dGQ

dt
¼ i

FS
� k GQðCAÞx¼0 ð6:212Þ
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Since RDEV experiments entail steady-state conditions, d GQ=dt ¼ 0, and thus

i

FS
¼ kGQðCAÞx¼0 ð6:213Þ

Diffusion of A between the bulk of the solution and the electrode coating is

expressed as

DA

dCA

dx

� �
x¼0

¼ kGQðCAÞx¼0 ð6:214Þ

It follows that

DA

dCA

dx

� �
x¼0

¼ DAC0
A

d
1� ðCAÞx¼0

C0
A

� �
¼ kGQðCAÞx¼0 ð6:215Þ

and thus that

ðCAÞx¼0

C0
A

¼ 1

1þ kG0d
DA

GQ

G0

ð6:216Þ

Combination of equations (6.211), (6.213) to (6.215) finally leads to

equations (4.1) to (4.3).

We consider now the case where the kinetics of the electrode electron

transfer may interfere. Equations (6.213) and (6.214) are still valid and

Nernst’s law is replaced by equation (4.9). Combination of these three

equations leads to equation (4.10), and from it, to equation (4.11).

In cyclic voltammetry, equation (6.212) applies and, in general, d GQ=dt 6¼ 0.

For a Nernstian electrode electron transfer, from equation (6.211),

dGQ

dt
¼ 0:25

exp
F

RT
ðE � E0

P=QÞ
� �

1þ exp
F

RT
ðE � E0

P=QÞ
� �� � ð6:217Þ

which is the current response of the immobilized catalyst in the absence of

substrate. Diffusion of the substrate from the bulk of the solution to the

electrode surface is described by the following integral equation:

ðCAÞx¼0

C0
A

¼ 1� 1ffiffiffi
p
p
ð Fv
RT

t

0

DA

dCA

dx

� �
x¼0

ðZÞ

C0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
t � Z

r dZ ð6:218Þ
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The total current, i, may be corrected by subtraction of dGQ=dt as given by

equation (6.217):

icorr

FS
¼ i

FS
� dGQ

dt
¼ i

FS
� 0:25

exp
F

RT
ðE � E0

P=QÞ
� �

1þ exp
F

RT
ðE � E0

P=QÞ
� �� �

Then

icorr

FS
¼ DA

qCA

qx

� �
x¼0

and

icorr

FSC0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r ¼ kG0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r ðCAÞx¼0

C0
A

GQ

G0
ð6:219Þ

It follows that

icorr

FSC0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r

¼ kG0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r 1

1þ exp
F

RT
ðE � E0

P=QÞ
� � 1� 1ffiffiffi

p
p
ð Fv
RT

t

0

icorrðZÞ

FSC0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
t � Z

r dZ

2
66666664

3
77777775

thus leading to equation (4.12).

In the case where the electrode electron transfer kinetics interferes,

equation (4.9) replaces Nernst’s law, and therefore

i

FSC0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r ¼
G0khet

f ðEÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r 1� GQ

G0
1þ exp

F

RT
ðE � E0

P=QÞ
� �� �� �

ð6:220Þ

Equation (6.219) is still valid. Its combination with (6.220) thus yields

equation (4.15).
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6.4.2. Inhibition of Electron Transfer at Partially
Blocked Electrodes

As pictured in the top right-hand corner of Figure 4.16, diffusion takes

places in two dimensions, denoted x and R, within the constrained diffusion

layer, which can be expressed by means of the following set of partial

derivative equation and initial and boundary conditions:

q2CA

qx2
þ 1

R

qCA

qR
þ q2CA

qR2
¼ 0

x ¼ 2R0; 0 	 R 	 R0: DA

qCA

qx
¼ i

FS

R ¼ 0; 0 	 x 	 2R0:
qCA

qr
¼ 0

R ¼ R0; 0 	 x 	 2R0:
qCA

qr
¼ 0

x ¼ 0; Ra 	 R 	 R0:
qCA

qx
¼ 0

and for 0 	 R 	 Rað¼ R0

ffiffiffiffiffiffiffiffiffiffiffi
1� y
p

Þ,

DA

qCA

qx

� �
x¼0

¼ kf ðEÞ ðCAÞx¼0 1þ exp
F

RT
ðE � E0

P=QÞ
� �� �

� exp
F

RT
ðE � E0

P=QÞ
� �� �

and thus

i

FS
¼ð1�yÞkf ðEÞ ðCAÞx¼0 1þexp

F

RT
ðE�E0

P=QÞ
� �� �

�exp
F

RT
E�E0

P=Q

� �� �� �
ð6:221Þ

An approximate resolution of the system above leads to an equation relating

the substrate concentration at the active sites, ðCAÞx¼0, to its value at the

boundary between the constrained diffusion layer and the linear diffusion

layer, ðCAÞx¼2R0
:

ðCAÞx¼0

C0
A

¼
ðCAÞx¼2R0

C0
A

� 0:6R0

DAC0
A

ffiffiffiffiffiffiffiffiffiffiffi
1� y
p i

FS
ð6:222Þ
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At the external boundary of the constrained diffusion layer, application of

the linear diffusion characteristic equations leads to

ðCAÞx¼2R0

C0
A

¼ 1� 1ffiffiffi
p
p
ð Fv
RT

t

0

DA

qCA

qx

� �
x¼2R0

C0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
t � Z

r dZ

¼ 1� 1ffiffiffi
p
p
ð Fv
RT

t

0

i

FS

C0
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
DA

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RT
t � Z

r dZ ð6:223Þ

Combining equations (6.221) to (6.223) finally produces equation (4.16).

6.4.3. Equivalent Diffusion and Migration Laws for Electron
Hopping Between Fixed Sites

In the monolayer j the two members of the redox couple undergo the

electron transfer reactions depicted in Scheme 6.5 with the molecules

located in the jþ 1 and j� 1 layers. The rates of the two electron transfer

reactions between two adjacent sites may be written as

dCPj

dt
¼ �

dCQj

dt
¼ �kj�1CPj

CQj�1
þ k�ðj�1ÞCPj�1

CQj

þkjþ1CPj1þ1
CQj
� kjþ1CPj

CQjþ1
ð6:224Þ

The rate constants may be expressed as functions of the self-exchange rate

constant, k0, and the potential difference, linearizing the activation–driving

force law and taking a value of 0.5 for the symmetry factor. Thus,

kj�1 ¼ k0 exp
F

2RT
ðfj � fj�1Þ

� �
k�ðj�1Þ ¼ k0 exp � F

2RT
ðfj � fj�1Þ

� �

kðjþ1Þ ¼ k0 exp
F

2RT
ðfjþ1 � fjÞ

� �
k�ðjþ1Þ ¼ k0 exp � F

2RT
ðfjþ1 � fjÞ

� �

Pj–1

Q

f f f

j–1

Pj

Qj

Pj+1

Qj+1

k(j–1) k–(j–1)
k(j+1) k–(j+1)

j–1 j j+1

The k and the f are the rate constants and electrical potential, respectively.

