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2 J.S. MILNE

INTRODUCTION

Just as the starting point of linear algebra is the study of the solutions of systems
of linear equations,

Zainj:di, 221, ,m, (*)
j=1

the starting point for algebraic geometry is the study of the solutions of systems of
polynomial equations,

fi(Xla---aXn>:07 ”i:l,...,m, fzek[Xl,,Xn]

Note immediately one difference between linear equations and polynomial equations:
theorems for linear equations don’t depend on which field k& you are working over,!
but those for polynomial equations depend on whether or not k is algebraically closed
and (to a lesser extent) whether k has characteristic zero. Since I intend to emphasize
the geometry in this course, we will work over algebraically closed fields for the major
part of the course.

A better description of algebraic geometry is that it is the study of polynomial func-
tions and the spaces on which they are defined (algebraic varieties), just as topology
is the study of continuous functions and the spaces on which they are defined (topo-
logical spaces), differential geometry (=advanced calculus) the study of differentiable
functions and the spaces on which they are defined (differentiable manifolds), and
complex analysis the study of holomorphic functions and the spaces on which they
are defined (Riemann surfaces and complex manifolds). The approach adopted in
this course makes plain the similarities between these different fields. Of course, the
polynomial functions form a much less rich class than the others, but by restricting
our study to polynomials we are able to do calculus over any field: we simply define

d i o yriel
d—X Z aiX = Z zaiX .
Moreover, calculations (on a computer) with polynomials are easier than with more

general functions.

Consider a differentiable function f(z,y, z). In calculus, we learn that the equation
fley,z)=C (%)
defines a surface S in R3, and that the tangent space to S at a point P = (a, b, c¢) has

equation?

The inverse function theorem says that a differentiable map « : S — S’ of surfaces is
a local isomorphism at a point P € S if it maps the tangent space at P isomorphically
onto the tangent space at P’ = a(P).

'For example, suppose that the system (*) has coefficients a;; € k and that K is a field containing
k. Then (*) has a solution in k™ if and only if it has a solution in K", and the dimension of the
space of solutions is the same for both fields. (Exercise!)

2Think of S as a level surface for the function f, and note that the equation is that of a plane
through (a, b, ¢) perpendicular to the gradient vector (Vf)p at P.)
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Consider a polynomial f(x,y,z) with coefficients in a field k. In this course, we
shall learn that the equation (**) defines a surface in k%, and we shall use the equation
(***) to define the tangent space at a point P on the surface. However, and this is
one of the essential differences between algebraic geometry and the other fields, the
inverse function theorem doesn’t hold in algebraic geometry. Omne other essential
difference: 1/X is not the derivative of any rational function of X; nor is X™~! in
characteristic p # 0. Neither can be integrated in the ring of polynomial functions.

Some notations. Recall that a field &k is said to be algebraically closed if every
polynomial f(X) with coefficients in k factors completely in k. Examples: C, or the
subfield Q # of C consisting of all complex numbers algebraic over Q. Every field k
is contained in an algebraically closed field.

A field of characteristic zero contains a copy of QQ, the field of rational numbers. A
field of characteristic p contains a copy of F,, the field Z/pZ. The symbol N denotes
the natural numbers, N = {0,1,2,...}. Given an equivalence relation, [*] sometimes
denotes the equivalence class containing .

“Ring” will mean “commutative ring with 1”7, and a homomorphism of rings will
always carry 1 to 1. For a ring A, A* is the group of units in A:

A* ={a € A|3Ibe Asuch that ab=1}.

A subset R of a ring A is a subring if it is closed under addition, multiplication, the
formation of negatives, and contains the identity element.®> We use Gothic (fraktur)
letters for ideals:
abecmmunpgqgAB MNP Q
a b cmnpqgA B C M N P Q
We use the following notations:

X and Y are isomorphic;
X and Y are canonically isomorphic (or there is a given or unique isomorphism);

X is defined to be Y, or equals Y by definition;
X is a subset of Y (not necessarily proper).

b b e
N & IR &
<

3The definition on page 2 of Atiyah and MacDonald 1969 is incorrect, since it omits the condition
that x € R = —x € R — the subset N of Z satisfies their conditions, but it is not a subring of Z.



0. ALGORITHMS FOR POLYNOMIALS

In this section, we first review some basic definitions from commutative algebra,
and then we derive some algorithms for working in polynomial rings. Those not
interested in algorithms can skip the section.

Throughout the section, k will be a field (not necessarily algebraically).

Ideals. Let A be a ring. Recall that an ideal a in A is a subset such that

(a) ais a subgroup of A regarded as a group under addition;
(b) aca,re A=rac A.

The ideal generated by a subset S of A is the intersection of all ideals A containing
a — it is easy to verify that this is in fact an ideal, and that it consists of all finite
sums of the form ) r;s; with r; € A, s; € S. When S = {s1,..., S}, we shall write
(S1,...,8m) for the ideal it generates.

Let a and b be ideals in A. The set {a +b | @ € a,b € b} is an ideal, denoted
by a + b. The ideal generated by {ab | a € a, b € b} is denoted by ab. Note that
ab C anb. Clearly ab consists of all finite sums > a;b; with a; € a and b; € b, and
if a = (a1,...,an) and b = (by,...,b,), then ab = (a1by,... ,a;bj, ..., anby).

Let a be an ideal of A. The set of cosets of a in A forms aring A/a, and a — a+ais
a homomorphism ¢: A — A/a. The map b +— ©'(b) is a one-to-one correspondence
between the ideals of A/a and the ideals of A containing a.

An ideal p if primeif p # A and ab € p = a € p or b € p. Thus p is prime if and
only if A/p is nonzero and has the property that

ab=0, b#0=a=0,

i.e., A/p is an integral domain.

An ideal m is mazimal if m # A and there does not exist an ideal n contained
strictly between m and A. Thus m is maximal if and only if A/m has no proper
nonzero ideals, and so is a field. Note that

m maximal = m prime.

The ideals of A x B are all of the form a x b, with a and b ideals in A and B. To
see this, note that if ¢ is an ideal in A x B and (a,b) € ¢, then (a,0) = (a,b)(1,0) € ¢
and (0,b) = (a,b)(0,1) € ¢. This shows that ¢ = a x b with

a={a| (a,b) € csome b€ b}
and
b={b] (a,b) € csome a € a}.
PROPOSITION 0.1. The following conditions on a ring A are equivalent:

(a) every ideal in A is finitely generated;

(b) every ascending chain of ideals a; C as C --- becomes stationary, i.e., for some
M, Oy = Oppy1 = - .

(c) every nonempty set of ideals in A has maximal element, i.e., an element not
properly contained in any other ideal in the set.
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PROOF. (a) = (b): If a; C ay C --- is an ascending chain, then Ug; is again an
ideal, and hence has a finite set {ai,... ,a,} of generators. For some m, all the q;
belong a,, and then

(b) = (c): If (c) is false, then there exists a nonempty set S of ideals with no
maximal element. Let a; € S; because a; is not maximal in S, there exists an
ideal ay in S that properly contains a;. Similarly, there exists an ideal ag in S
properly containing as, etc.. In this way, we can construct an ascending chain of
ideals a; C as C ag C --- in S that never becomes stationary.

(c) = (a): Let a be an ideal, and let S be the set of ideals b C a that are finitely
generated. Let ¢ = (as,...,a,) be a maximal element of S. If ¢ # a, so that there
exists an element a € a, a ¢ ¢, then ¢ = (a1,...,a,,a) C a and properly contains c,
which contradicts the definition of c. O

A ring A is Noetherian if it satisfies the conditions of the proposition. Note that,
in a Noetherian ring, every ideal is contained in a maximal ideal (apply (c) to the
set of all proper ideals of A containing the given ideal). In fact, this is true in any
ring, but the proof for non-Noetherian rings requires the axiom of choice (Atiyah and
MacDonald 1969, p3).

Algebras. Let A be aring. An A-algebra is a ring B together with a homomorphism
ig: A — B. A homomorphism of A-algebras B — C' is a homomorphism of rings
¢: B — C such that ¢(ig(a)) =ic(a) for all a € A.

An A-algebra B is said to be finitely generated (or of finite-type over A) if there
exist elements x1,... ,x, € B such that every element of B can be expressed as
a polynomial in the z; with coefficients in i(A), i.e., such that the homomorphism
AlXy, ..., X,] — B sending X; to x; is surjective.

A ring homomorphism A — B is finite, and B is a finite A-algebra, if B is finitely
generated as an A-module?.

Let k be a field, and let A be a k-algebra. If 1 # 0 in A, then the map £k — A is
injective, and we can identify k& with its image, i.e., we can regard k as a subring of
A. If 1 =01in a ring R, the R is the zero ring, i.e., R = {0}.

Polynomial rings. Let k be a field. A monomial in Xq,...,X,, is an expression of
the form

Xt Xom, a; €N
The total degree of the monomial is Y a;. We sometimes abbreviate it by X% «a =
(ay,...,a,) € N,
The elements of the polynomial ring k[X7, ... , X,] are finite sums
D Capan Xi o X0 Copa, €k, aj €N

with the obvious notions of equality, addition, and multiplication. Thus the mono-
mials from a basis for k[X1,...,X,] as a k-vector space.

4The term “module-finite” is used in this context only by the English-insensitive.
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The ring k[X1,...,X,] is an integral domain, and the only units in it are the
nonzero constant polynomials. A polynomial f(X,...,X,) is @rreducible if it is
nonconstant and has only the obvious factorizations, i.e., f = gh = ¢ or h is constant.

THEOREM 0.2. The ring k[ X1, ..., X,] is a unique factorization domain, i.e., each
nonzero nonconstant polynomial f can be written as a finite product of irreducible
polynomials in exactly one way (up to constants and the order of the factors).

Proor. This is usually proved in basic graduate algebra courses. There is a de-
tailed proof in Herstein, Topics in Algebra, 1975, 3.11. It proceeds by induction on the
number of variables: if R is a unique factorization domain, then so also is R[X]|. O

COROLLARY 0.3. A nonzero principal ideal (f) in k[X1,...,X,] is prime if and
only f is irreducible.

PROOF. Assume (f) is a prime ideal. Then f can’t be a unit (otherwise (f) is the
whole ring), and if f = gh then gh € (f), which, because (f) is prime, implies that
g or hisin (f), i.e., that one is divisible by f, say ¢ = fq. Now f = fqh implies
that ¢ h = 1, and that A is a unit. Conversely, assume f is irreducible. If gh € (f),
then f|gh, which implies that f|g or f|h (here we use that k[X,..., X,] is a unique
factorization domain), i.e., that g or h € (f). O

The two main results of this section will be:

(a) (Hilbert basis theorem) Every ideal in k[ X7, ..., X,,] has a finite set of generators
(in fact, of a special sort).
(b) There exists an algorithm for deciding whether a polynomial belongs to an ideal.

This remainder of this section is a summary of Cox et al.1992, pp 1-111, to which
I refer the reader for more details.

Division in k[X]. The division algorithm allows us to divide a nonzero polynomial
into another: let f and g be polynomials in k[X] with g # 0; then there exist unique
polynomials ¢,r € k[X] such that f = qg + r with either » = 0 or degr < degy.
Moreover, there is an algorithm for deciding whether f € (g), namely, find r and
check whether it is zero.

In Maple,

quo(f, g, X); computes ¢
rem(f, g, X); computes 7

Moreover, the Euclidean algorithm allows you to pass from a finite set of genera-
tors for an ideal in k[X] to a single generator by successively replacing each pair of
generators with their greatest common divisor.

Orderings on monomials. Before we can describe an algorithm for dividing in
k[Xi,...,X,], we shall need to choose a way of ordering monomials. Essentially this
amounts to defining an ordering on N". There are two main systems, the first of
which is preferred by humans, and the second by machines.

(Pure) lexicographic ordering (lex). Here monomials are orderd by lexicographic
(dictionary) order. More precisely, let o = (aq,... ,a,) and 5 = (by,... ,b,) be two
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elements of N”; then
o> 3 and X* > X? (lexicographic ordering)

if, in the vector difference o — 3 € Z, the left-most nonzero entry is positive. For
example,

XY?>Y3724 X3zt > XPY*Z

Note that this isn’t quite how the dictionary would order them: it would put
XXXYYZZZ7 after XXXYYZ.

Graded reverse lexicographic order (grevlex). Here monomials are ordered by total
degree, with ties broken by reverse lexicographic ordering. Thus, a > g if Y a; >
> b, or > a; = Y b; and in o — (3 the right-most nonzero entry is negative. For
example:

XY*Z" > X°Y®Z* (total degree greater)
XYs7% > X273, X°YZ>X'YZ2
Orderings on k[Xi,...,X,]. Fix an ordering on the monomials in k[X7,... , X,].

Then we can write an element f of k[ X1, ..., X, ] in a canonical fashion, by re-ordering
its elements in decreasing order. For example, we would write

f=4XY?Z +47° - 5X3 +71X%* 2?2
as
f=-5X+T7X*2% 4+ 4XY?Z +472*  (lex)
or
f=4XY?Z +7X*7% - 5X° + 427 (grevlex)
Let f=>a,X* € k[Xy,...,X,]. Write it in decreasing order:
f =000 X+ a0, X+, ay>a1 >0, Qe # 0.
Then we define:

(a) the multidegree of f to be multdeg(f) = ao;

(b) the leading coefficient of f to be LC(f) = aq,;
(c) the leading monomial of f to be LM(f) = X0,
(d) the leading term of f to be LT(f) = aq, X .

For example, for the polynomial f = 4XY?Z + ---, the multidegree is (1,2, 1),
the leading coefficient is 4, the leading monomial is XY?Z, and the leading term is
4XY?Z.

The division algorithm in k[ X1, ... , X,,]. Fixamonomial orderingin N". Suppose
given a polynomial f and an ordered set (gi,...,gs) of polynomials; the division
algorithm then constructs polynomials a, ... ,as and 7 such that

f=ag 4+ +ags+r

where either 7 = 0 or no monomial in r is divisible by any of LT(¢1),...,LT(gs).
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Step 1: If LT (¢1)|LT(f), divide g; into f to get

_ _ LT(f)
f=aig1+h, a = T (g1)

€ klXy,..., X,

If LT(g1)|LT(h), repeat the process until

f=aiq + fi

(different a1) with L'T(f1) not divisible by LT (g1). Now divide go into fi, and so on,
until

f=ag1+ - +asgs +m

with LT(r1) not divisible by any of LT(¢g1),...,LT(gs).
Step 2: Rewrite r; = L'T(r1) + r2, and repeat Step 1 with ry for f:

f=a1g1 + -+ asgs +LT(r1) + 13

(different a;’s).
Step 3: Rewrite r3 = L'T(r3) + r4, and repeat Step 1 with r4 for f. f=a

f =a1g1 + -+ asg9s + LT(T1> + LT(T?)) + 13

(different a;’s).