SCHEME 6.5
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Since the variation of the electrical potential between two adjacent sites are

small, the exponentials can be linearized, leading to

kj�1 ¼ k0 1þ F

2RT
ðfj � fj�1Þ

� �
k�ðj�1Þ ¼ k0 1� F

2RT
ðfj � fj�1Þ

� �

kjþ1 ¼ k0 1þ F

2RT
ðfjþ1 � fjÞ

� �
k�ðjþ1Þ ¼ k0 1� F

2RT
ðfjþ1 � fjÞ

� �

Substitution in equation (6.224) thus leads to

dCPj

dt
¼�

dCQj

dt
¼ k0CefCPj�1

� 2CPj
þ CPj1þ1

g þ k0

F

2RT

� ½�f½CPj
CQj
� CPj

ðCQj
� CQj�1

Þ� þ ½CPj
CQj
� CQj

ðCPj
� CPj�1

Þ�g

� ðfj � fj�1Þ þ f½CPj
CQj
þ ðCPjþ1

� CPj
ÞCQj
�

þ ½CPj
CQj
þ CPj

ðCQjþ1
� CQj

Þ�gðfjþ1 � fjÞ�

that is,

dCPj

dt
¼ �

dCQj

dt
¼ k0CefCPj�1

� 2CPj
þ CPj1þ1

g þ k0

F

RT
fCPj

CQj
ðfjþ1

� 2fj þ fj�1Þ þ ½CPj
ðCQj

� CQj�1
Þ þ CQj

ðCPj
� CPj�1

Þ�ðfj � fj�1Þ
þ ½CPj

ðCQjþ1
� CQj

Þ þ CQj
ðCPjþ1

� CPj
Þ�ðfjþ1 � fjÞg

Replacement of the finite difference expression by the corresponding

differential expression finally leads to equations (4.22) to (4.24).

6.4.4. Catalysis at Multilayered Electrode Coatings

For the simple irreversible reaction, Qþ A! Pþ B, the concentrations of

the various species at steady state are solutions of the following set of

differential equations and boundary conditions:

De

d2CP

dx2
þ kCACQ ¼ 0 ð6:225Þ

De

d2CQ

dx2
� kCACQ ¼ 0 ð6:226Þ

DS

d2CA

dx2
� kCACQ ¼ 0 ð6:227Þ
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From the combination of equations (6.225) and (6.226), it follows that

CP þ CQ ¼ Ce throughout the film.

At the plateau of the first wave,

ðCPÞx¼0 ¼ 0 ðCQÞx¼0 ¼ Ce

dCA

dx

� �
x¼0

¼ 0

and the current is given by

il1
FS
¼ De

dCP

dx

� �
x¼0

¼ �De

dCQ

dx

� �
x¼0

At a still more negative potential (for reductions, positive for oxidations),

the plateau of the second wave is reached, where the substrate is reduced (or

oxidized) directly at the electrode. Then

ðCPÞx¼0 ¼ 0 ðCQÞx¼0 ¼ Ce ðCAÞx¼0 ¼ 0

and the current is given by

il1 þ il2
FS

¼ �De

dCQ

dx

� �
x¼0

þDS

dCA

dx

� �
x¼0

At the film–solution interface,

dCQ

dx

� �
x¼df

¼ 0

DS

dCA

dx

� �
x¼df�

¼ DA

dCA

dx

� �
x¼dfþ

¼ DA

C0
A � ðCAÞx¼dfþ

d

ðCAÞx¼df�
¼ kðCAÞx¼dfþ

It is convenient to introduce the following dimensionless variables: y ¼
x=df ; q ¼ CQ=Ce, and a ¼ CA=kC0

A. Introduction of these changes in vari-

ables into equations (6.226) and (6.227) leads to

ie
d2q

dy2
� ikaq ¼ 0 ð6:228Þ

iS
d2a

dy2
� ikaq ¼ 0 ð6:229Þ
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ie, iS, and ik being defined by equations (4.29) to (4.31). The fourth

characteristic current, iA, relative to substrate diffusion in solution (Levich

current), is defined as

iA

FS
¼ DAC0

A

d

At the plateau of the first wave,

qy¼0 ¼ 1
da

dy

� �
y¼0

¼ 0

and the current is given by

il1 ¼ �ie
dq

dy

� �
y¼0

At the plateau of the second wave, qy¼0 ¼ 1, ay¼0 ¼ 0 and the current is

given by

il1 þ il2 ¼ �ie

dq

dy

� �
y¼0

þ iS
da

dy

� �
y¼0

At the other boundary,

dq

dy

� �
y¼1

¼ 0
da

dy

� �
y¼1

¼ iA

iS
ð1� ay¼1Þ

Subtraction of equation (6.228) from equation (6.229) after integration and

taking the appropriate boundary conditions into account, provides an

equation relating a to q:

a ¼ 1� ie

iS
qy¼1 � q� dq

dy

� �
y¼0

1þ iS

iA
� y

� �" #

at the first wave and

a ¼ iA

iS þ iA
1þ ie

iS
ð1� qy¼1Þ

� �
y� ie

iS

ð1� qÞ

at the second wave. After substitution in equation (6.228), one obtains the

set of differential equation and boundary conditions given in Table 4.1 under

the heading ‘‘General Case.’’
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An alternative formulation is based on a rather than on q. It starts with the

expression of q as a function of a and introduction in equation (6.229). After

integration, taking into account the appropriate boundary conditions, one

obtains, at the first wave, il1 ¼ iAð1� ay¼1Þ, with

d2a

dy2
� ik

iS
a 1� iS

ie

ay¼0 � aþ iA

iS
ð1� ay¼1Þy

� �� �
¼ 0

da

dy

� �
y¼0

¼ 0 1� ay¼1 ¼
iS

iA

da

dy

� �
y¼1

and at the second wave, il1 þ il2 ¼ iAð1� ay¼1Þ, with

d2q

dy2
� ik

iS
a

iS

ie
aþ 1� iA

ie

ð1� ay¼1Þy
� �

¼ 0

ay¼0 ¼ 0 1� ay¼1 ¼
iS

iA

da

dy

� �
y¼1

Manipulation of these equations or of those pertaining to the q formulation

for various limiting values of the two dimensionless parameters defining the

zone diagram allows derivation of the expressions of the plateau currents

given in Table 4.1. With the two-step reaction scheme discussed in Section

4.3.6, a similar procedure may be used to obtain the various expressions of

the plateau currents given in Table 4.2.