Continue until you achieve a remainder with the required property. In more detail,”
after dividing through once by g1, ... , gs, you repeat the process until no leading term
of one of the g;’s divides the leading term of the remainder. Then you discard the
leading term of the remainder, and repeat . ...

ExaMPLE 0.4. (a) Consider
f=XY +XY?4+Y? g=XY -1, gp=Y> -1
First, on dividing ¢; into f, we obtain
XY+ XY+ Y= (X+Y)XY - 1)+ X +Y?*+YV.

This completes the first step, because the leading term of Y2 — 1 does not divide the
leading term of the remainder X +Y? +Y. We discard X, and write

Y24Y =1-(Y? =-1)4+Y +1.
Altogether
XY 4+ XY+ Y =(X+Y)- (XY =D +1- (Y -1+ X +Y +1.
(b) Consider the same polynomials, but with a different order for the divisors
f=XY+XY*’+Y? ¢=Y* -1 ¢p=XY -1
In the first step,
XY+ XY+ Y?=(X+1)-(Y2-1)+ X - (XY —1)+2X + 1.

Thus, in this case, the remainder is 2X + 1.

5This differs from the algorithm in Cox et al. 1992, p63, which says to go back to g; after every
successful division.
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REMARK 0.5. (a) If r =0, then f € (g1,...,9s)-

(b) Unfortunately, the remainder one obtains depends on the ordering of the g;’s.
For example, (lex ordering)

XY?-X=Y (XY +1)+0- (Y -1)+-X -V
but
XY? - X=X -(Y?=1)+0- (XY —1)+0.
Thus, the division algorithm (as stated) will not provide a test for f lying in the ideal
generated by g1, ..., gs.

Monomial ideals. In general, an ideal a will contain a polynomial without contain-
ing the individual terms of the polynomial; for example, the ideal a = (Y? — X?3)
contains Y2 — X3 but not Y? or X3.

DEFINITION 0.6. An ideal a is monomial if
D caX®€a= X €aall awith cq # 0.

PROPOSITION 0.7. Let a be a monomial ideal, and let A = {a | X* € a}. Then A
satisfies the condition

aceA peN'=a+ €A (*)

and a is the k-subspace of k[ X1, ..., X,] generated by the X*, a € A. Conversely, if
A is a subset of N satisfying (*), then the k-subspace a of k[ X1, ..., X,] generated
by {X*| o € A} is a monomial ideal.

PROOF. It is clear from its definition that a monomial ideal a is the k-subspace
of k[Xi,...,X,] generated by the set of monomials it contains. If X* € a and
XP € k[Xy,...,X,], then X*XP = Xo+8 € g and so A satisfies the condition (*).
Conversely,

(Z caXa> (Z ngﬁ> = Z Cadg X TP (finite sums),

acA [peN™ a,B
and so if A satisfies (*), then the subspace generated by the monomials X%, a € A,
is an ideal. O
The proposition gives a classification of the monomial ideals in k[ X1, ... , X,]: they

are in one-to-one correspondence with the subsets A of N” satisfying (*). For example,
the monomial ideals in k[X] are exactly the ideals (X™), n > 1, and the zero ideal
(corresponding to the empty set A). We write

(X ae A
for the ideal corresponding to A (subspace generated by the X% a € A).

LEMMA 0.8. Let S be a subset of N". Then the ideal a generated by {X“ | a € S}
18 the monomaial ideal corresponding to

Ag{BEN”]B—&EN”, some a € S}.

Thus, a monomial is in a if and only if it is divisible by one of the X, a € S.
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PROOF. Clearly A satisfies (*), and a C (X? | 3 € A). Conversely, if 3 € A, then
B—a € N" for some a € S, and X? = X*X?~ € a. The last statement follows from
the fact that X%/ X# <= B —a € N". O

Let A C N? satisfy (*). From the geometry of A, it is clear that there is a finite
set of elements S = {aq, ... ,as} of A such that

A={B3eN*|B—a; € N’ some q; € S}.

(The «’s are the “corners” of A.) Moreover, a 4 (X | @ € A) is generated by the
monomials X% «; € S. This suggests the following result.

THEOREM 0.9 (Dickson’s Lemma). Let a be the monomial ideal corresponding to
the subset A C N". Then a is generated by a finite subset of {X* | a € A}.

PROOF. This is proved by induction on the number of variables — Cox et al. 1992,
p70. ]

Hilbert Basis Theorem.

DEFINITION 0.10. For a nonzero ideal a in k[Xq,...,X,], we let (LT(a)) be the
ideal generated by

{LT(f) | f € a}.

LEMMA 0.11. Let a be a nonzero ideal in k[ Xy, ... ,X,|; then (LT(a)) is a mono-
mial ideal, and it equals (LT(g1), ..., LT(gn)) for some g1,... g, € a.

PRroOOF. Since (LT(a)) can also be described as the ideal generated by the leading
monomials (rather than the leading terms) of elements of a, it follows from Lemma 0.8
that it is monomial. Now Dickson’s Lemma shows that it equals (LT(g1), ... ,LT(gs))
for some g; € a. O

THEOREM 0.12 (Hilbert Basis Theorem). Every ideal a in k[Xi,...,X,] is
finitely generated; more precisely, a = (g1, ... ,gs) where g1, ... ,gs are any elements
of a whose leading terms generate LT(a).

PROOF. Let f € a. On applying the division algorithm, we find
f=agn+ - +asgs+r, a,reklXy,...,X,],

where either » = 0 or no monomial occurring in it is divisible by any LT(g;). But
r = f—> ag; € a, and therefore LT(r) € LT(a) = (LT(¢1),...,LT(gs)), which,
according to Lemma 0.8, implies that every monomial occurring in r is divisible by
one in LT(g;). Thus r =0, and g € (¢1,... ,9s). O

Standard (Grobner) bases. Fix a monomial ordering of k[X1, ..., X,].

DEFINITION 0.13. A finite subset S = {g1,...,9s} of an ideal a is a standard
(Grobner, Groebner, Griobner) basis for © a if

(LT(g1),--. ,LT(gs)) = LT(a).

6Standard bases were first introduced (under that name) by Hironaka in the mid-1960s, and
independently, but slightly later, by Buchberger in his Ph.D. thesis. Buchberger named them after
his thesis adviser Grobner.
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In other words, S is a standard basis if the leading term of every element of a is
divisible by at least one of the leading terms of the g;.

THEOREM 0.14. FEvery ideal has a standard basis, and it generates the ideal; if
{g1,-..,9s} is a standard basis for an ideal a, then f € a <= the remainder on
division by the g; s 0.

PRrROOF. Our proof of the Hilbert basis theorem shows that every ideal has a stan-
dard basis, and that it generates the ideal. Let f € a. The argument in the same
proof, that the remainder of f on division by g1, ... , gs is 0, used only that {g1, ..., gs}
is a standard basis for a.. O

REMARK 0.15. The proposition shows that, for f € a, the remainder of f on
division by {g1,...,9s} is independent of the order of the g; (in fact, it’s always
zero). This is not true if f ¢ a — see the example using Maple at the end of this
section.

Let a = (f1,..., fs). Typically, {f1,..., fs} will fail to be a standard basis because
in some expression

CXafi_dXﬁfja Cade k: (**)

the leading terms will cancel, and we will get a new leading term not in the ideal
generated by the leading terms of the f;. For example,

X=X (XY + X —2Y?) -V - (X -2XY)

is in the ideal generated by X?Y + X —2Y? and X? — 2XY but it is not in the ideal
generated by their leading terms.

There is an algorithm for transforming a set of generators for an ideal into a stan-
dard basis, which, roughly speaking, makes adroit use of equations of the form (**)
to construct enough new elements to make a standard basis — see Cox et al. 1992,
ppS0-87.

We now have an algorithm for deciding whether f € (fi,..., f.). First transform
{f1,..., fr} into a standard basis {¢1,...,9s}, and then divide f by ¢1,...,gs to
see whether the remainder is 0 (in which case f lies in the ideal) or nonzero (and it
doesn’t). This algorithm is implemented in Maple — see below.

A standard basis {g1,...,¢s} is minimal if each g; has leading coefficient 1 and,
for all 4, the leading term of g; does not belong to the ideal generated by the leading
terms of the remaining ¢’s. A standard basis {g1,...,gs} is reduced if each g; has
leading coefficient 1 and if, for all 7, no monomial of g; lies in the ideal generated by
the leading terms of the remaining ¢g’s. One can prove (Cox et al. 1992, p91) that
every nonzero ideal has a unique reduced standard basis.

REMARK 0.16. Consider polynomials f,g1,...,9s € k[Xi,...,X,]. The al-
gorithm that replaces g¢1,...,9s with a standard basis works entirely within
k[Xi,...,X,], ie., it doesn’t require a field extension. Likewise, the division al-
gorithm doesn’t require a field extension. Because these operations give well-defined
answers, whether we carry them out in k[Xy,...,X,] or in K[Xy,...,X,], K Dk,
we get the same answer. Maple appears to work in the subfield of C generated over
Q by all the constants occurring in the polynomials.
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As we said earlier, the reader is referred to Cox et al. 1992 pp1-111 for more details
on standard bases.

We conclude this section with the annotated transcript of a session in Maple ap-
plying the above algorithm to show that

q= 3x3yz2 — x4 y3 +yz
doesn’t lie in the ideal
(2 — 2wz + 5, 2y + y2*, 3y* — 82%).

A Maple Session

> with(grobner) ;

[This loads the grobner package, and lists the available commands:

finduni, finite, gbasis, gsolve, leadmon, normalf, solvable, spoly

To discover the syntax of a command, a brief description of the command, and an
example, type “?command;”]

>G:=gbasis([x"2-2*x*z+5,x*y " 2+y*z"~3,3%y"2-8*z"3], [x,y,2z]);

[This asks Maple to find the reduced Grobner basis for the ideal generated by the
three polynomials listed, with respect to the indeterminates listed (in that order). It
will automatically use grevlex order unless you add ,plex to the command.]

G = [2? — 2z2 + 5, —3y* + 82%, 8xy? + 3y3, 9yt + 48zy3 + 3204?]

> q:=3*x"3*y*z"2 - x*z"2 + y~3 + y*z;

q:=3x3yz? — x> + y® + 2y

[This defines the polynomial q.]

> normalf(q,G, [x,y,2]);

922y — 15y2%x — Ly® + 60y?z — z2% + 2y

[Asks for the remainder when ¢ is divided by the polynomials listed in G' using
the indeterminates listed. This particular example is amusing—the program gives
different orderings for GG, and different answers for the remainder, depending on which

computer I use. This is O.K., because, since ¢ isn’t in the ideal, the remainder may
depend on the ordering of G|

Notes:
1. To start Maple on a Unix computer type “maple”; to quit type “quit”.

@,”

;7 or

@,”

2. Maple won’t do anything until you type at the end of a line.

3. The student version of Maple is quite cheap, but unfortunately, it doesn’t have
the Grobner package.

4. For more information on Maple:

(a) There is a brief discussion of the Grobner package in Cox et al. 1992, especially
pp 487-489.

(b) The Maple V Library Reference Manual pp469-478 briefly describes what the
Grobner package does (exactly the same information is available on line, by
typing 7command).

(c¢) There are many books containing general introductions to Maple syntax.
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5. Grobner bases are also implemented in Macsyma, Mathematica, and Axiom,
but for serious work it is better to use one of the programs especially designed for
Grobner basis computation, namely, CoCoA (Computations in Commutative Alge-
bra) or Macaulay (available at: ftp math.harvard.edu, login ftp, password any,
cd Macaulay; better, point your web browser to ftp.math.harvard.edu).
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1. ALGEBRAIC SETS

We now take k to be an algebraically closed field.

Definition of an algebraic set. An algebraic subset V(S) of k™ is the set of common
zeros of some set S of polynomials in k[X7, ..., X,]:
V(S)=A{(a,...,a,) € k" | flar,... ,a,) =0 all f(Xy,...,X,) €S}
Note that
Sc S =V(S) V()
— the more equations we have, the fewer solutions.
Recall that the ideal a generated by a set S consists of all finite sums

Zfigia fi€k[Xy,..., Xn], g €65

Such a sum > f;g; is zero at any point at which the g; are zero, and so V(S) C V(a),
but the reverse conclusion is also true because S C a. Thus V(5) = V(a)—the zero
set of S is the same as that of the ideal generated by S. Hence the algebraic sets can
also be described as the sets of the form V'(a), a an ideal in k[ X1, ..., X,].

ExaMPLE 1.1. (a) If S is a system of homogeneous linear equations, then V(5) is
a subspace of k. If S is a system of nonhomogeneous linear equations, V'(.S) is either
empty or is the translate of a subspace of k™.

(b) If S consists of the single equation
Y2=X>4+aX+0b, 4a®+270*#£0,

then V(S) is an elliptic curve. For more on elliptic curves, and their relation to
Fermat’s last theorem, see my notes on Elliptic Curves. The reader should sketch the

curve for particular values of a and b. We generally visualize algebraic sets as though
the field k£ were R.

(c) If S is the empty set, then V(S5) = k™.
(d) The algebraic subsets of k are the finite subsets (including @) and k itself.
(e) Some generating sets for an ideal will be more useful than others for determining
what the algebraic set is. For example, a Grobner basis for the ideal
a=(X?+Y?*+ 221, X?+Y?*-Y, X - 27)
is (according to Maple)
X—Z Y*-2Y +1, Z*—1+Y.

The middle polynomial has (double) root 1, and it follows easily that V' (a) consists
of the single point (0,1, 0).

The Hilbert basis theorem. In our definition of an algebraic set, we didn’t require
the set S of polynomials to be finite, but the Hilbert basis theorem shows that every
algebraic set will also be the zero set of a finite set of polynomials. More precisely,
the theorem shows that every ideal in k[X7, ..., X,] can be generated by a finite set
of elements, and we have already observed that any set of generators of an ideal has
the same zero set as the ideal.
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We sketched an algorithmic proof of the Hilbert basis theorem in the last section.
Here we give the slick proof.

THEOREM 1.2 (Hilbert Basis Theorem). The ring k[X1,...,X,| is Noetherian,
i.e., every ideal is finitely generated.

PrROOF. For n = 1, this is proved in advanced undergraduate algebra courses:
k[X] is a principal ideal domain, which means that every ideal is generated by a
single element. We shall prove the theorem by induction on n. Note that the obvious
map

k[Xl,. .. 7Xn—1][Xn] — k[Xl,. .. ,Xn]

is an isomorphism—this simply says that every polynomial f in n variables

Xi,...,X, can be expressed uniquely as a polynomial in X, with coefficients in
k[Xl, e 7Xn—1] :

f(Xl, e ,Xn) = ao(Xl, e 7Xn—1>X; + -+ ar(Xl, e ,Xn_l).
Thus the next lemma will complete the proof. O

LEMMA 1.3. If A is Noetherian, then so also is A[X].

ProoF. For a polynomial
f(X)=a X"+ X" '+ +a, a €A ay#0,
r is called the degree of f, and ag is its leading coefficient. We call 0 the leading
coefficient of the polynomial 0.

Let a be an ideal in A[X]. The leading coefficients of the polynomials in a form an
ideal @’ in A, and since A is Noetherian, a’ will be finitely generated. Let g1,... , gm
be elements of a whose leading coefficients generate a’, and let  be the maximum
degree of the g;.

Now let f € a, and suppose f has degree s > r, say, f =aX®+ ---. Then a € &,
and so we can write

a= Z bia;, b; € A, a; =leading coefficient of g;.
Now
F=> bigiX*T vy = deg(gi),
has degree < deg(f). By continuing in this way, we find that

f=fi mod (g1, ,9m)

with f; a polynomial of degree t < r.

For each d < r, let a4 be the subset of A consisting of 0 and the leading coefficients
of all polynomials in a of degree d; it is again an ideal in A. Let gq1,...,9dm,
be polynomials of degree d whose leading coefficients generate a;. Then the same
argument as above shows that any polynomial f; in a of degree d can be written

fd = fd—l mod (gd,la cee 7gd,md>
with f;_1 of degree < d — 1. On applying this remark repeatedly we find that

ft € (gr—l,la s Gr—1mp_ys -+ 590,15 - - 7g0,mo>'
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Hence

f € (g17 e my Gr—11y - -+ 5 9r—1mp_1y- -+ , 90,15 - - - 7g0,mo>7

and so the polynomials ¢i,... , gom, generate a. O

ASIDE 1.4. One may ask how many elements are needed to generate an ideal a in
k[Xi,...,X,], or, what is not quite the same thing, how many equations are needed
to define an algebraic set V. When n = 1, we know that every ideal is generated
by a single element. Also, if V' is a linear subspace of k™, then linear algebra shows
that it is the zero set of n — dim(V') polynomials. All one can say in general, is that
at least n — dim(V') polynomials are needed to define V' (see §6), but often more are
required. Determining exactly how many is an area of active research. Chapter V of
Kunz 1985 contains a good discussion of this problem.

The Zariski topology.

PROPOSITION 1.5. There are the following relations:

(a) aC b= V(a) DV(b);
(b) V(0) = k" V(K[Xy,...,X]) =0;
(g) V(ab) =V(anb) =V(a) UV(b);

(d) V(32 a) =nNV(ai).
PROOF. The first two statements are obvious. For (c), note that
abCanbCab= V(ab) D V(anb) D V(a)UV(b).

For the reverse inclusions, observe that if a ¢ V(a) U V' (b), then there exist f € a,
g € b such that f(a) # 0, g(a) # 0; but then (fg)(a) # 0, and so a ¢ V(ab). For (d)
recall that, by definition, > a; consists of all finite sums of the form > fi, fi € a;.
Thus (d) is obvious. O

Statements (b), (c¢), and (d) show that the algebraic subsets of k™ satisfy the axioms
to be the closed subsets for a topology on k™: both the whole space and the empty set
are closed; a finite union of closed sets is closed; an arbitrary intersection of closed sets
is closed. This topology is called the Zariski topology. 1t has many strange properties
(for example, already on k one sees that it not Hausdorff), but it is nevertheless of
great importance.

The closed subsets of k are just the finite sets and k. Call a curve in k? the set
of zeros of a nonzero irreducible polynomial f(X,Y) € k[X,Y]. Then we shall see
in (1.25) below that, apart from k? itself, the closed sets in k% are finite unions of
(isolated) points and curves. Note that the Zariski topologies on C and C? are much
coarser (have many fewer open sets) than the complex topologies.

The Hilbert Nullstellensatz. We wish to examine the relation between the alge-
braic subsets of £™ and the ideals of k[X71, ..., X,,], but first we consider the question
of when a set of polynomials has a common zero, i.e., when the equations

9(X1,...,X,) =0, ge€a,
are “consistent”. Obviously, equations
gi(Xl,...,Xn):O, izl,...,m
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are inconsistent if there exist f; € k[X1, ..., X,] such that

Z figi = 1,

ie,if 1 € (g1,...,9m) or, equivalently, (g1,...,9m) = k[X1,...,X,]. The next
theorem provides a converse to this.

THEOREM 1.6 (Hilbert Nullstellensatz). Fvery properideal a in k[ X1, ..., X,] has
a zero in k™.

PROOF. A point a € k" defines a homomorphism “evaluate at a”
EX1,..., X =k f(Xq,...,X,) — flar, ..., an),
and clearly
a€V(a) < aC kernel of this map.

Conversely, if ¢: k[Xy,...,X,] — k is a homomorphism of k-algebras such that
Ker(¢) D a, then

(a1, s an) S (9(X1), -, 0(Xa))

liesin V' (a). Thus, to prove the theorem, we have to show that there exists a k-algebra
homomorphism k[ X, ..., X,]/a — k.

Since every proper ideal is contained in a maximal ideal, it suffices to prove this for

a maximal ideal m. Then K & k[Xi,...,X,]/mis a field, and it is finitely generated
as an algebra over k (with generators X; +m, ..., X,, + m). To complete the proof,
we must show K = k. The next lemma accomplishes this. O

Although we shall apply the lemma only in the case that k is algebraically closed,
in order to make the induction in its proof work, we need to allow arbitrary £’s in
the statement.

LEMMA 1.7 (Zariski’s Lemma). Letk C K be fields (k not necessarily algebraically

closed). If K is finitely generated as an algebra over k, then K is algebraic over k.
(Hence K =k if k is algebraically closed.)

ProoF. We shall prove this by induction on r, the minimum number of elements
required to generate K as a k-algebra. Suppose first that » = 1, so that K = k[z] for
some x € K. Write k[X] for the polynomial ring over k in the single variable X, and
consider the homomorphism of k-algebras k[X]| — K, X — z. If z is not algebraic
over k, then this is an isomorphism k[X] — K, which contradicts the condition that
K be a field. Therefore z is algebraic over k, and this implies that every element of
K = k[z] is algebraic over k (because it is finite over k).

For the general case, we need to use results about integrality (see the Appendix to
this Section). Consider an integral domain A with field of fractions K, and a field L
containing K. An element of L is said to be integral over A if it satisfies an equation
of the form

X"+ X" 4. 4a,=0, a €A
We shall need three facts:

(a) The elements of L integral over A form a subring of L.
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(b) If B € L is algebraic over K, then af is integral over A for some a € A.
(c) If A is a unique factorization domain, then every element of K that is integral
over A lies in A.

Now suppose that K can be generated (as a k-algebra) by r elements, say, K =
k[xq,...,z,]. If the conclusion of the lemma is false for K/k, then at least one z;,
say x1, is not algebraic over k. Thus, as before, k[z1] is a polynomial ring in one
variable over k (= k[X]), and its field of fractions k(x;) is a subfield of K. Clearly K
is generated as a k(z1)-algebra by xs, ... , x,, and so the induction hypothesis implies
that z, ..., x, are algebraic over k(z1). From (b) we find there exist d; € k[z;] such
that d;x; is integral over k[xq], i =2,... ,r. Write d =[] d;.

Let f € K; by assumption, f is a polynomial in the x; with coefficients in k.
For a sufficiently large N, d" f will be a polynomial in the d;x;. Then (a) implies
that dV f is integral over k[x1]. When we apply this to an element f of k(x1), (c)
shows that dV f € k[z]. Therefore, k(z1) = Uyd~"k[z1], but this is absurd, because
k[z1] (~ k[X]) has infinitely many distinct irreducible polynomials” that can occur
as denominators of elements of k(z1). O

The correspondence between algebraic sets and ideals. For a subset W of k",
we write I (W) for the set of polynomials that are zero on W:

IW)={fe€ek[X,...,X,]| f(a=0allac W}.
It is an ideal in k[ X1, ..., X,]. There are the following relations:
(a) VW= I(V)DIW);,
(b) I(0) = k[Xy,...,X,]; I(k™) =0;
(c) 1(UW;) = NI(W5).
Only the statement I (k™) = 0, i.e., that every nonzero polynomial is nonzero at
some point of k", is nonobvious. It is not difficult to prove this directly by induction

on the number of variables—in fact it’s true for any infinite field &—but it also follows
easily from the Nullstellensatz (see (1.11a) below).

EXAMPLE 1.8. Let P be the point (ay,... ,ay). Clearly I(P) D (X1—ay,... , X,—
a,), but (X;—ay, ..., X,—a,)is a maximal ideal, because “evaluation at (ay,... ,ay)”
defines an isomorphism

k[Xl,... ,Xn]/(Xl — Q... 7Xn —an) — k.
As I(P) # k[X;,...,X,], we must have I(P) = (X1 —a1,..., X, — ay).

The radical rad(a) of an ideal a is defined to be
{f|f €a,somereN, r>0}
It is again an ideal, and rad(rad(a)) = rad(a).
An ideal is said to be radical if it equals its radical, i.e., f" € a = f € a. Equiv-
alently, a is radical if and only if A/a is a reduced ring, i.e., a ring without nonzero

nilpotent elements (elements some power of which is zero). Since an integral domain
is reduced, a prime ideal (a fortiori a maximal ideal) is radical.

If k is infinite, then consider the polynomials X — a, and if k is finite, consider the minimum
polynomials of generators of the extension fields of k. Alternatively, and better, adapt Euclid’s proof
that there are infinitely many prime numbers.
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If a and b are radical, then a N b is radical, but a 4+ b need not be — consider, for
example, a = (X2 —Y) and b = (X?+Y); they are both prime ideals in k[X, Y], but
X?ca+b, X¢a+b.

As fr(a) = f(a)", f" is zero wherever f is zero, and so I(W) is radical. In
particular, IV (a) D rad(a). The next theorem states that these two ideals are equal.

THEOREM 1.9 (Strong Hilbert Nullstellensatz). (a) The ideal IV (a) is the radi-
cal of a; in particular, IV (a) = a if a is a radical ideal.
(b) The set VI(W) is the smallest algebraic subset of k™ containing W ; in particular,
VIW) =W if W is an algebraic set.

PROOF. (a) We have already noted that IV (a) D rad(a). For the reverse inclusion,
consider h € IV (a); we have to show that some power of h belongs to a. We may
assume h # 0 as 0 € a. We are given that h is identically zero on V' (a), and we have

to show that h"Y € a for some N > 0. Let g1,...,¢gn be a generating set for a, and
consider the system of m + 1 equations in n 4 1 variables, X1,...,X,,Y,
gi(Xla--- ,Xn) = 0, 1= 1, ,m
1-Yh(Xy,...,X,) = 0.
If (ay,...,an,b) satisfies the first m equations, then (aq,...,a,) € V(a); conse-

quently, h(ai, ... ,a,) =0, and (ai, ... ,a,,b) doesn’t satisfy the last equation. There-
fore, the equations are inconsistent, and so, according to the original Nullstellensatz,
there exist f; € k[X,...,X,, Y] such that

1= figi + furr - (1= Yh).
i=1

On regarding this as an identity in the field k(Xy,...,X,,Y) and substituting 1/h
for Y, we obtain the identity

— 1
1= Zfz(Xla 7Xnaﬁ) gz(Xh 7Xn>
i=1

in k(Xy,...,X,). Clearly

1 polynomial in Xy,... X,
fi(Xla"' 7Xnaﬁ> = hNi

for some N;. Let N be the largest of the N;. On multiplying the identity by A" we
obtain an equation

By — Z (polynomial in Xi,...,X,) - ¢:(Xq,...,Xn),

which shows that hY € a.
(b) Let V' be an algebraic set containing W, and write V' =V (a). Then a C (W),
and so V(a) D VI(W). O

COROLLARY 1.10. The map a — V(a) defines a one-to-one correspondence be-
tween the set of radical ideals in k[ X1, ..., X,] and the set of algebraic subsets of k";
its inverse is I.

PrROOF. We know that IV (a) = a if a is a radical ideal, and that VI(W) = W if
W is an algebraic set. O
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REMARK 1.11. (a) Note that V' (0) = k™, and so
I(k™) =1V (0) =rad(0) =0,
as claimed above.

(b) The one-to-one correspondence in the corollary is order inverting. Therefore
the maximal proper radical ideals correspond to the minimal nonempty algebraic sets.
But the maximal proper radical ideals are simply the maximal ideals in k[ X7, ... , X,],
and the minimal nonempty algebraic sets are the one-point sets. As I((as,...,a,)) =
(X1 — ay,..., X, — a,), this shows that the maximal ideals of k[X7,...,X,] are
precisely the ideals of the form (X; —ay,... , X, — a,).

(c) The algebraic set V'(a) is empty if and only if a = k[ X1, ..., X,], because V (a)
empty = rad(a) = k[Xq,..., X,] = 1 €rad(a) = 1 € a.

(d) Let W and W' be algebraic sets. Then W N W’ is the largest algebraic subset
contained in both W and W’ and so I(W N W') must be the smallest radical ideal
containing both I(W) and I(W'). Hence I(W NW') = rad(I(W) + I(W')).

For example, let W = V(X2 —Y) and W = V(X? +Y); then I(W NW') =
rad(X?,Y) = (X,Y) (assuming characteristic # 2). Note that W N W' = {(0,0)},
but when realized as the intersection of Y = X? and Y = —X?, it has “multiplicity
27. [The reader should draw a picture.]

Finding the radical of an ideal. Typically, an algebraic set V will be defined
by a finite set of polynomials {gi,...,¢s}, and then we shall need to find I(V) =

rad((g1, ce 7gs>)'

PROPOSITION 1.12. The polynomial h € rad(a) if and only if 1 € (a,1 —Yh) (the
ideal in k[ X1, ..., X,,Y] generated by the elements of a and 1 —Yh).