We assumed that the adduct formed between the substrate and the active

form of the catalyst obeys the steady-state assumption. Equations (6.225) to

(6.227) are thus replaced by

De

d2CP

dx2
þ k1k2CACQ

k�1 þ k2CQ

¼ 0 ð6:230Þ

De

d2CQ

dx2
� k1k2CACQ

k�1 þ k2CQ

¼ 0 ð6:231Þ

DS

d2CA

dx2
� k1k2CACQ

k�1 þ k2CQ

¼ 0 ð6:232Þ

while boundary conditions and expressions of the plateau currents remain

the same. After introduction of the two currents characterizing catalysis

SUPPORTED MOLECULAR CATALYSIS 449



[equations (4.32) and (4.33)], the same procedure as applied earlier allows

derivation of the various expressions of the limiting currents gathered in

Tables 6.7 and 6.8. The expressions given in Table 4.2 apply for the

particular case where ik=ik1
! 0.

TABLE 6.7. Expressions of the REDV Plateau Currents

for the Reaction Scheme in Figure 4.21 in the General

Case

In terms of q:

At the first wave, il1 ¼ �ie
dq

dy

� �
y¼0

with

d2q

dy2
� ik

ie

q

1� ie

iS

qy¼1 � q� dq

dy

� �
y¼0

1þ iS

iA

� y

� �" #

1þ ik

ik1

q

¼ 0

qy¼0 ¼ 1;
dq

dy

� �
y¼1

¼ 0

At the second wave, il1 þ il2 ¼
iA

iS þ iA

½iS þ ieð1� qy¼1Þ� with

d2q

dy2
� ik

ie
q

iA

iS þ iA
1þ ie

iS
ð1� qy¼1Þ

� �
y� ie

iS

ð1� qÞ

1þ ik

ik1

q

¼ 0

qy¼0 ¼ 1;
dq

dy

� �
y¼1

¼ 0

In terms of a:

At the first wave, il1 ¼ iAð1� ay¼1Þ with

d2a

dy2
� ik

iS
a

1� iS

ie
ay¼0 � aþ iA

iS
ð1� ay¼1Þy

� �

1þ ik

ik1

1� iS

ie

ay¼0 � aþ iA

iS

ð1� ay¼1Þy
� �� � ¼ 0;

da

dy

� �
y¼0

¼ 0; 1� ay¼1 ¼
iS

iA

da

dy

� �
y¼1

At the second wave, il1 þ il2 ¼ iAð1� ay¼1Þ with

d2q

dy2
� ik

iS
a

1þ iS

ie
a� iA

ie
ð1� ay¼1Þy

1þ ik

ik1

1þ iS

ie

a� iA

ie

ð1� ay¼1Þy
� � ¼ 0;

ay¼0 ¼ 0; 1� ay¼1 ¼
iS

iA

da

dy

� �
y¼1
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TABLE 6.8. Expressions of the REDV Plateau Currents for the Reaction Scheme in

Figure 4.21: Limiting Casesa

R

1

il1
¼ 1

iA

þ
1þ ik

ik1

ik

linKL

1

il2
¼ 1

iA

þ 1

iS

linKL

EþR SþR

il1 ¼ �ie
dq

dy

� �
y¼0

with

d2q

dy2
� ik

ie

q

1þ ie

iA

dq

dy

� �
y¼0

" #

1þ ik

ik1

q

¼ 0

qy¼0 ¼ 1;
dq

dy

� �
y¼1

¼ 0

1

il1 þ il2
¼ 1

iA

þ 1

iS

linKL

1

il1

¼ 1

iA
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ik

ik1

r
ffiffiffiffiffiffiffi
ikiS
p

tanh

ffiffiffiffi
ik

iS

r� � linKL

1

il1 þ il2

¼ 1

iA
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ik

ik1

r
ffiffiffiffiffiffiffi
ikiS

p tanh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ik

iS 1þ ik
ik1

� �
vuut

0
B@

1
CA linKL

ER SR

1

il1
¼ 1

iA

þ il1

ikie

ik

ik1

� �2

2
ik

ik1

� ln
ik

ik1

� �� �
1

il1 þ il2
¼ 1

iA

þ 1

iS

linKL

1

il1
¼ 1

iA

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ik

ik1

r
ffiffiffiffiffiffiffi
ikiS
p linKL

il2 ¼ 0

ERþS SRþE

1

il1
¼ 1

iA

þ il1

ikie

þ 1

iS

ik

ik1

� �2

2
ik

ik1

� ln
ik

ik1

� �� �
1

il1 þ il2
¼ 1

iA

þ 1

iS

linKL

1

il1

¼ 1

iA
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ik

ik1

1� il1

ie

� �

ikiS 1� il1

ie

� �
vuuuuut

il2 ¼ 0

S SþE E

1

il1

¼ 1

iA
þ 1

iS
linKL

il2 ¼ 0

1

il1

¼ iS

iS þ ie

1

iA
þ 1

iS þ ie

linKL

il2 ¼ 0

il1 ¼ ie linKL

il2 ¼ 0

alinKL, linear Koutecky–Levich plots.
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6.5. ENZYMATIC CATALYSIS RESPONSES

6.5.1. The Ping-Pong Mechanism in Homogeneous
Enzymatic Catalysis

Under the assumption that the reactions in the catalytic cycle are so fast as

to make the various forms of the enzyme be at steady state, their

concentrations (noted [species]) obey the following equations, obtained by

expressing the steady-state conditions for each form of the enzyme:

E1S : k1;1½S�½E1� ¼ ðk1;�1þ k1;2Þ½E1S� i:e; ½E1� ¼
k1;�1þ k1;2

k1;1½S�
½E1S�

� �
E2 : k1;2½E1S� þ k2;�1½E2Q� ¼ k2;1½Q�½E2� ði:e; k1;2½E1S� ¼ k2;2½E2Q�Þ

E2Q : k2;1½Q�½E2� ¼ ðk2;�1þ k2;2Þ½E2Q� i:e; ½E2� ¼
k2;�1þ k2;2

k2;1½Q�
½E2Q�

� �

leading to:

k1;2½E1S� ¼ k2;2½E2Q� ¼ C0
E

1

k2;2
þ k2;�1 þ k2;2

k2;1k2;2½Q�
þ 1

k1;2
1þ k1;�1 þ k1;2

k1;1½S�

� �

or in terms of the rate constants and Michaelis constants defined in

equations (5.1) and (5.2):

k1;2½E1S� ¼ k2;2½E2Q� ¼ C0
E

1

k2½Q�
þ 1

k2;2
þ 1

k1;2
þ 1

k1½S�

The diffusion-reaction problem is set by the following partial derivative

equations accompanied by a set of initial and boundary conditions.