PROOF. We saw that 1 € (a,1 — Yh) implies h € rad(a) in the course of proving
(1.9). Conversely, if h¥ € a, then

1 = Y¥RYN + (1 - YNRY)
= YN+ (1-Yh)- A+ Yh+--+ YV RN ea+ (1-Yh).
O

Thus we have an algorithm for deciding whether h € rad(a), but not yet an algo-
rithm for finding a set of generators for rad(a). There do exist such algorithms (see
Cox et al. 1992, p177 for references), and one has been implemented in the computer
algebra system Macaulay. To start Macaulay on most computers, type: Macaulay;
type <radical to find out the syntax for finding radicals.

The Zariski topology on an algebraic set. We now examine the Zariski topology
on k™ and on an algebraic subset of k™ more closely. The Zariski topology on C"
is much coarser than the complex topology. Part (b) of (1.9) says that, for each
subset W of k™, VI(W) is the closure of W, and (1.10) says that there is a one-
to-one correspondence between the closed subsets of k™ and the radical ideals of
k[Xq,..., X,

Let V be an algebraic subset of £, and let I(V) = a. Then the algebraic subsets
of V' correspond to the radical ideals of k[X7, ..., X,] containing a.
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PROPOSITION 1.13. Let V' be an algebraic subset of k™.
(a) The points of V' are closed for the Zariski topology (thus V is a Ti-space).
(b) Every descending chain of closed subsets of V' becomes constant, i.e., given

VioVeoDdVeD .- (closed subsets of V'),

eventually Vy = Vg1 = .... Alternatively, every ascending chain of open sets
becomes constant.

(c) Every open covering of V. has a finite subcovering.

PRrROOF. (a) We have already observed that {(a,... ,a,)} is the algebraic set de-
fined by the ideal (X7 — aq,..., X, — an).

(b) A sequence V; D Vi D -+ gives rise to a sequence of radical ideals I(V;) C
I(Vz) C ..., which eventually becomes constant because k[ X7, ... , X,,] is Noetherian.

(c) Let V' = U,c; Us with each U; open. Choose an iy € I; if U;, # V/, then there
exists an i, € I such that U, & Uy, UU;,. If U;y UU;, # V, then there exists an iy € [
etc.. Because of (b), this process must eventually stop. 0

A topological space having the property (b) is said to be Noetherian. The condition
is equivalent to the following: every nonempty set of closed subsets of V' has a minimal
element. A space having property (c) is said to be quasi-compact (by Bourbaki at
least; others call it compact, but Bourbaki requires a compact space to be Hausdorff).

The coordinate ring of an algebraic set. Let V' be an algebraic subset of k", and
let I(V) = a. Anelement f(X3,...,X,) of k[X1,...,X,] defines a mapping k™ — k,
a — f(a) whose restriction to V' depends only on the coset f+ a of f in the quotient
ring

KV] = k[X1,..., Xal/a = K[z1, ..., 2,].

Moreover, two polynomials f1(X1,...,X,) and fo(Xy,...,X,) restrict to the same
function on V only if they define the same element of k[V]. Thus k[V'] can be identified
with a ring of functions V' — k.

We call k[V] the ring of reqular functions on V', or the coordinate ring of V. It
is a finitely generated reduced k-algebra (because a is radical), but need not be an
integral domain.

For an ideal b in k[V], we set
V(b)={aec V| f(a)=0,all feb}.
Let W = V(b). The maps

KX1 . Xo] — K[V] = M — kw) =

should be regarded as restricting a function from k™ to V| and then restricting that
function to W.

Write 7 for the map k[Xi,...,X,] — k[V]. Then b — m~1(b) is a bijection
from the set of ideals of k[V] to the set of ideals of k[Xi,...,X,] containing a,
under which radical, prime, and maximal ideals correspond to radical, prime, and
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maximal ideals (each of these conditions can be checked on the quotient ring, and
k[ X1,...,X,]/77Y(b) =~ k[V]/b). Clearly
V(r~'(b)) = V(b),
and so b — V(b) gives a bijection between the set of radical ideals in k[V] and the
set of algebraic sets contained in V.
For h € k[V], we write

D(h) ={a €V | h(a) # 0}.
It is an open subset of V', because it is the complement of V'((h)).

PROPOSITION 1.14. (a) The points of V' are in one-to-one correspondence with
the mazimal ideals of k[V].

(b) The closed subsets of V' are in one-to-one correspondence with the radical ideals
of k[V].

(c) The sets D(h), h € k[V], form a basis for the topology of V, i.e., each D(h) is
open, and each open set is a union (in fact, a finite union) of D(h)’s.

PROOF. (a) and (b) are obvious from the above discussion. For (c), we have already
observed that D(h) is open. Any other open set U C V is the complement of a set of
the form V(b), b an ideal in k[V]. If fi,..., fi generate b, then U = UD(f;). O

The D(h) are called the basic (or principal) open subsets of V. We sometimes
write Vj, for D(h). Note that D(h) C D(h') < V(h) D V(K) <= rad((h)) C
rad((h')) <= h" € (I') some r <= h" = h/g, some g.

Some of this should look familiar: if V' is a topological space, then the zero set of a
family of continuous functions f: V' — R is closed, and the set where such a function
is nonzero is open.

Irreducible algebraic sets. A nonempty subset W of a topological space V is said
to be irreducible if it satisfies any one of the following equivalent conditions:

(a) W is not the union of two proper closed subsets;
(b) any two nonempty open subsets of W have a nonempty intersection;
(c) any nonempty open subset of W is dense.

The equivalences (a) <= (b) and (b) <= (c) are obvious. Also, one sees that
if W is irreducible, and W = Wy U ... U W, with each W; closed, then W = W, for

some ¢.

This notion is not useful for Hausdorff topological spaces, because such a space
is irreducible only if it consists of a single point — otherwise any two points have
disjoint open neighbourhoods, and so (b) fails.

PROPOSITION 1.15. An algebraic set W is irreducible and only if I(W) is prime.
PROOF. =: Suppose fg € I(W). At each point of W, either f or g is zero, and
so W CV(f)UV(g). Hence
W=WnVv(f)uWwnV(g)).

As W is irreducible, one of these sets, say W N V(f), must equal W. But then
f e I(W). Thus I(W) is prime.
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<=: Suppose W = V(a) U V(b) with a and b radical ideals—we have to show
that W equals V(a) or V(b). Recall that V(a) UV (b) = V(aNb), and that anN b is
radical; hence I(W) =anb. If W # V(a), then there is an f € a, f ¢ I(W). But
fg€anb = I(W) for all g € b, and, because f ¢ I(W) and I(W) is prime, this
implies that b C I(W); therefore W C V(b). O

Thus, there are one-to-one correspondences

radical ideals <« algebraic subsets
prime ideals <« irreducible algebraic subsets

maximal ideals <«  one-point sets.

These correspondences are valid whether we mean ideals in k[X;,...,X,] and al-
gebraic subsets of k", or ideals in k[V] and algebraic subsets of V. Note that
the last correspondence implies that the maximal ideals in k[V] are of the form
(x1— a1, ... ,xn —ay), (a1,... ,a,) € V.

EXAMPLE 1.16. Let f € k[X1,...,X,]. As we noted in §0, k[Xy,...,X,] is a
unique factorization domain, and so (f) is a prime ideal <= f is irreducible. Thus

V(f) is irreducible <= f is irreducible.

On the other hand, suppose f factors, f = [] f;", with the f; distinct irreducible

polynomials. Then (f) = N(£*), rad((f)) = ([T fi) = N(fy), and V(f) = OV (f;)
with V(f;) irreducible.

PROPOSITION 1.17. Let V' be a Noetherian topological space. Then V' is a finite
unton of irreducible closed subsets, V- =VyU...UV,,. Moreover, if the decomposition
18 1rredundant in the sense that there are no inclusions among the V;, then the V; are
uniquely determined up to order.

PROOF. Suppose the first assertion is false. Then, because V is Noetherian, there
will be a closed subset W of V' that is minimal among those that cannot be written as
a finite union of irreducible closed subsets. But such a W cannot itself be irreducible,
and so W = WUW,, with each W; a proper closed subset of W. From the minimality
of W, it follows that each W; is a finite union of irreducible closed subsets, and so
therefore is W. We have arrived at a contradiction.

Suppose that V =V, U. ..UV, = WiU...UW, are two irredundant decompositions.
Then V; = U;(V; N W;), and so, because V; is irreducible, V; C V; N W; for some j.
Consequently, there is a function f: {1,... ,m} — {1,... ,n} such that V; C Wy, for
each ¢. Similarly, there is a function g: {1,... ,n} — {1,... ,m} such that W; C V.
Since V; C Wiy C Vi), we must have ¢gf(i) =i and V; = Wy,); similarly fg = id.
Thus f and g are bijections, and the decompositions differ only in the numbering of
the sets. O

The V; given uniquely by the proposition are called the irreducible components of
V. They are the maximal closed irreducible subsets of V. In Example 1.16, the V(f;)
are the irreducible components of V'(f).

COROLLARY 1.18. A radical ideal a of k[X1,...,X,] is a finite intersection of
prime ideals, a = p1 N ... N p,; if there are no inclusions among the p;, then the p;
are uniquely determined up to order.
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PROOF. Write V(a) = UV}, and take p; = I(V}). O

REMARK 1.19. (a) In a Noetherian ring, every ideal a has a decomposition into
primary ideals: a = Ng; (see Atiyah and MacDonald 1969, IV, VII). For radical ideals,
this becomes a much simpler decomposition into prime ideals, as in the corollary.

(b) In k[X], (f(X)) is radical if and only if f is square-free, in which case f is a
product of distinct irreducible polynomials, f = p;...p,, and (f) = (p1)N... N (p,)
(a polynomial is divisible by f if and only if it is divisible by each p;).

(c) A Hausdorff space is Noetherian if and only if it is finite, in which case its
irreducible components are the one-point sets.

Dimension. We briefly introduce the notion of the dimension of an algebraic variety.
In Section 7 we shall discuss this in more detail.

Let V be an irreducible algebraic subset. Then (V) is a prime ideal, and so k[V]
is an integral domain. Let k(V') be its field of fractions—Fk(V') is called the field of
rational functions on V. The dimension of V is defined to be the transcendence
degree of k(V') over k.

For those who know some commutative algebra, according to the last theorem in
Atiyah and MacDonald 1969, this is equal to the Krull dimension of k[V]; we shall
prove this later.

EXAMPLE 1.20. (a) Let V' = k"; then k(V) = k(X;,...,X,), and so dim(V) =
n. Later we shall see that the Noether normalization theorem implies that V' has
dimension n if and only if there is a surjective finite-to-one map V' — k™.

(b) If V' is a linear subspace of k" (or a translate of such a subspace), then it is
an easy exercise to show that the dimension of V' in the above sense is the same as
its dimension in the sense of linear algebra (in fact, k[V] is canonically isomorphic to
k[Xi,...,Xi,] where the X, are the “free” variables in the system of linear equations
defining V).

In linear algebra, we justify saying V has dimension n by pointing out that its
elements are parametrized by n-tuples; unfortunately, it is not true in general that
the points of an algebraic set of dimension n are parametrized by n-tuples; the most
one can say is that there is a finite-to-one map to k.

(c) An irreducible algebraic set has dimension 0 if and only if it consists of a single
point. Certainly, for any point P € k", k[P] = k, and so k(P) = k. Conversely,
suppose V' = V(p), p prime, has dimension 0. Then k(V) is an algebraic extension of
k, and so equals k. From the inclusions

kCEV]Ck(V)=k

we see that k[V] = k. Hence p is maximal, and we saw in (1.11b) that this implies
that V(p) is a point.

The zero set of a single nonconstant nonzero polynomial f(Xi,...,X,) is called a
hypersurface in k™.

PROPOSITION 1.21. An irreducible hypersurface in k™ has dimension n — 1.

PROOF. Let k[z1,... 2, = k[Xq, ..., X,]/(f), zi = Xi +p, and let k(z1,... ,2,)
be the field of fractions of k[z1,... ,z,]. Since z1, ..., z, generate k(xy,...,x,) and
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they are algebraically dependent, the transcendence degree must be < n (because
{z1,...,z,} contains a transcendence basis — see 6.12 of my notes on Fields and
Galois Theory). To see that it is not < n — 1, note that if X,, occurs in f, then it
occurs in all nonzero multiples of f, and so no nonzero polynomial in X;,..., X, 1
belongs to (f). This means that z1,... ,z,-1 are algebraically independent. O

For a reducible algebraic set V', we define the dimension of V' to be the maximum of
the dimensions of its irreducible components. When these all have the same dimension
d, we say that V' has pure dimension d.

PROPOSITION 1.22. IfV s irreducible and Z is a proper closed subvariety of V,
then dim(Z) < dim(V).

ProoOF. We may assume that 7 is irreducible. Then Z corresponds to a nonzero
prime ideal p in k[V], and k[Z] = k[V]/p.

Suppose V' C k", so that k[V] = k[Xq,... , X,|/I(V) = klxy,... ,x,). If X; is
regarded as a function on k", then its image z; in k[V] is the restriction of this
function to V.

Let f € k[V]. The image f of f in k[V]/p = k[Z] can be regarded as the restriction
of f to Z. With this notation, k[Z] = k[Zi,...,Z,]). Suppose that dimZ = d
and that z1,...,7, are algebraically independent. I will show that, for any nonzero
f € p, the d+ 1 elements x1,... x4, [ are algebraically independent, which implies
that dimV > d + 1.

Suppose otherwise. Then there is a nontrivial algebraic relation among the z; and
f, which we can write

ao(xl,... ,xd)fm+a1(3:1,... ,xd)f”_1_|_..._|_am(3;1"“ 737d> :0’

with a;(x1,... ,xq4) € k[x1,... ,24]. Because the relation is nontrivial, at least one of
the a; is nonzero (in the polynomial ring k[x1, ... ,x4]). After cancelling by a power
of f if necessary, we can assume a,,(z1,...,24) # 0 (in this step, we use that k[V]
is an integral domain). On restricting the functions in the above equality to Z, i.e.,
applying the homomorphism k[V] — k[Z], we find that

A (Z1, ... ,Tq) =0,
which contradicts the algebraic independence of Z1,. .., Z4. O
EXAMPLE 1.23. Let F(X,Y) and G(X,Y) be nonconstant polynomials with no

common factor. Then V(F(X,Y)) has dimension 1 by (1.21), and so V(F(X,Y)) N
V(G(X,Y)) must have dimension zero; it is therefore a finite set.

REMARK 1.24. Later we shall show that if, in the situation of (1.22), Z is a maz-
tmal proper irreducible subset of V', then dim Z = dim V' — 1. This implies that the
dimension of an algebraic set V' is the maximum length of a chain

Vo2Vi2- 2V

with each V; closed and irreducible and Vj an irreducible component of V. Note that
this description of dimension is purely topological—it makes sense for any Noetherian
topological space.
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On translating the description in terms of ideals, we see immediately that the
dimension of V' is equal to the Krull dimension of k[V]—the maximal length of a
chain of prime ideals,

Pa 2 Pa-1 2 £ Py

EXAMPLE 1.25. We classify the irreducible closed subsets V' of k2. If V has di-
mension 2, then (by 1.22) it can’t be a proper subset of k2, so it is k. If V has
dimension 1, then V' # k? and so I(V) contains a nonzero polynomial, and hence
a nonzero irreducible polynomial f (being a prime ideal). Then V' O V/(f), and so
equals V(f). Finally, if V has dimension zero, it is a point. Correspondingly, we can
make a list of all the prime ideals in k[X,Y]: they have the form (0), (f) (with f
irreducible), or (X —a,Y —b).

Appendix A: Integrality. Throughout this subsection, A is an integral domain.
An element « of a field L containing A is said to be integral over A if it is a root of
a monic polynomial with coefficients in A, i.e., if it satisfies an equation

a"+aa + . 4+a,=0, a €A
Before proving that the elements of L integral over A form a ring, we need to review
symmetric polynomials.
Symmetric polynomials. A polynomial P(Xy,...,X,) € A[Xq,...,X,] is said to
be symmetric if it is unchanged when its variables are permuted, i.e., if
P(Xoays - s Xomy) = P(X1,...,X,), all o€ Sym,.

For example

Sl:ZXi: SQZZXin: ey STZXl"'Xr,
i<j
are all symmetric. These particular polynomials are called the elementary symmetric
polynomials.

THEOREM 1.26 (Symmetric function theorem). Let A be a ring. Every symmetric
polynomial P(Xy, ..., X,) in A[X1, ..., X,] is equal to a polynomial in the symmetric
elementary polynomials with coefficients in A, i.e., P € A[S, ..., S;].

ProOOF. We define an ordering on the monomials in the X; by requiring that
XXz X > XPXP . X
if either
ittt >0t g+ o+
or equality holds and, for some s,
i1 =J1, .. is=Js, bub sy > Jopa.

Let Xfl --- X* be the highest monomial occurring in P with a coefficient ¢ # 0.
Because P is symmetric, it contains all monomials obtained from Xfl <o XF by
permuting the X'’s. Hence ky > ko > --- > k.
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Clearly, the highest monomial in S; is Xj --- X, and it follows that the highest
monomial in S .. S% is

di+do+:+dyr yrda++dr dr
Xl X2 A XT’ .

Therefore
P(Xy,...,X,) —cSPh gkt . gk < P(Xy,..., X,).

We can repeat this argument with the polynomial on the left, and after a finite number
of steps, we will arrive at a representation of P as a polynomial in Sy,...,S,. (For
more details, see Jacobson, Basic Algebra I, 2.20, p139.) 0

Let f(X) = X"+ X" ' +--- +a, € A[X], and let a1, ... ,a, be the roots of
f(X) in some ring containing A, i.e., f(X) =[](X — «;). Then

alz—Sl(Oél,... ,Oén), CLQZSQ(Oél,... ,Ozn), ey an::l:Sn(Oél,... ,Ozn).

Thus the elementary symmetric polynomials in the roots of f(X) lie in A, and so the
theorem implies that every symmetric polynomial in the roots of f(X) lie in A.

Integral elements.

THEOREM 1.27. The set of elements of L integral over A forms a ring.

PROOF. Let o and (3 be integral over A; we have to show that o £ 3 and af are
integral over A. Let () be an algebraically closed field containing L.

We are given that « is a root of a polynomial f(X) = X™ + a1 X™ ' + -+ + ap,
a; € A. Write

FX) =]](X - ), as €.

Similarly, 3 is a root of polynomial g(X) = X™ + b; X" ! + ... +b,, b; € A, and we
write

FX) =[x = 8), i e

Let v1, 72, -.-; Ymn be the family of numbers of the form «o; + §; (or a; — 35, or a;0;).
I claim that

df
Wx)< I X =)
1<i<m, 1<j<n
has coefficients in A. This will prove that a+ /3 is integral over A because h(a+3) = 0.
The coefficients of h are symmetric in the o; and ;. Let P(aq, ..., um, b1, ..., Bn) be
one of these coefficients, and regard it as a polynomial Q(/f1, ..., 3,) in the 3’s with
coefficients in Afay, ..., ay,); then its coefficients are symmetric in the a4, and so lie in

A. Thus P(a, ..., Qm, B1, ..., Bn) is @ symmetric polynomial in the 5’s with coefficients
in A—it therefore lies in A, as claimed. O

DEFINITION 1.28. The ring of elements of L integral over A is called the integral
closure of A in L.

PROPOSITION 1.29. Let K be the field of fractions of A, and let L be a field con-
taining K. If a € L is algebraic over K, then there exists a d € A such that do is
integral over A.
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PROOF. By assumption, « satisfies an equation
A" +a ™+ +a,=0a € K.

Let d be a common denominator for the a;, so that da; € A, all ¢, and multiply
through the equation by d™:

d™a™ + a d™ o™ -+ ad™ = 0.
We can rewrite this as
(da)™ + ayd(da)™ ' + -+ + 4 d™ = 0.
As aid, ... ,a,d™ € A, this shows that da is integral over A. O

COROLLARY 1.30. Let A be an integral domain with field of fractions K, and let
L be an algebraic extension of K. If B is the integral closure of A in L, then L is the
field of fractions of B.

PRrROOF. The proposition shows that every a € L can be written o« = (3/d with
G6eB,deA. O

DEFINITION 1.31. A ring A is integrally closed if it is its own integral closure in
its field of fractions K, i.e., if
a € K, «integral over A = o € A.

PROPOSITION 1.32. A unique factorization domain (e.g. a principal ideal domain)
18 integrally closed.

PROOF. Suppose a/b, a,b € A, is an element of the field of fractions of A and is
integral over A. If b is a unit, then a/b € A. Otherwise we may suppose that there
is an irreducible element p of A dividing b but not a. As a/b is integral over A, it
satisifies an equation

(a/b)" +ai(a/b)"t +---+a, =0, a; € A
On multiplying through by 4", we obtain the equation
a4+ ara™ b+ ...+ a,b" = 0.

The element p then divides every term on the left except a”, and hence must divide
a™. Since it doesn’t divide a, this is a contradiction. O

PROPOSITION 1.33. Let K be the field of fractions of A, and let L be an extension
of K of finite degree. Assume A is integrally closed. An element o of L is integral
over A if and only if its minimum polynomial over K has coefficients in A.

PROOF. Assume « is integral over A, so that
a™+a 0™+ . +a, =0, somea; € A.

Let o/ be a conjugate of a, i.e., a root of the minimum polynomial of a over K. Then
there is an K-isomorphism®

o: Kla] = K[d], o(a)=2d
8If f(X) is the minimum polynomial of «, hence also of o', over K, then the map h(X) ~

h(a) : K[X] — KJa] induces an isomorphism 7 : K[X]/(f(X)) — K[a]. Similarly, h(X) — h(a/) :
K[X] — K|o/] induces an isomorphism 7/ : K[X]/(f(X)) — K[/], and we set 0 = 7/ o 77 1.
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On applying ¢ to the above equation we obtain the equation
"+ a ™+ +a,, =0,

which shows that o/ is integral over A. Hence all the conjugates of « are integral over
A, and it follows from (1.27) that the coefficients of f(X) are integral over A. They
lie in K, and A is integrally closed, and so they lie in A. This proves the “only if”
part of the statement, and the “if” part is obvious. O

Appendix B: Transcendence degree. I have deleted this subsection from the
notes since it was merely a copy of Section 6 of my notes Fields and Galois Theory.
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2. AFFINE ALGEBRAIC VARIETIES

In this section we define on an algebraic set the structure of a ringed space, and
then we define the notion of affine algebraic variety—roughly speaking, this is an
algebraic set with no preferred embedding into k™. This is in preparation for §3,
where we define an algebraic variety to be a ringed space that is a finite union of
affine algebraic varieties satisfying a natural separation axiom (in the same way that
a topological manifold is a union of subsets homeomorphic to open subsets of R”
satisfying the Hausdorff axiom).

Ringed spaces. Let V' be a topological space and k a field.

DEFINITION 2.1. Suppose that for every open subset U of V' we have a set Oy (U)
of functions U — k. Then Oy is called a sheaf of k-algebras if it satisfies the following
conditions:

(a) Oy (U) is an k-subalgebra of the algebra of all functions U — k, i.e., for each
¢ € k, the constant function ¢ is in Oy (U), and if f, g € Oy (V), then so also do
f£g,and fg.

(b) If U’ is an open subset of U and f € Oy (U), then f|U" € Oy (U").

(c¢) Let U = UU, be an open covering of an open subset U of V; then a function
f: U —kisin Oy(U) if flU, € Oy (U,) for all « (i.e., the condition for f to be
in Oy (U) is local.

EXAMPLE 2.2. (a) Let V' be any topological space, and for each open subset U of
V' let Oy (U) be the set of all continuous real-valued functions on U. Then Oy is a
sheaf of R-algebras.

(b) Recall that a function f: U — R, where U is an open subset of R", is said
to be C* (or infinitely differentiable) if its partial derivatives of all orders exist and
are continous. Let V be an open subset of R"™, and for each open subset U of V' let
Oy (U) be the set of all infinitely differentiable functions on U. Then Oy is a sheaf
of R-algebras.

(c) Recall that a function f: U — C, where U is an open subset of C", is said
to be analytic (or holomorphic) if it is described by a convergent power series in a
neighbourhood of each point of U. Let V' be an open subset of C", and for each open
subset U of V' let Oy (U) be the set of all analytic functions on U. Then Oy is a sheaf
of C-algebras.

(d) Nonexample: let V' be a topological space, and for each open subset U of V' let
Oy (U) be the set of all real-valued constant functions on U; then Oy is not a sheaf,
unless V' is irreducible! If “constant” is replaced with “locally constant”, then Oy
becomes a sheaf of R-algebras (in fact, the smallest such sheaf).

A pair (V, Oy ) consisting of a topological space V' and a sheaf of k-algebras will be
called a ringed space. For historical reasons, we often write I'(U, Oy ) for Oy (U) and
call its elements sections of Oy over U.

Let (V,Oy) be a ringed space. For any open subset U of V| the restriction Oy |U
of Oy to U, defined by

LU, Oy|U) =T(U',Oy), all open U’ C U,
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is a sheaf again.

Let (V,Oy) be ringed space, and let P € V. Consider pairs (f,U) consisting of
an open neighbourhood U of P and an f € Oy (U). We write (f,U) ~ (f',U’)
if flU" = f'|U" for some U” C U NU'. This is an equivalence relation, and an
equivalence class of pairs is called a germ of a function at P. The set of equivalence
classes of such pairs forms a k-algebra denoted Oy p or Op. In all the interesting
cases, it is a local ring with maximal ideal the set of germs that are zero at P.

In a fancier terminology,

Op = lim Oy (U), (direct limit over open neighbourhoods U of P).

ExaMPLE 2.3. Let V = C, and let Oy be the sheaf of holomorphic functions on
C. For c € C, call a power series ) -, an(z —¢)", a, € C, convergent if it converges
on some neighbourhood of ¢. The set of such power series is a C-algebra, and I claim
that it is canonically isomorphic to the ring of germs of functions O.. From basic
complex analysis, we know that if f is a holomorphic function on a neighbourhood U
of ¢, then f has a power series expansion f = > a,(z —¢)" in some (possibly smaller)
neighbourhood. Moreover another pair (g, U’) will define the same power series if and
only if g agrees with f on some neighbourhood of ¢ contained in U N U’. Thus we
have injective map from the ring of germs of holomorphic functions at ¢ to the ring
of convergent power series, and it is obvious that it is an isomorphism.

Review of rings of fractions. Before defining the sheaf of regular functions on an
algebraic set, we need to review some of the theory of rings of fractions. When the
initial ring is an integral domain (the most important case), the theory is very easy
because all the rings are subrings of the field of fractions.

A multiplicative subset of a ring A is a subset S with the property:
1eS, a,beS=abes.

Define an equivalence relation on A x S by
(a,s) ~ (b,t) <= u(at —bs) =0 for some u € S.

Write ¢ for the equivalence class containing (a, s), and define addition and multipli-
cation in the obvious way:

st st st st
We then obtain a ring ST'A = {2 | a € A, s € S}, and a canonical homomorphism
T A— S~ A, not necessarily injective. For example, if S contains 0, then S~ A4
is the zero ring.
Write ¢ for the homomorphism a — %: A — S™'A. Then (S7'A, ) has the follow-
ing universal property: every element s € S maps to a unit in S~'A, and any other
homomorphism «: A — B with this property factors uniquely through i:

a b at+bs aé_ab

a —

A—" g7lA

X 3
A\

B.
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The uniqueness is obvious—the map S™'A — B must be ¢ — a(a) - a(s)™" — and

it is easy to check that this formula does define a homomorphism S~'A — B. For
example, to see that it is well-defined, note that

% = 2 = s(ad — bc) =0 some s € S = a(a)a(d) — a(b)a(c) = 0,

because «(s) is a unit in B, and so
afa)a(c)™ = a(b)a(d) ™.

As usual, this universal property determines the pair (S~ A, 7) uniquely up to a unique
isomorphism.

In the case that A is an integral domain we can form the field of fractions I = S~1A,
S = A — {0}, and then for any other multiplicative subset S of A not containing 0,
S7'A can be identified with {¢ € F'|a € A, s € S}.

We shall be especially interested in the following examples.

(i) Let h € A. Then S, a4 {1,h,h? ...} is a multiplicative subset of A, and we
write Aj, = S, ' A. Thus every element of Aj, can be written in the form a/h™, a € A,
and

a b N n m

T h* (ah™ — bh™) = 0, some N.
In the case that A is an integral domain, with field of fractions F', A is the subring
of F of elements of the form a/h™, a € A, m € N.

(ii) Let p be a prime ideal in A. Then S, SN p is a multiplicative subset of A,
and we write A, = Sp_lA. Thus each element of A, can be written in the form ¢,

c ¢ p, and

b
g:a <= s(ad — bc) =0, some s ¢ p.
C

The subset m = {$ | a € p, s ¢ p} is a maximal ideal in A, and it is the only
maximal ideal * . Therefore A, is a local ring. Again, when A is an integral domain
with field of fractions F', A, is the subring of F' consisting of elements expressible in
the form ¢, a € A, s ¢ p.