For Q:

q½Q�
qt
¼ DP

q2½Q�
qx2
� k2;1½Q�½E2� þ k2;�1½E2Q� ¼ DP

q2½Q�
qx2
� k2;2½E2Q�

that is,

q½Q�
qt
¼ DP

q2½Q�
qx2
� C0

E

1

k2½Q�
þ 1

k2;2
þ 1

k1;2
þ 1

k1½S�

ð6:233Þ
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For S:

q½S�
qt
¼ DS

q2½S�
qx2
� k1;1½S�½E2� þ k1;�1½E1S� ¼ DS

q2½Q�
qx2
� k1;2½E1S�

that is,

q½S�
qt
¼ DS

q2½S�
qx2
� C0

E

1

k2½Q�
þ 1

k2;2
þ 1

k1;2
þ 1

k1½S�

ð6:234Þ

where DS and DP are the diffusion coefficient of the substrate and

cosubstrate, respectively; and

t ¼ 0; x � 0 and x ¼ 1; t � 0 : ½Q� ¼ 0; ½S� ¼ C0
S

x ¼ 0; t � 0 : ½Q� ¼ C0
P

1þ exp
F

RT
ðE � E0

P=QÞ
� � ; q½S�

qx
¼ 0

where C0
S and C0

P are the bulk concentration of substrate and cosubstrate,

respectively; E is the electrode potential; and E0
PQ is the standard potential of

the P/Q couple. Q is assumed here to be produced by a reduction process.

Transposition to oxidation is straightforward. The current flowing through

the electrode is obtained from

i ¼ FSDP

q½Q�
qx

� �
x¼0

The potential is scanned according to equations (1.2).

Assuming that pure kinetic conditions are fulfilled, the Q profile is

confined within a thin layer adjacent to the electrode surface. It therefore

follows from the condition ðq½S�=qxÞx¼0 ¼ 0 that [S] may be regarded as

constant throughout the reaction layer and equal to its value, ½S�x¼0, at the

electrode surface. Within this framework, we consider the case where the

catalytic response is controlled by the enzymatic reaction. Equations (6.233)

may be simplified upon consideration that ½S� ¼ C0
S and also from the fact

that pure kinetic conditions implies that q½Q�=qt ¼ 0. It follows that

DP

d2½Q�
dx2
� C0

E

1

k1;2
þ 1

k1C0
S

þ 1

k2;2
þ 1

k2½Q�

¼ 0 ð6:235Þ

In addition, at x ¼ 1, not only ½Q� ¼ 0, but also, because of the thinness of

the reaction layer, d½Q�=dx ¼ 0.
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A dimensionless formulation is obtained by means of the following

changes of variables and parameters.

z ¼ x

ffiffiffiffiffiffiffiffiffiffi
k2C0

E

DP

s
q ¼ ½Q�

C0
P

x ¼ � F

RT
ðE � E0

P=QÞ

s ¼ k2C0
P

1

k2;2
þ 1

k1;2
þ 1

k1C0
S

� �

Thus,

q2q

qz2
� q

1þ sq
¼ 0 ð6:236Þ

with

z ¼ 0 : q ¼ 1

1þ expð�xÞ ð6:237Þ

and an additional boundary condition indicating that there exists a point

outside the reaction layer where both

q ¼ 0 and
dq

dz
¼ 0 ð6:238Þ

The dimensionless current and thus the current are obtained from

j ¼ i

FSC0
P

ffiffiffiffiffiffi
DP

p ffiffiffiffiffiffiffiffiffiffi
k2C0

E

p ¼ � qq

qz

� �
z¼0

We may now integrate equation (6.236), taking conditions (6.237) and

(6.238) into account. It follows that

i

FSC0
P

ffiffiffiffiffiffi
DP

p ffiffiffiffiffiffiffiffiffiffi
k2C0

E

p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

s
1

1þ expð�xÞ �
ln 1þ s

1þ expð�xÞ

� �
s

2
664

3
775

vuuuuut

thus establishing equation (5.3).

Passing now to control by substrate diffusion, a simplification of equation

(6.235) and of the expression of the competition parameter s arises from the
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fact that the substrate concentration is small:

q½Q�
qt
¼ DP

q2½Q�
qx2
� C0

E

1

k2½Q�
þ 1

k1½S�

s ¼ k2C0
P

k1C0
S

and thus, equation (6.236) becomes

q2q

qz2
� q

1þ s
q

sz¼0

¼ 0

with s ¼ ½S�=C0
P. After integration,

j2 ¼ 2ðsz¼0Þ2

s
qz¼0

sz¼0

�
ln 1þ s

qz¼0

sz¼0

� �
s

2
664

3
775

which, owing to the fact that s is large, may be further simplified to

s
2qz¼0

j2 ¼ sz¼0 ð6:239Þ

An expression of sy¼0 may be derived from the combination of equations

(6.233) and (6.234):

qð½S� � ½Q�Þ
qt

¼ q2ðDS½S� � DP½Q�Þ
qx2

which can be approximated by

q ½S� � DP

DS

½Q�
� �

qt
� DS

q2 ½S� � DP

DS

½Q�
� �

qx2
ð6:240Þ

because, since pure kinetic conditions are fulfilled, q½Q�=qt ¼ 0. In dimen-

sionless terms, introducing y ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv=RTDS

p
,

q s� DP

DS

q

� �
qt

¼
q2 s� DP

DS

q

� �
qy2
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and thus, after integration,