LEMMA 2.4. For any ring A, the map Y a; X" — >_ % defines an isomorphism
A[X]/(1 = hX) S A

PROOF. In the ring A[z] = A[X]/(1 — hX), 1 = hx, and so h is a unit. Consider
a homomorphism of rings a: A — B such that a(h) is a unit in B. Then « extends
to a homomorphism

Y aX'— Y ala)alh)” A[X] — B.

Under this homomorphism 1 — hX +— 1 — a(h)a(h)™ = 0, and so the map factors
through A[z]. The resulting homomorphism ~: A[z] — B has the property that
its composite with A — Afz| is «, and (because hz = 1 in A[z]) it is the unique

9First check m is an ideal. Next, if m = A, then 1 € m; but 1 = %, a €p, s ¢ p means
u(s —a) = 0 some u ¢ p, and so a = us ¢ p. Finally, m is maximal, because any element of A, not
in m is a unit.
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homomorphism with this property. Therefore A[x] has the same universal property
as Ap, and so the two are (uniquely) isomorphic by an isomorphism that makes h~*
correspond to x. O

For more on rings of fractions, see Atiyah and MacDonald 1969, Chapt 3.

The ringed space structure on an algebraic set. We now take £ to be an
algebraically closed field. Let V' be an algebraic subset of k™. An element h of k[V]
defines functions

a— h(a): V — k,and a— 1/h(a): D(h) — k.
Thus a pair of elements g, h € k[V] with h # 0 defines a function

9(a)
=——=: D(h k.
ar— h(a) (h) —
We say that a function f: U — k on an open subset U of V is reqular if it is of
this form in a neighbourhood of each of its points, i.e., if for all a € U, there exist
g, h € k[V] with h(a) # 0 such that the functions f and { agree in a neighbourhood
of a. Write Oy (U) for the set of regular functions on U.

For example, if V' = k", then a function f: U — k isregular at a point a € U if there
are polynomials ¢g(Xi,...,X,) and h(X1,...,X,) with h(a) # 0 and f(b) = % for
all b such that the expression on the right is defined.

PROPOSITION 2.5. The map U — Oy (U) defines a sheaf of k-algebras on V.

PROOF. We have to check the conditions (2.1).

(a) Clearly, a constant function is regular. Suppose f and f” are regular on U, and
let a € U. By assumption, there exist g, ¢, h, k' € k[V], with h(a) # 0 # h/(a) such
that f and f’ agree with ¢ and z—: respectively near a. Then ff’ agrees with 9h;:,;/9/h
near a, and so ff’ is regular on U. Similarly f £ f” are regular on U. Thus Oy (U)

is a k-algebra.

(b) It is clear from the definition that the restriction of a regular function to an
open subset is again regular.

(¢) The condition for f to be regular is obviously local. O

LEMMA 2.6. The element g/h™ of k[V], defines the zero function on D(h) if and
only if gh =0 (in k[V]) (and hence g/h™ = 0 in k[V]}).

PRrROOF. If g/h™ is zero on D(h), then gh is zero on V because h is zero on the
complement of D(h). Therefore gh is zero in k[V]. Conversely, if gh = 0, then
g(a)h(a) =0 for all a € k", and so g(a) = 0 for all a € D(h). O

PROPOSITION 2.7. (a) The canonical map k[V], — Oy (D(h)) is an isomorphism.
(b) For any a € V, there is a canonical isomorphism Oa — k[V|m,, where my is

the mazimal ideal (v1 — a1, ... ,x, — ay).

PROOF. (a) The preceding lemma shows that k[V], — Oy (D(h)) is injective, and
so it remains to show that every regular function f on D(h) arises from an element
of k[V]h
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By definition, we know that there is an open covering D(h) = UV; and elements
gi, hi € k[V] with h; nowhere zero on V; such that f|V; = i—i Since the sets of the
form D(a) form a basis for the topology on V', we can assume that V; = D(a;), some
a; € k[V]. By assumption D(a;) C D(h;), and so al¥ = h;g for some I € k[V] (see

paragraph after 1.14). On D(a;), f = 7+ = zi—gé = ii—%. Note that D(al) = D(a;).

Therefore, after replacing g; with g;g/ and h; with Y, we can suppose that V; = D(h;).
We now have that D(h) = UD(h;) and that f|D(h;) = £. Because D(h) is

hi
quasicompact!®, we can assume that the covering is finite. As £ = % on D(h;) N

hi Ry
D(hj) = D(h;h;), we have (by the lemma) that
hihj(gih; — gihi) = 0. (%)

Because D(h) = UD(h;) = UD(h?), V((h)) = V((h3,...,h%)), and so there exist
a; € k[V] such that

W= ahi ()

I claim that f is the function on D(h) defined by %

Let a be a point of D(h). Then a will be in one of the D(h;), say D(h;). We have
the following equalities in k[V]:

h? Z a;gih; = Z aigihih; by (*)
i1 i—1

= gih;h" by (*%).

But f|D(h;) = ,‘Z—;, i.e., fh; and g; agree as functions on D(h;). Therefore we have

the following equality of functions on D(h;):
3 aigihi = fR3AN.

Since h? is never zero on D(h;), we can cancel it, to find that, as claimed, the function
fhY on D(h;) equals that defined by > a;g;h;.

(b) First a general observation: in the definition of the germs of a sheaf at a, it
suffices to consider pairs (f, U) with U lying in a fixed basis for the neighbourhoods
of a. Thus each element of O, is represented by a pair (f, D(h)) where h(a) # 0 and
f € k[V],, and two pairs (f1, D(h1)) and (f2, D(hg)) represent the same element of
O, if and only if f; and fs restrict to the same function on D(h) for some a € D(h) C
D(hihs).

For each h ¢ p, there is a canonical homomorphism «y,: k[V];, — k[V],, and we
map the element of O, represented by (f, D(h)) to ax(f). It is now an easy exercise
to check that this map is well-defined, injective, and surjective. O

The proposition gives us an explicit description of the value of Oy on any basic
open set and of the ring of germs at any point a of V. When V is irreducible, this

10Recall (1.13) that V is Noetherian, i.e., has the ascending chain condition on open subsets. This
implies that any open subset of V' is also Noetherian, and hence is quasi-compact.
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becomes a little simpler because all the rings are subrings of £(V'). We have:
9
L(D(h),Ov) = {35 €kV)geklV], NeNk

Ou = {3 € k(V) | ha) # 0};

L(U,Ovy) = NO, (intersection over all a € U}
NL(D(h;), Oy) if U =UD(h;).
Note that every element of k(1) defines a function on some nonempty open subset of
V' . Following tradition, we call the elements of k(V') rational functions on V' (even

though they are not functions on V'). The last equality then says that the regular
functions on U are the rational functions on V' that are defined at each point of U.

EXAMPLE 2.8. (a) Let V' = k™. Then the ring of regular functions on V', T'(V, Oy/),
is k[X1,...,X,]. For any nonzero polynomial h(Xi,...,X,), the ring of regular
functions on D(h) is

{hiN € k(X1 .., X)) | g h € K[X0, ..., X,
For any point a = (a1, ... ,ay), the ring of germs of functions at a is
Ou = {5 € k(X1 Xa) | h(a) # 0} = K[X1, -+ o] (6ymar e Xoman)

and its maximal ideal consists of those g/h with g(a) = 0.

(b) Let U = {(a,b) € k* | (a,b) # (0,0)}. It is an open subset of k%, but it is not
a basic open subset, because its complement {(0,0)} has dimension 0, and therefore
can’t be of the form V'((f)) (see 1.21). Since U = D(X) U D(Y'), the ring of regular
functions on U is

I'(D(X),0)NnI(D(Y),0) =k[X,Y]x Nk[X,Y]y.
Thus (as an element of k(X,Y)), a regular function on U can be written

9(X,Y) _ MX.Y)
Since k[X, Y] is a unique factorization domain, we can assume that the fractions are
in their lowest terms. On multiplying through by XYY we find that

g( X, Y)YM = h(X, V)XV
Because X doesn’t divide the left hand side, it can’t divide the right either, and so

N = 0. Similarly, M = 0, and so f € k[X,Y]: every regular function on U extends
to a regular function on k2.

Morphisms of ringed spaces. A morphism of ringed spaces (V,Oy) — (W, Ow)
is a continuous map ¢: V — W such that

fe Ow(U) :>f0g0€ Ov(gO_IU)

for all open subsets U of W. Sometimes we write ¢*(f) for f o . If U is an open
subset of V', then the inclusion (U, Oy |V) — (V, Oy) is a morphism of ringed spaces.
A morphism of ringed spaces is an isomorphism if it is bijective and its inverse is also
a morphism of ringed spaces (in particular, it is a homeomorphism).
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EXAMPLE 2.9. (a) Let V and V' be topological spaces endowed with their sheaves
Oy and Oy~ of continuous real valued functions. Any continuous map ¢: V — V' is
a morphism of ringed structures (V, Oy) — (V’, Oy»).

(b) Let U and U’ be open subsets of R™ and R™ respectively. Recall from advanced
calculus that a mapping

SOZ(SOI”SOW)U_)U/CRW

is said to be infinitely differentiable (or C'*) if each ¢; is infinitely differentiable, in
which case f o ¢ is infinitely differentiable for every infinitely differentiable function
f: U — R. Note that ¢; = z; 0 p, where z; is the coordinate function (a4, ... ,a,) —
a;.

Let V and V' be open subsets of R™ and R™ respectively, endowed with their
sheaves of infinitely differentiable functions Oy and Oy.. The above statements show
that a continuous map ¢: V — V' is infinitely differentiable if and only if it is a
morphism of ringed spaces.

(c) Same as (b), but replace R with C and “infinitely differentiable” with “analytic”.

REMARK 2.10. A morphism of ringed spaces maps germs of functions to germs of
functions. More precisely, a morphism ¢: (V,Oy) — (V’, Oy/) induces a map

OV,P — OV/,QD(P),

namely, [(f,U)] — [(f o ¢, o 1 (T))].

Affine algebraic varieties. We have just seen that every algebraic set gives rise to
a ringed space (V,Oy). We define an affine algebraic variety over k to be a ringed
space that is isomorphic to a ringed space of this form. A morphism of affine algebraic
varieties is a morphism of ringed spaces; we often call it a reqular map V. — W or
a morphism V. — W, and we write Mor(V, W) for the set of such morphisms. With
these definitions, the affine algebraic varieties become a category. Since we consider
no nonalgebraic affine varieties, we shall often drop the “algebraic”.

In particular, every algebraic set has a natural structure of an affine variety. We
usually write A" for k" regarded as an affine algebraic variety. Note that the affine
varieties we have constructed so far have all been embedded in A". We shall now see
how to construct “unembedded” affine varieties.

A reduced finitely generated k-algebra is called an affine k-algebra. For such an
algebra A, there exist x; € A (not necessarily algebraically independent), such that
A = klz1,...,z,), and the kernel of the homomorphism

Xi = T k[Xl, ,Xn] — A

is a radical ideal. Zariski’s Lemma 1.7 implies that, for any maximal ideal m € A,
the map £k — A — A/m is an isomorphism. Thus we can identify A/m with k. For
f € A, we write f(m) for the image of fin A/m =k, i.e., f(m) = f (mod m).

We can associate with any affine k-algebra A a ringed space (V,Oy). First, V' is
the set of maximal ideals in A. For h € A, h # 0, let

D(h) = {m | h(m) #0, i.e., h & m},
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and endow V' with the topology for which the D(h) form a basis. A pair of elements
g,h € A, h # 0, defines a function

g9(m)
—: D(h k
~ hmy P K
and we call a function f: U — k on an open subset U of V' regular if it is of this form
on a neighbourhood of each point of U. Write Oy (U) for the set of regular functions
on U.

PROPOSITION 2.11. The pair (V,Oy) is an affine variety with T'(V, Oy) = A.

PROOF. Represent A as a quotient k[Xy,...,X,]/a = k[x1,... ,x,). Then the
map

(a1,...,a,) — (x1 —a1,... , Ty — ap) (ideal in A)
is a bijection ¢: V' (a) — V with inverse
m— (z1(m),...,z,(m)): V — V(a) C k"

It is easy to check that this is a homeomorphism, and that a function f on an open
subset of V' is regular (according to the above definition) if and only if f o ¢ is
regular. O

We write specm(A) for the topological space V', and Specm(A) for the ringed
space (V,Oy). If we start with an affine variety V and let A = I'(V, Oy), then the
Specm(A) ~ (V,Oy) (canonically). We again write k[V] for T'(V, Oy), the ring of
functions regular on the whole of V.

Thus, for each affine k-algebra A, we have an affine variety Specm(A), and con-
versely, for each affine variety (V, Oy ), we have an affine k-algebra I'(V, Oy/). We now
make this correspondence into an equivalence of categories.

REMARK 2.12. I claim that a radical ideal a in k[Xi,...,X,] is equal to the
intersection of the maximal ideals containing it. Indeed, the maximal ideals in
k[Xi,...,X,] are all of the foom m, = (X1 —a1,..., X, —a,), and f € m, <=
f(a) =0. Thusmy Da <= a € V(a), and if f € m, for all a € V(a), then f is
zero on V(a), i.e., f € IV(a) = a.

This remark implies that, for any affine k-algebra A, the intersection of the maximal
ideals of A is zero, because A is isomorphic to a k-algebra k[X,...,X,]/a and we
can apply the remark to a. Hence the map that associates with f € A the map
specmA — k, m — f(m), is injective: A can be identified with a ring of functions on
specm A.

The category of affine algebraic varieties. Let a: A — B be a homomorphism of
affine k-algebras. For any h € A, a(h) is invertiblein B,(y), and so the homomorphism
A — B — By extends to a homomorphism

9 . ol
hmo o alh)m

Ah — Ba(h)-

For any maximal ideal n of B, m < a~1(n) is maximal in A, because A/m — B/n=k
is an injective map of k-algebras and this implies A/m = k. Thus « defines a map

¢: specm B — specm A,  p(n) = a *(n) = m.
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For m = a~!(n) = p(n), we have a commutative diagram:

A —*5 B

| |

A/m —— A/n.

Recall that the image of an element f of A in A/m = k is denoted f(m). Therefore,
the commutativity of the diagram means that, for f € A,

flem) = a(f)m), ie, foo=a  (¥).
Since ' D(f) = D(f o ¢) (obviously), it follows from (*) that
v (D(f)) = D(a(f)),

and so ¢ is continuous.