sy¼0 ¼ g 1þ DPC0
P

DSC0
S

qy¼0 � Ic
� �

with

g ¼ C0
S

C0
P

and c ¼ i

FS
ffiffiffiffiffiffi
DS

p
C0

S

ffiffiffiffiffiffiffiffi
Fv

RT

r

Ic ¼ 1ffiffiffi
p
p
ðt

0

cdZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ¼ 1ffiffiffi

p
p
ðx
�1

cdZffiffiffiffiffiffiffiffiffiffiffi
x� Z

p
qy¼0 is small compared to 1 because the wave occurs at a more positive

potential than the standard potential of the P/Q couple. It follows that

sy¼0 ¼ gð1� IcÞ. Introducing this expression in equation (6.239) or in the

following equivalent equation,

s
2qy¼0

j2 ¼ sy¼0

leads to

c2

2
DP

DS

RT

F

k1C0
E

v
qz¼0

¼ 1� Ic

that is,

½1þ expð�xÞ�

2
DP

DS

RT

F

k1C0
E

v
qz¼0

c2 ¼ 1� Ic

Introducing a new potential variable,

x0 ¼ xþ ln 2
DP

DS

RT

F

k1C0
E

v

� �
¼ � F

RT
E � E0ð Þ ð6:241Þ

with

E0 ¼ E0
P=Q þ

RT

F
ln

DP

DS

RT

2F

k1C0
E

v

� �
ð6:242Þ
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Since the kinetic term is large, it follows that the equation of the wave becomes

c2 expð�x0Þ ¼ 1� Ic

The peak characteristics are thus cp ¼ 0:609, x0p ¼ 0:409, and x0p � x0p=2 ¼
1:41, thus establishing equations (5.6) to (5.8).

6.5.2. Catalysis and Inhibition in Homogeneous Systems

Derivation of Equation (5.10) The equation governing the space and

time variation of the reduced cosubstrate concentration is written, in the

framework of Scheme 5.3,

q½Q�
qt
¼ DP

q2½Q�
qx2
� ðk2;1½Q�½E1� � k2;�1½E1Q�Þ

� ðk3;1½Q�½E2� � k3;�1½E2Q�Þ � k5½Q�½E3� ð6:243Þ

calling for an evaluation of the various forms of the enzyme. These can be

expressed as follows under the steady-state assumption, which applies in

this range of substrate concentrations:

ES : k1;1½S�½E� ¼ ðk1;�1 þ k1;2Þ½ES� ði:e:; ½E� ¼ k1;�1 þ k1;2

k1;1½S�
½ES�

E1 : k1;2½ES� þ k2;�1½E1Q� þ k5½Q�½E3� ¼ k2;1½Q�½E1�

ði:e:; ½E1� ¼
k2;�1 þ k2;2

k2;1½Q�
½E1Q�

E1Q : k2;1½Q�½E1� ¼ ðk2;�1 þ k2;2Þ½E1Q�
ði:e:; k1;2½ES� þ k5½Q�½E3� ¼ k2;2½E1Q�Þ

E2 : k2;2½E1Q� þ k3;�1½E2Q� ¼ k3;1½Q�½E2� þ k4½S�½E2�
ði:e:; k2;2½E1Q� ¼ k3;2½E2Q� þ k4½S�½E2�Þ

E2Q : k3;1½Q�½E2� ¼ ðk3;�1 þ k3;2Þ½E2Q�

ði:e:; ½E2� ¼
k3;�1 þ k3;2

k3;1½Q�
½E2Q�

E3 : k4½S�½E2� ¼ fk5½Q� þ k6g½E3�

It follows that equation (6.243) may be rewritten as

q½Q�
qt
¼ DP

q2½Q�
qx2
� 2

k3;1k3;2

k3;�1 þ k3;2
½Q�½E2� þ k5½Q�½E3� þ k4½S�½E2�

� �
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Because the primary catalytic loop is much faster than reactivation of the

enzyme through pathway 5, the two last kinetic terms are negligible in front

of the first, thus leading to

q½Q�
qt
¼ DP

q2½Q�
qx2
� 2k3½Q� þ k4½S� 1þ k5½Q�

k5½Q� þ k6

� �� �
½E2� ð6:244Þ

Introduction of the following dimensionless variables and parameters:

e ¼ ½E�
C0

E

e1 ¼
½E1�
C0

E

e2 ¼
½E2�
C0

E

e3 ¼
½E3�
C0

E

t ¼ Fv

RT
t y ¼ x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Fv

RTDP

r
q ¼ ½Q�

C0
P

l ¼ RT

F

2k3C0
E

v

s ¼ k3C0
P

1

k3;2
þ 1

k1;2
þ 1

k1C0
S

� �

1

w
¼ C0

P

1

K3;M
þ k3

1

k1;2
þ 1

k1C0
S

� �� �

re ¼
k4C0

S

k5C0
P

and e ¼ k6

k5C0
P

leads to

qq

qt
¼ q2q

qy2
� lqe2 ð6:245Þ

Since reactions E=E1 and E2=E jointly govern the kinetics of the primary

catalytic loop, [E1] and [E1Q] are negligible. The forms remaining into play

are thus E, ES, E2, E2Q, and E3. The following expression of the E2

concentration follows from the steady-state expression of the concentrations

of the various forms of the enzyme, taking into account that k3½Q�  k4½S�:

e2 ¼
1

1þ q
k3;1C0

P

k3;�1 þ k3;2
þ k3C0

P

1

k1;2
þ 1

k1C0
S

� �� �
þ k4C0

S

k5C0
Pqþ k6

Thus,

e2 ¼
1

1þ q

w
þ re

qþ e
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Introduction of this expression into equation (6.245) leads to

qq

qt
¼ q2q

qy2
� l

wq2

q2 þ ðwþ eÞqþ wðre þ eÞ þ
ewq

q2 þ ðwþ eÞqþ wðre þ eÞ

Taking into account the fact that a pure kinetic situation prevails, the

equation above becomes

q2q

qy2
¼ l

wq2

q2 þ ðwþ eÞqþ wðre þ eÞ þ
ewq

q2 þ ðwþ eÞqþ wðre þ eÞ

Changing y into y� ¼ y
ffiffiffi
l
p

and introducing

j ¼ qq

qy�

� �
y�¼0

¼ i

FSC0
P

ffiffiffiffiffiffi
DP

p
ffiffiffiffiffiffiffiffi
Fv

RT

r ffiffiffi
l
p ¼ i

FSC0
P

ffiffiffiffiffiffi
DP

p ffiffiffiffiffiffiffiffiffiffiffiffi
2k3C0

E

p

integration of the previous partial derivative equation, according to the same

procedure as in Section 2, leads to

j ¼
ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1

0

wq2dq

q2 þ ðwþ eÞqþ wðre þ eÞ þ
ð1

0

ewqdq

q2 þ ðwþ eÞqþ wðre þ eÞ

s

¼
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

I1 þ I2

p

j ¼ 1 corresponds to the maximal plateau current that can be obtained

when E2=E is the rate-determining step of the primary catalytic loop:

ipl ¼ FSC0
P

ffiffiffiffiffiffi
DP

p ffiffiffiffiffiffiffiffiffiffiffiffi
2k3C0

E

q
that is, the plateau current in the absence of inhibition and of Michaelis–

Menten saturation. j thus expresses a normalization of the current vs. this

maximal value.

We now proceed to the integration of the foregoing expression of j,

introducing the function lmsðw; re; eÞ defined as follows: If � ¼ ðwþ eÞ2�
4wðre þ eÞ < 0,

I1 ¼ w

(
1� wþ e

2
ln

1þ wþ eþ wðre þ eÞ
wðre þ eÞ þ ðwþ eÞ2 � 2wðre þ eÞffiffiffiffiffiffiffiffi

��
p

� tan�1 2þ wþ effiffiffiffiffiffiffiffi
��
p � tan�1 wþ effiffiffiffiffiffiffiffi

��
p

� �)
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I2 ¼ ew
1

2
ln

1þ wþ eþ wðreþ eÞ
wðreþ eÞ � wþ effiffiffiffiffiffiffiffi

��
p tan�1 2þ wþ effiffiffiffiffiffiffiffi

��
p � tan�1 wþ effiffiffiffiffiffiffiffi

��
p

� �)(

If � ¼ ðwþ eÞ2 � 4wðre þ eÞ > 0,

I1 ¼ w

"
1� wþ e

2
ln

1þ wþ eþ wðre þ eÞ
wðrþ eÞ

þ ðwþ eÞ2 � 2wðre þ eÞ
2
ffiffiffiffi
�
p ln

2þ wþ e�
ffiffiffiffi
�
p

2þ wþ eþ
ffiffiffiffi
�
p wþ eþ

ffiffiffiffi
�
p

wþ e�
ffiffiffiffi
�
p

 !#

I2 ¼ ew
1

2
ln

1þ wþ eþ wðreþ eÞ
wðreþ eÞ � wþ e

2
ffiffiffiffi
�
p ln

2þ wþ e�
ffiffiffiffi
�
p

2þ wþ eþ
ffiffiffiffi
�
p wþ eþ

ffiffiffiffi
�
p

wþ e�
ffiffiffiffi
�
p

 !" #

If � ¼ ðwþ eÞ2 � 4wðre þ eÞ ¼ 0,

I1 ¼ w 1� ðwþ eÞ ln
1þ wþ e

2
wþ e

2

� ðwþ eÞ2

4

1

1þ wþ e
2

� 1
wþ e

2

0
B@

1
CA

8><
>:

9>=
>;

I2 ¼ ew ln
1þ wþ e

2
wþ e

2

þ wþ e
2

1

1þ wþ e
2

� 1
wþ e

2

0
B@

1
CA

8><
>:

9>=
>;

Thus, lmsðw;re; eÞ ¼
ffiffiffi
2
p ffiffiffiffiffiffiffiffiffiffiffiffiffi

I1 þ I2

p
, leading to equation (5.10).

Control by Substrate Diffusion At low concentrations of H2O2 and when

the pure kinetic conditions are fulfilled, the diffusion–reaction equations

pertaining to Q and S are written

0 ¼ q½Q�
qt
¼ DP

q2½Q�
qx2
� 2C0

E

k1½S�k3½Q�
k1½S� þ k3½Q�

q½S�
qt
¼ DS

q2½S�
qx2
� C0

E

k1½S�k3½Q�
k1½S� þ k3½Q�

Subtracting the first of these equations to the second leads to

q 2½S� � DP

DS

½Q�
� �

qt
¼ DS

q2 2½S� � DP

DS

½Q�
� �

qx2
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with as initial and boundary conditions,

t ¼ 0; x � 0 and x ¼ 1; t � 0 : ½Q� ¼ 0; ½S� ¼ C0
S

x ¼ 0; t � 0 : ½Q� ¼ C0
P

1þ exp½ðF=RTÞðE � E0
P=Q
� ;

q½S�
qx
¼ 0

The current is given by i ¼ FSDPðq½Q�=qxÞx¼0. In dimensionless terms, after

introduction of s ¼ ½S�=C0
P and of the excess factor g ¼ C0

S=C0
P, we obtain

q 2s� DP

DS

q

� �
qt

¼ DP

DS

q2 2s� DP

DS

q

� �
qy2

Integration leads to

sy¼0 ¼ g 1þ 1

2

DPC0
P

DSC0
S

qy¼0 � Ic0
� �

with

c0 ¼
ffiffiffiffiffiffi
DP

DS

r
C0

P

C0
S

c
2
¼ i

2FS
ffiffiffiffiffiffi
DS

p
C0

S

ffiffiffiffiffiffiffiffi
Fv

RT

r

and

Ic0 ¼ 1ffiffiffi
p
p
ðt

0

c0dZffiffiffiffiffiffiffiffiffiffiffi
t� Z
p ¼ 1ffiffiffi

p
p
ðx
�1

c0dZffiffiffiffiffiffiffiffiffiffiffi
x� Z

p
Since, as seen next, qy¼0 is small compared to 1 because the wave occurs at

a more positive potential than the standard potential of the P/Q couple. It

follows that sy¼0 � gð1� Ic0Þ.
The dimensionless expression of the catalytic current may be recast from

Section 6.5.1 as

s2c2

2l sy¼0

� �2
¼ s

qy¼0

sy¼0

� ln 1þ s
qy¼0

sy¼0

� �

taking into account the fact that because the substrate concentration is small,

the expression of the parameter s simplifies to s ¼ k3C0
P=k1C0

S. Kinetic

control by reaction (1) and by the diffusion of the substrate requires large

values of s. It follows that in the expression of the current above, the log
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term may be neglected, leading to

sc2

2lqy¼0

¼ sy¼0 ¼ g½1� Ic0�

and therefore,

c02½1þ expð�xÞ�
l

2gs
DP

DS

¼ ½1� Ic0�

Introducing a new potential variable:

x0 ¼ xþ ln
DP

DS

RT

F

k1C0
E

v

� �
¼ � F

RT
ðE � E0Þ

with

E0 ¼ E0
P=Q þ

RT

F
ln

DP

DS

RT

F

k1C0
E

v

� �

It follows since the kinetic term is large that the equation of the wave

becomes c02 expð�x0Þ ¼ 1� Ic0, leading to a wave that is under complete

control of the substrate diffusion and is shifted toward positive potentials as

compared to the standard potential of the P/Q couple. The peak character-

istics are c0p ¼ 0:609, x0p ¼ 0:409, and x0p � x0p=2 ¼ 1:41: Thus,

ip ¼ 2� 0:609FS
ffiffiffiffiffiffi
DS

p
C0

S

ffiffiffiffiffiffiffiffi
Fv

RT

r

reflecting a total control by substrate diffusion under the conditions of total

catalysis (see Section 2.2.6).