Let f be a regular function on D(h), and write f = g/h™, g € A. Then, from (*)
we see that f o is the function on D(a(h)) defined by a(g)/a(h)™. In particular,
it is regular, and so f — f o ¢ maps regular functions on D(h) to regular functions
on D(a(h)). It follows that f — f o ¢ sends regular functions on any open subset
of specm(A) to regular functions on the inverse image of the open subset. Thus «
defines a morphism Specm(B) — Specm(A).

Conversely, by definition, a morphism of ¢: (V, Oy) — (W, Oy ) of affine algebraic
varieties defines a homomorphism of the associated affine k-algebras k[W] — k[V].
Since these maps are inverse, we have shown:

PROPOSITION 2.13. For any affine algebras A and B,
Homy,_q;y(A, B) = Mor(Specm(B), Specm(A));

for any affine varieties V. and W,

Mor(V, W) = Homy_qy(k[W], k[V]).
A covariant functor F': A — B of categories is said to be an equivalence of cate-
gories if
(a) for all objects A, A’ of A,

Hom(A, A") — Hom(F(A), F(A"))

is a bijection (F is fully faithful);
(b) every object of B is isomorphic to an object of the form F'(A), A € Ob(A) (F
is essentially surjective).

One can show that such a functor F' has a quasi-inverse, i.e., there is a functor
G: B — A, which is also an equivalence, and is such that G(F(A)) ~ A (functorially)
and F(G(B)) ~ B (functorially). Hence the relation of equivalence is an equivalence
relation. (In fact one can do better—see, for example, Bucur and Deleanu, Introduc-
tion to the Theory of Categories and Functors, 1968, 1.6.)

Similarly one defines the notion of a contravariant functor being an equivalence of
categories. Proposition 2.13 can now be restated in stronger form as:
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PROPOSITION 2.14. The functor A — Specm A is a (contravariant) equivalence

from the category of affine k-algebras to that of affine varieties with quasi-inverse
(V,Ov) = I'(V, Oy).

Explicit description of morphisms of affine varieties.

PROPOSITION 2.15. Let V = V(a) C k™, W = V(b) C k". The following condi-
tions on a continuous map p: V — W are equivalent:

(a) ¢ is regular;
(b) the components o1, ... ,om of ¢ are all reqular;
(c) fekW]= fopek[V].

PROOF. (a) = (b). By definition ¢; = y; o ¢ where y; is the coordinate function
(b1, ... ,by) — bi: W — k. Hence this implication follows directly from the definition
of a regular map.

(b) = (¢). The map f — f o is a k-algebra homomorphism from the ring of
all functions W — k to the ring of all functions V' — k, and (b) says that the map
sends the coordinate functions y; on W into k[V]. Since the y;’s generate k[IV] as a
k-algebra, this implies that this map sends k[W] into k[V].

(¢c) = (a). The map f — f o is a homomorphism a: k[W] — k[V]. It therefore
defines a map specm k[V] — specm k[WW], and it remains to show that this coincides
with ¢ when we identify specm k[V] with V' and specm k[W] with W. Let a € V| let
b = p(a), and let m, and my, be the ideals of elements of k[V] and k[W] that are zero
at a and b respectively. Then, for f € k[IWV],

alf)em, <= f(p(a))=0 < f(b) =0 < f € mp.
Therefore a™!(m,) = my,, which is what we needed to show. O

REMARK 2.16. For all a € V| f — f o ¢ maps germs of regular functions at
p(a) to germs of regular functions at a; in fact, it induces a local homomorphism
OV,cp(a) - OV,a-

Now consider equations

i = P(X1,...,Xn)

Y, = P.(X1,...,Xn).
On the one hand, they define a mapping ¢: k™ — k™, namely,
(@1, .. yam) — (Pi(a1, ... ,am),..., Puas, ... am)).

On the other, they define a homomorphism of k-algebras a: k[Yi,...,Y,] —
k[Xi,...,X,], namely, that sending

Yi— Pi(Xy,...,X,).
This map coincides with f +— f o ¢, because

a(f)(@) = f(..., F(a),...) = f(e(a)).
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Now consider closed subsets V(a) C k™ and V(b) C k" with a and b radical ideals. I
claim that ¢ maps V' (a) into V' (b) if and only if a(b) C a. Indeed, suppose p(V (a)) C
V(b), and let f € b; for b € V(b),

a(f)(b) = f(e(b)) =0,
and so «a(f) € IV (b) = b. Conversely, suppose a(b) C a, and let a € V' (a); for f € a,

f(p(a)) = a(f)(a) = 0,

and so p(a) € V(a). When these conditions hold, ¢ is the morphism of affine
varieties V(a) — V/(b) corresponding to the homomorphism k[Y1,...,Y,]/b —
k[X1,...,Xys]/a defined by a.

Thus, we see that the morphisms
V(a) — V(b)
are all of the form
a— (P(a),...,Pn(a)), P e€k[Xy,...,X,]

EXAMPLE 2.17. (a) Consider a k-algebra R. From a k-algebra homomorphism
a: k[X] — R, we obtain an element a(X) € R, and a(X) determines a completely.
Moreover, a(X) can be any element of R. Thus

o a(X): Homy_a,(k[X], R) = R.
According to (2.13)
Mor(V, A') = Homy,_. (k[ X], K[V]).
Thus the regular maps V' — A! are simply the regular functions on V' (as we would
hope).
(b) Define A° to be the ringed space (Vp, Oy,) with Vj consisting of a single point,
and T'(Vp, Oy,) = k. Equivalently, A° = Specm k. Then, for any affine variety V,
Mor(A°, V) = Homy,_ag(k[V], k) =V

where the last map sends « to the point corresponding to the maximal ideal Ker(a).

(c) Consider t + (t%,¢3): A! — A2 This is bijective onto its image, the variety
V:Y? = X3 but it is not an isomorphism onto its image — the inverse map is
not a morphism. Because of (2.14), it suffices to show that ¢ — (%, ¢3) doesn’t

induce an isomorphism on the rings of regular functions. We have k[A'] = k[T] and
k[V] = k[X,Y]/(Y? — X3) = k[x,y]. The map on rings is

v T% yw— T3 klx,y] — K[T),
which is injective, but the image is k[T?, T3] # k[T)]. In fact, k[z,y] is not integrally

closed: (y/x)?—x =0, and so (y/x) is integral over k[z, y], but y/z ¢ k[x,y] (it maps
to T" under the inclusion k(z,y) — k(T)).

(d) Assume that k& has characteristic p # 0, and consider z +— zP: A" — A", This
is a bijection, but it is not an isomorphism because the corresponing map on rings,

X; o XP kX, X = kXL X,

is not surjective.
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This map is the famous Frobenius map. Take k to be the algebraic closure of I,
the field with p elements, and write F' for the map. Then the fixed points of F' are
precisely the points of A™ with coordinates in F,m, the field with p™-elements (recall
from Galois theory that IF,m is the subfield of k consisting of those elements satisfying
the equation X*" = X). Let P(Xj,...,X,) be a polynomial with coefficients in Fym,
P=35¢,X% o €Fpm. If P(a) =0, a € k", ic., > caal ---ain = 0, then

. o \P" " s
0= (St air)” = ™,
and so P(F™a) = 0. Thus F™ maps V(P) into V(P), and its fixed points are the
solutions of
P(Xy,...,X,)=0
in Fpm.

In one of the most beautiful pieces of mathematics of the last fifty years,
Grothendieck defined a cohomology theory (étale cohomology) that allowed him to
obtain an expression for the number of solutions of a system of polynomial equations
with coordinates in [Fy» in terms of a Lefschetz fixed point formula, and Deligne used

the theory to obtain very precise estimates for the number of solutions. See my course
notes: Lectures on Etale Cohomology.

Subvarieties. For any ideal a in A, we define
V(a) = {Pe€specmA| f(P)=0all f € a}
= {m maximal ideal in A | a C m}.
This is a closed subset of specm A, and every closed subset is of this form.
Now assume a is radical, so that A/a is again reduced. Corresponding to the
homomorphism A — A/a, we get a regular map

Specm A/a — Specm AA

The image is V' (a), and specm A/a — V(a) is a homeomorphism. Thus every closed
subset of specm A has a natural ringed structure making it into an affine algebraic
variety. We call V' (a) with this structure a closed subvariety of V.

AsiDE 2.18. If (V,Oy) is a ringed space, and Z is a closed subset of V, we can
define a ringed space structure on Z as follows: let U be an open subset of Z, and let
f be a function U — k; then f € I'(U, Oy) if for each P € U there is a germ (U’ f')
of a function at P (regarded as a point of V') such that f'|ZNU" = f. One can
check that when this construction is applied to Z = V'(a), the ringed space structure
obtained is that described above.

e}

PROPOSITION 2.19. Let (V,Oy) be an affine variety and let h € k[V], h #
Then (D(h), Ov|D(h)) is an affine variety; in fact if V= specm(A), then D(h)
specm(Ap). More explicitly, if V =V (a) C k", then

(a1, ... a,) — (ai,... ,an, hiay,... a,)""): D(h) — k",

defines an isomorphism of D(h) onto V(a,1 — hX,11).

PrROOF. The map A — Aj defines a morphism specm A;, — specm A. The image
is D(h), and it is routine (using (2.4)) to verify the rest of the statement. O
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For example, there is an isomorphism of affine varieties
r— (x,1/z): A' = {0} - V C A?,
where V is the subvariety XY = 1 of A2 — the reader should draw a picture.

REMARK 2.20. We have seen that all closed subsets, and all basic open subsets, of
an affine variety V' are again affine varieties, but it need not be true that (U, Oy|U)
is an affine variety when U open in V. Note that if (U, Oy|U) is an affine variety,
then we must have (U, Oy) = Specm(A), A =T'(U,Oy). In particular, the map

Pemp = {f € 4| f(P) = 0}
will be a bijection from U onto specm(A).

Consider U C A%\ (0,0) = D(X) U D(Y). We saw in (2.8b) that T'(U, Oy2) =
k[X,Y]. Now U — specm k[X, Y] is not a bijection, because the ideal (X,Y") is not
in the image.

However, U is clearly a union of affine algebraic varieties — we shall see in the next
section that it is a (nonaffine) algebraic variety.

Properties of specm(a).

PROPOSITION 2.21. Let ao: A — B be a homomorphism of affine k-algebras, and
let ¢: Specm(B) — Specm(A) be the corresponding morphism of affine varieties (so
that a(f) =¢o f).

(a) The image of ¢ is dense for the Zariski topology if and only if « it is injective.
(b) ¢ defines an isomorphism of Specm(B) onto a closed subvariety of Specm(A) if
and only if « is surjective.

PRrOOF. (a) Let f € A. If the image of ¢ is dense, then
fop=0=f=0.

Conversely, if the image of ¢ is not dense, there will be a nonzero function f € A
that is zero on its image, i.e., such that f o p = 0.

(b) If « is surjective, then it defines an isomorphism A/a — B where a is the kernel
of . This induces an isomorphism of Specm(B) with its image in Specm(A). O

A regular map ¢: V — W of affine algebraic varieties is said to be a dominating if
the image is dense in W. The proposition then says that:

¢ is dominating <= f+— fo: I'(W,0w) — I'(V,Oy) is injective.

A little history. We have associated with any affine k-algebra A an affine variety
whose underlying topological space is the set of maximal ideals in A. It may seem
strange to be describing a topological space in terms of maximal ideals in a ring, but
the analysts have been doing this for more than 50 years. Gel'fand and Kolmogorov
in 1939 proved that if S and T are completely regular topological spaces, and the
rings of real-valued continuous functions on S and 7' are isomorphic (just as rings),
then S and T are homeomorphic. The first step in the proof showed that, for such a
space S, the map

P—mp={f:5—>R|f(P)=0}
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defines a one-to-one correspondence between the points in the space and maximal
ideals in the ring. (See Shields’s article in Math. Intelligencer, Summer 1989, pp
15-17.) (A space S is completely regular if it is 77 and for every closed subset C
and point P ¢ C| there is a real-valued continuous function f on the space such that
f(P) =0 and f is identically 1 on C'.)



44
3. ALGEBRAIC VARIETIES

An algebraic variety is a ringed space that is locally isomorphic to an affine algebraic
variety, just as a topological manifold is a ringed space that is locally isomorphic to
an open subset of R™; both are required to satisfy a separation axiom.

Algebraic prevarieties. As motivation, recall the following definitions.

DEFINITION 3.1. (a) A topological manifold is a ringed space (V, Oy ) such that V
is Hausdorff and every point of V' has an open neighbourhood U for which (U, Oy |U)
is isomorphic to the ringed space of continuous functions on an open subset of R™ (cf.
(2.2a)).

(b) A differentiable manifold is a ringed space such that V' is Hausdorff and every
point of V' has an open neighbourhood U for which (U, Oy|U) is isomorphic to a
ringed space as in (2.2b).

(c) A complex manifold is a ringed space such that V' is Hausdorff and every point
of V' has an open neighbourhood U for which (U, Oy|U) is isomorphic to a ringed
space as in (2.2c).

The above definitions are easily seen to be equivalent to the more classical defini-
tions in terms of charts and atlases. Often one imposes additional conditions on V,
for example, that it is second countable or connected.

DEFINITION 3.2. An algebraic prevariety is a ringed space (V,Oy) such that V
is quasi-compact and every point of V has an open neighbourhood U such that
(V,Oy|U) is an affine algebraic variety.

Equivalently, a ringed space (V,Oy) is an algebraic prevariety if there is a finite
open covering V' = UV, such that (V;, Oy|V;) is an affine algebraic variety for all i.

An algebraic variety will be defined to be an algebraic prevariety satisfying a certain
separation condition.

An open subset U of an algebraic prevariety V' such that (U, Oy|U) is an affine
algebraic variety is called an open affine (subvariety) in V.

Let (V, Oy ) be an algebraic variety, and let U be an open subset of V. The functions
f: U — klyingin I'(U, Oy) are called regular. Note that if (U;) is an open covering of
V' by affine varieties, then f: U — k is regular if and only if f|U; NU is regular for all
i (this is just a special case of condition (c) to be a sheaf, p12). Thus understanding
the regular functions on open subsets of V' amounts to understanding the regular
functions on the open affine subvarieties and how these subvarieties fit together to
form V.

EXAMPLE 3.3. Any open subset of an affine variety together with its induced
ringed structure is an algebraic prevariety (in fact variety). For example, A%\ {(0,0)}
is an algebraic variety.