6.5.3. Catalysis at Multilayered Electrode Coatings

For the simple system that contains a single active layer at a distance L from the

electrode surface and separated from it by a series of inactivated monolayers,

the current is given by the following equation adapted from equation (5.13), in

which ½Q�x¼0 is replaced by ½Q�x¼L�
and ½S�x¼0 by ½S�x¼L�

¼ C0
S:

2FSG0
E

i
¼ 1

k1C0
S

þ 1

k1;2
þ 1

k2;2
þ 1

k2½Q�x¼L�
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From the electrode to the film–solution interface, the following boundary

conditions apply:

i

FS
¼ DP

q P½ �
qx

� �
x¼0

¼ �DQ

q½Q�
qx

� �
x¼0

¼ DP

q P½ �
qx

� �
x¼L�

¼ �DQ

q½Q�
qx

� �
x¼L�

¼ DPQ

q P½ �
qx

� �
x¼Lþ

¼ �DPQ

q½Q�
qx

� �
x¼Lþ

½P�x¼L�
¼ ½P�x¼Lþ

and ½Q�x¼L�
¼ ½Q�x¼Lþ

In the solution

½P�x¼Lþ
¼ C0

P �
ffiffiffiffiffiffiffiffi
DPQ

p

r ðt

0

q½P�
qx

� �
x¼Lþ

dZffiffiffiffiffiffiffiffiffiffi
t � Z
p

½Q�x¼Lþ
¼ �

ffiffiffiffiffiffiffiffi
DPQ

p

r ðt

0

q½Q�
qx

� �
x¼Lþ

dZffiffiffiffiffiffiffiffiffiffi
t � Z
p

Thus,

½P�x¼L�
þ ½Q�x¼L�

¼ ½P�x¼Lþ
þ ½Q�x¼Lþ

¼ C0
P

On the plateau of the wave, ½P�x¼0 ¼ 0, and therefore

½P�
C0

P

¼ i

FSDPC0
P

x

In particular,

½P�x¼L�

C0
P

¼ i

FSDPC0
P

L

and

½Q�x¼L�

C0
P

¼ 1� i

FSDPC0
P

L

Equations (5.31) to (5.33) ensue.
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The diffusion–reaction problem in the more general case occurs in a

system containing n� 1 inactivated enzyme layers adjacent to the electrode

surface on top of which N � n active layers have been deposited. Table 6.9

lists the equations that govern the fluxes of the two forms of the cosubstrate

in such systems.

Proper combination of the equations in Table 6.9 results in the following

TABLE 6.9. Fluxes Equations in an Enzyme Film Containing n� 1 Inactive and

N � n Active Layers

x

el:
i

FS
¼DP

q½P�
qx

� �
el

¼�DQ

q½Q�
qx

� �
el

; ½Q�el ¼ ½P�el exp
F

RT
ðE�E0

P=QÞ
� �

0

q½P�
qx

� �
�1

¼ q½P�
qx

� �
el

;
q½Q�
qx

� �
�1

¼ q½Q�
qx

� �
el

¼ � � � l0

1:
q½P�
qx

� �
þ1

¼ q½P�
qx

� �
�1

;
q½Q�
qx

� �
þ1

¼ q½Q�
qx

� �
�1

l0þ l

q½P�
qx

� �
þ1

¼ q½P�
qx

� �
�n

;
q½Q�
qx

� �
þ1

¼ q½Q�
qx

� �
�n

n: DP

q½P�
qx

� �
�n

�DP

q½P�
qx

� �
þn

¼ 2k2GE2
; ½Q�n¼DQ

qQ

qx

� �
þn

�DQ

q½Q�
qx

� �
�n

l0þðn� 1Þl

q½P�
qx

� �
� nþ1ð Þ

¼ q½P�
qx

� �
þn

;
q½Q�
qx

� �
� nþ1ð Þ

¼ q½Q�
qx

� �
þn

m�1:

DP

q½P�
qx

� �
� m�1ð Þ

�DP

q½P�
qx

� �
þ m�1ð Þ

¼DQ

q½Q�
qx

� �
þ m�1ð Þ

�DQ

q½Q�
qx

� �
� m�1ð Þ

¼ 2k2GE2
½Q�ðm�1Þ

l0þðm� 2Þl

q½P�
qx

� �
�m

¼ q½P�
qx

� �
þðm�1Þ

;
qQ

qx

� �
�m

¼ q½Q�
qx

� �
þðm�1Þ

m:

DP

q½P�
qx

� �
�m

�DP

q½P�
qx

� �
þm

¼DQ

q½Q�
qx

� �
þm

�DQ

q½Q�
qx

� �
�m

¼ 2k2GE2
½Q�m

l0þðm� 1Þl
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flux relationships:

DPQ

q½P�
qx

� �
fs

þ DPQ

q½Q�
qx

� �
fs

¼ 0

DP

q½P�
qx

� �
m�
þ DQ

q½Q�
qx

� �
m�
¼ 0

DP

q½P�
qx

� �
el

þ DQ

q½Q�
qx

� �
el

¼ 0

q½P�
qx

� �
�ðmþ1Þ

¼ q½P�
qx

� �
þm

;
q½P�
qx

� �
�ðmþ1Þ

¼ q½P�
qx

� �
þm

mþ1:

DP

q½P�
qx

� �
�ðmþ1Þ

�DP

q½P�
qx

� �
þðmþ1Þ

¼DQ

qQ

qx

� �
þðmþ1Þ

�DQ

q½Q�
qx

� �
�ðmþ1Þ

¼ 2k2GE2
½Q�ðmþ1Þ

l0þml

N�1:

DPQ

q½P�
qx

� �
�ðN�1Þ

�DP

q½P�
qx

� �
þðN�1Þ

¼DPQ

q½Q�
qx

� �
þðN�1Þ

�DQ

q½Q�
qx

� �
�ðN�1Þ

¼ 2k2GE2
½Q�N

l0þðN� 2Þl

q½P�
qx

� �
�N

¼ q½P�
qx

� �
þðN�1Þ

;
qQ

qx

� �
�N

¼ q½Q�
qx

� �
þðN�1Þ

N:

DP

q½P�
qx

� �
�N

�DP

q½P�
qx

� �
þN

¼DQ

q½Q�
qx

� �
þN

�DQ

q½Q�
qx

� �
�N

¼ 2k2GE2
½Q�N l0þðN� 1Þl

fs:
D

q½P�
qx

� �
fs

¼DP

q½P�
qx

� �
þN

;D
q½Q�
qx

� �
fs

¼DP

q½Q�
qx

� �
þN

½P�N ¼ kP½P�fs; ½Q�N ¼ kQ½Q�fs

½P�fs ¼C0
P�

ffiffiffiffi
D

p

r ðt

0

q½P�
qx

� �
fs;

dZffiffiffiffiffiffiffiffiffiffi
t� Z
p ½Q�fs¼

ffiffiffiffi
D

p

r ðt

0

�q½Q�
qx

� �
fs

dZffiffiffiffiffiffiffiffiffiffi
t� Z
p

TABLE 6.9. (Continued )

x
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from which one infers, using the two integral equations, that

½P�fs þ ½Q�fs ¼ C0
P

and therefore ½P�N þ ½Q�N ¼ C0
P

The second space derivative of the concentration at each enzyme layer

may be approximated by the difference between the two gradients on each

side of the layer:

q2½P�
qx2
¼

q½P�
qx

� �
þ
� q½P�

qx

� �
�

l

q2½Q�
qx2

¼

q½Q�
qx

� �
þ
� q½Q�

qx

� �
�

l

It thus follows from what precedes that

q2DP½P� þ DQ½Q�
qx2

¼ 0

and therefore,

DP

q½P�
qx

� �
þ DQ

q½Q�
qx

� �
¼ DP

q½P�
qx

� �
0

þDQ

q½Q�
qx

� �
0

¼ 0

DP½P�0 þ DQ½Q�0 ¼ DP½P� þ DQ½Q� ¼ DP½P�N þ DQ½Q�N

Within this finite difference framework the following approximations are

also valid:

q2½P�
qx2

� �
m

¼

q½P�
qx

� �
þm

� q½P�
qx

� �
�m

l
¼
½P�mþ1 � 2½P�m þ ½P�m�1

l2

A consequence of the fact that the diffusion layer is much thicker than the

enzyme film is that the fluxes in the solution are negligible compared to the

fluxes in the film. The two time-dependent integral equations relating the

fluxes and the concentrations at the film–solution interface may be thus be

replaced by

0 ¼ D
q½P�
qx

� �
fs

¼ DP

q½P�
qx

� �
Nþ

and 0 ¼ D
q½Q�
qx

� �
fs

¼ DP

q½Q�
qx

� �
Nþ
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which allows the equations pertaining to the enzyme layer N to be simpli-

fied as:

DP

q½P�
qx

� �
N�
¼ 2k2GE2

½Q�N� ¼ �DQ

q½Q�
qx

� �
N�

GRE is the surface concentration of the reduced form of the enzyme in

each of the active enzyme layers. As seen earlier,

GE2
¼ G0

E

1þ k2½Q�
1

k2;2
þ 1

k1;2
þ 1

k1½S�

� �

The exact number and nature of independent factors that the system depends

on may be obtained after introduction of the following dimensionless

variables and parameters:

q ¼ ½Q�
C0

P

p ¼ ½P�
C0

P

l ¼ lk2G0
E

dQC0
PDPQ

f0 ¼
l

l0

s ¼ k2C0
P

1

k2;2
þ 1

k1;2
þ 1

k1½S�

� �

c ¼ i

FS

l

C0
PD

with dQ ¼
DQ

DPQ

; dP ¼
DP

DPQ

The concentrations of Q and P are normalized to the values they would have

if the film were exposed to a concentration of Q or P equal to the bulk

concentration of cosubstrate, C0
P, taking into account the two partition

coefficients, kP and kQ. The kinetic parameter l measures the competition

within the enzyme film between diffusion represented by the term dQD=l

and the rate term k2G0
E. The current is normalized toward the parameters of

the diffusional transport of the cosubstrate in the solution in the solution.

The set of equations listed in Table 6.10 ensues.

The system thus obtained involves N � nþ 1 variables, including c,

related by the same number of equations. Since N � n of these are

nonlinear equations because of the sq term, an iteration procedure is

needed. One starts from a set of q values obtained for s ¼ 0. The

equations then become linear and the Gauss elimination method may

thus be used to obtain these starting q values. In a second round, these

values are used in the sq term and a new set of q values are obtained by
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means of the Gauss elimination method. The procedure is repeated until

the desired accuracy has been reached. The current and the concentration

profiles may thus be obtained in this manner. The procedure also applies

to the case where the amount of enzyme is not the same in each layer. It

suffices to enter each value in the parameter l and proceed with the

calculation in the same way.

Each of these calculations requires inputting four independent para-

meters: l, s, f0, and dP=dQ. Thus, if an estimate of l is to be derived from

experimental values of the plateau current obtained with known values of

the cosubstrate and substrate bulk concentrations, one ought to know

from independent sources the three rate constants; the surface concen-

tration of enzyme in each layer; the ratio of the distance between the

electrode and the first enzyme layer to the distance between two

successive layers, f0, in case it differs from 1; the diffusion coefficient

of the cosubstrate in the solution; DPQ, the ratio of the diffusion

coefficients of the active form of the cosubstrate in the film and in the

solution; dQ; and dP.

TABLE 6.10. Dimensionless Equations

qn � qn�1 þ f0c ¼ 0

qnþ1 � qn þ f0c ¼
2lqn

1þ sqn

qnþ2 � 2qnþ1 þ qn ¼
2lqnþ1

1þ sqnþ1

qm � 2qm�1 þ qm�2 ¼
2lqm�1

1þ sqm�1

qmþ1 � 2qm þ qm�1 ¼
2lqm

1þ sqm

qmþ2 � 2qmþ1 þ qm ¼
2lqmþ1

1þ sqmþ1

qN � 2qN�1 þ qN�2 ¼
2lqN�1

1þ sqN�1

�qN þ qN�1 ¼
2lqN

1þ sqN

dP

dQ

q
N
þ n� 1þ f0ð Þc ¼ dP

dQ
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