EXAMPLE 3.4. (Projective space). Let
P" = k" {(0,...,0)}~

where (ag,...,an) ~ (bo,...,b,) if there is a ¢ € k* such that (ao,...,a,) =
(cho, ... ,cby,). Thus the equivalence classes are the lines through the origin in k"
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Write (ag: ...:a,) for the equivalence class containing (a, ... ,a,). For each i, let
U={(ap:...:a;:...:a,) € P" | a; #0}.
Then P* = UU;, and the map u;
(@1,...,an) = (ag:...:a;—1:1:ai1,...:an) K" — U;

is a bijection. We use this map to transfer the Zariski topology on k" to U;, and we
endow P" with the topology such that U C P" is open if and only if U N U; is open
in U; for all ¢. Define a function f: U — k on an open subset U of P" to be regular
if f ow,; is a regular function on k™ for all i. These definitions endow P" with the
structure of a ringed space, and each map w; is an isomorphism of ringed spaces (A",
Oan) — (U;, Oy|U;). Thus P" is an algebraic prevariety. Later (see Section 5), we
shall study P™ in detail.

Regular maps. In each of the examples (3.1a,b,c), a morphism of manifolds (con-
tinuous map, differentiable map, analytic map respectively) is just a morphism of
ringed spaces. This motivates the following definition.

Let (V,Oy) and (W, Oy ) be algebraic prevarieties. A map ¢: V — W is said to
be regular if it is a morphism of ringed spaces. A composite of regular maps is again
regular (this is a general fact about morphisms of ringed spaces).

Note that we have four categories:
(Affine varieties) C (Alg. prevarieties) C (ringed spaces).

Each subcategory is full (i.e., the morphisms Mor(V, W) are the same in the four
categories).

PropoSITION 3.5. Let (V,Oy) and (W, Ow) be prevarieties, and let p: V — W
be a continuous map (of topological spaces). Let W = UW; be a covering of W by
open affines, and let o= (W;) = UV}; be a covering of o~ (W;) by open affines. Then
@ 1s reqular if and only if its restrictions

o Vii: Vi = W;
are reqular for all 1, 7.

PrROOF. We assume that ¢ satisfies this condition, and prove that it is regular. Let
f be a regular function on an open subset U of W. Then f|U NW; is regular for each
W, (because the regular functions form a sheaf), and so f o p|p='(U) NV}; is regular
for each j, 4 (this is our assumption). It follows that f o ¢ is regular on =1 (U) (sheaf
condition). Thus ¢ is regular. The converse is equally easy. O

ASIDE 3.6. A differentiable manifold of dimension d is locally isomorphic to an
open subset of R%. In particular, all manifolds of the same dimension are locally
isomorphic. This is not true for algebraic varieties, for two reasons:

(a) We are not assuming our varieties are nonsingular (see the next section).

(b) The inverse function theorem fails in our context. If P is a nonsingular point on
variety of dimension d, we shall see (in the next section) that there is a neighbourhood
U of P and a regular map p: U — A such that map (dp)p: Tp — T,p) on the
tangent spaces is an isomorphism. If the inverse function theorem were true in our
context, it would tell us that an open neighbourhood of P is isomorphic to an open
neighbourhood of ¢(P).
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Algebraic varieties. In the study of topological manifolds, the Hausdorff condi-
tion eliminates such bizarre possibilities as the line with the origin doubled, where a
sequence tending to the origin has two limits.

It is not immediately obvious how to impose a separation axiom on our algebraic
varieties, because even affine algebraic varieties are not Hausdorff. The key is to
restate the Hausdorff condition. Intuitively, the significance of this condition is that
it implies that a sequence in the space can have at most one limit. Thus a continuous
map into the space should be determined by its values on a dense subset, i.e., if ¢
and 1 are continuous maps Z — U that agree on a dense subset of Z then they
should agree on the whole of Z. Equivalently, the set where two continuous maps
p,¥: Z — U agree should be closed. Surprisingly, affine varieties have this property,
provided ¢ and v are required to be regular maps.

LEMMA 3.7. Let ¢ and v be regular maps of affine algebraic varieties Z = V.
The subset of Z on which @ and ) agree is closed.

PROOF. There are regular functions x; on V such that P — (z1(P),... ,z,(P))
identifies V' with a closed subset of A" (take the z; to be any set of generators for
k[V] as a k-algebra). Now x; o ¢ and x; o ¢ are regular functions on Z, and the set
where ¢ and v agree is (;_; V(z; 0 ¢ — x; 0 ¢), which is closed. O

DEFINITION 3.8. An algebraic prevariety V is said to be separated, or to be an
algebraic variety, if it satisfies the following additional condition:

separation axiom: for every pair of regular maps ¢, ¢ : Z = V with Z an algebraic
prevariety, the set {z € Z | ¢(z) = 1(2)} is closed in Z.

The terminology not completely standardized: often one requires a variety to be
irreducible, and sometimes one calls a prevariety a variety.

REMARK 3.9. In order to check that a prevariety V is separated, it suffices to
show that for every pair of regular maps ¢,v¢: Z — V with Z an affine algebraic
variety {z € Z | ¢(z) = ¥(2)} is closed in Z. To prove this remark, cover Z with
open affines. Thus (3.7) shows that affine varieties are separated.

EXAMPLE 3.10. (The affine line with the origin doubled.) Let V; and V4 be copies
of Al. Let V* = V4 11 V; (disjoint union), and give it the obvious topology. Define an
equivalence relation on V* by

z(inW)~y(inl) < x=yand z #0.

Let V' be the quotient space V' = V*/~ with the quotient topology (a set is open if
and only if its inverse image in V* is open). Then Vi and V5 are open subspaces of
V,V=ViUV,, and V; N Vo = A — {0}. Define a function on an open subset to be
regular if its restriction to each V; is regular. This makes V' into a prevariety, but not
a variety: it fails the separation axiom because the two maps

Alz‘/l;)v*’ AIZX/Q‘—)V*

agree exactly on A! — {0}, which is not closed in A'.
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Subvarieties. Let (V,Oy) be a prevariety. Then V' is a finite union of open affines,
and in each open affine the open affines (in fact the basic open subsets) form a basis
for the topology. From this it follows the open affines form a basis for the topology on
V, i.e., every open subset U of V' is a union of open affines (of V). It follows that, for
any open subset U of V| (U, Oy|U) is a prevariety. Obviously the inclusion U «— V'
is regular. A regular map ¢: W — V is an open immersion if ¢(W) is open in V' and
¢ defines an isomorphism W — (W) (of prevarieties).

Any closed subset Z in V has a canonical structure of an algebraic prevariety:
endow it with the induced topology, and say that a function f on an open subset of Z
is regular if each point P in the open subset has an open neighbourhood U in V' such
that f extends to a regular function on U. To show that Z, with this ringed space
structure is a prevariety, check that for every open affine U C V, the ringed space
(UNZ,04|UNZ) is isomorphic to U N Z with its ringed space structure acquired as
a closed subset of U (see p45). A regular map ¢: W — V is a closed immersion if
©(W) is closed in V and ¢ defines an isomorphism W — (W) (of prevarieties).

A subset W of a topological space V' is said to be locally closed if every point P in
W has an open neighbourhood U in V' such that W N U is closed in U; equivalently,
W is the intersection of an open and a closed subset of V. A locally closed subset
W of a prevariety V acquires a natural structure as a prevariety: write it as the
intersection W = U N Z of an open and a closed subset; Z is a prevariety, and W
(being open in Z) therefore acquires the structure of a prevariety. This structure
on W has the following characterization: the inclusion map W < V is regular, and
a map ¢: V' — W with V' a prevariety is regular if and only if it is regular when
regarded as a map into V. With this structure, W is called a sub(pre)variety of V.
A morphism ¢: V' — V is called an immersion if it induces an isomorphism of V'
onto a subvariety of V. Every immersion is the composite of an open immersion with
a closed immersion (in both orders).

A subprevariety of a variety is automatically separated.

PROPOSITION 3.11. A prevariety V is separated if and only if it has the following
property: if two reqular maps p,v: Z =V agree on a dense subset of Z, then they
agree on the whole of Z.

Proor. If V is separated, then the set where ¢ and v agree is closed, and so must
be the whole of Z.

Conversely, consider a pair of maps p,v: Z = V, and let S be the subset of Z
on which they agree. We assume V' has the property in the statement of the lemma,
and show that S is closed. Let S be the closure of S in Z. According to the above
discussion, S has the structure of a closed prevariety of Z, and the maps ¢|S and
]S are regular. Because they agree on a dense subset of S they agree on the whole
of S, and so S = S is closed. O

Prevarieties obtained by patching. Let IV = UV (finite union), and suppose that
each V; has the structure of an algebraic prevariety satisfying the following condition:
for all ¢, j, V;NVj is open in both V; and V; and the structures of an algebraic prevariety
induced on it by V; and V; are equal. Then we can define the structure of a ringed
space on V as follows: U C V is open if and only if U NV} is open for all 7, and
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f: U — kis regular if and only if f|U NV; is regular for all 7. It is straightforward to
check that this does make V' into a ringed space (V, Oy).

PROPOSITION 3.12. The ringed space (V,Oy) is a prevariety, and the inclusions
Vi — V' are reqular maps.

PROOF. One only has to check that the ringed space structure on each V; induced
by that of V' is the original one. O

Products of varieties. Let IV and W be objects in a category C. A triple
(VxW, pVxW—=V ¢VxW-—=W)

is said to be the product of V and W if, for all objects Z in C, the map ¢ +— (pop, goy)
is a bijection

Hom(Z,V x W) — Hom(Z, V') x Hom(Z, W),
i.e., if every pair of morphisms Z — V| Z — W factors uniquely through V' x W:

7
VAN
Vaoe——vo-VxW—TW.

Clearly, the product, if it exists, is uniquely determined up to a unique isomorphism?!*.

For example, the product of two sets (in the category of sets) is the usual cartesion
product of the sets, and the product of two topological spaces (in the category of
topological spaces) is the cartesian product of the spaces (as sets) with the usual
product topology.

We shall show that products exist in the category of algebraic varieties. Suppose,
for the moment, that V' x W exists. It follows from (2.17b) that for any prevariety
Z, Mor(AY, Z) is the underlying set of Z, i.e., for any z € Z, the map A° — Z with
image z is regular, and these are all the regular maps. Thus, from the definition of
products we have

(underlying set of V x W) = Mor(A",V x W)
= Mor(A°, V) x Mor(A", W)
= (underlying set of V') x (underlying set of ).

Thus our problem can be restated as follows: given two prevarieties V and W, define
on the set V' x W the structure of a prevariety such that the projection maps p,q: V x
W = V,W are regular, and such that a map ¢: T — V x W of sets (with 7" an
algebraic prevariety) is regular if and only if its components p o ¢, ¢ o ¢ are regular.
Clearly, there can be at most one such structure on the set V x W (because the
identity map will identify any two structures having these properties).

Uit (Pp' : P — V,q : P — W) also has this property, then there exists a unique morphism
~v: P —V x W such that poy = p’ and qo~y = ¢ (universal property of V x W), and there exists
a unique morphism v’ : V x W — P such that p’ o+’ = p and ¢’ o v/ = ¢ (universal property of
P). The composite v o' is the unique morphism V x W — V x W such that poyov = p and
govyov = q. But we already know one such morphism, namely, the identity morphism, and so
~v o' =1id. Similarly 4 oy = id, and so v and + are inverse isomorphisms.
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Before we can define products of algebraic varieties, we need to review tensor
products.

Review of tensor products. Let A and B be k-algebras. A k-algebra C' together
with homomorphisms i: A — C' and j: B — C'is called the tensor product of A and
B if it has the following universal mapping property: for every pair of homomorphisms
(of k-algebras) a: A — R and 3: B — R, there is a unique homomorphism v: C' — R
such that yoi=a and yoj = f3:

A— .ol B
N
R.

Clearly, if the tensor product exists, it is uniquely determined up to a unique isomor-
phism (same argument as in the above footnote). We write it A ®j B.

Construction. Let C* be the k-vector space with basis A x B. Thus the elements of
C* are finite sums Y ¢;(a;, b;) with ¢; € k, a; € A, b; € B. Let D be the subspace of
C* generated by the following elements,

(a+d',b) — (a,b) — (d,b), a,a’ € A, be B,

(a,b+0) — (a,b) — (a,b), ac A bl eB,
(ca,b) — c(a,b), ac€A beB, cek,
(a,cb) — c(a,b), ac€A beB, cek,

and define C'= C*/D. Write a ® b for the class of (a,b) in C'— we have imposed the
fewest conditions forcing (a,b) — a ® b to be k-bilinear. Every element of C' can be
written as a finite sum, > a; ® b;, a; € A, b; € B, and the map

AxB—C, (a,b)—a®b

is k-bilinear. By definition, C' is a k-vector space, and there is a product structure on
C' such that (a ® b)(a’ ® b') = aa’ @ bb' — for this one has to check that the map

C*xC*—=C, ((a,b),(d,b))— ad @ bl

factors through C' x C'. It becomes a k-algebra by means of the homomorphism
c—c(l®l)=c®1=1®c. The maps

a—a®1: A—-Candb—1®b: B—C

are homomorphisms, and it is routine to check that they make C' into the tensor
product of A and B in the above sense.

EXAMPLE 3.13. The algebra B, together with the given map k& — B and the
identity map B — B, has the universal property characterizing k ®; B. In terms of
the constructive definition of tensor products, the map c® b — cb: k®; B — B is an
isomorphism.
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ExAMPLE 3.14. (a) The ring k[ X1, ... , X, Xint1, - - -, Xintn], together with the
maps

obvious inclusion obvious inclusion
RIXy, L X,y Svousindusion iy Xy, SRt ineson gy X o]

is the tensor product of k[Xq,...,X,,] and k[X,11,... , X;min]. To verify this we
only have to check that, for every k-algebra R, the map

Homy aig(k[ X1, ..., Xongn), R) — Homyaig (K[ X1, ... ], R) X Homp g (K[ Xpnt1, - .. ], R)
induced by the inclusions is a bijection. But this map can be identified with the
bijection

R™" — R™ x R".
In terms of the constructive definition of tensor products, the map

f@g— fg: k[X1, ..., Xnl @ k[Xns1, o Xonin] — K[ X0, o0 Xt

is an isomorphism.

(b) Let a and b be ideals in k[X1,..., X,,] and k[X,11,. .. , Ximin] respectively,
and let (a,b) be the ideal in k[X7, ..., X;,1n] generated by the elements of a and b.
Then there is an isomorphism
BXe o Xl R X K] KX X

a b (a,b)

f@grfg:

Again this comes down to checking that the mnatural map from

Homk_alg(k[Xl, c ,Xm+n]/(a, b), R) to
Homk_alg(k[Xl, R ,Xm]/a, R) X Homk_alg(k[Xm+1, R ,Xm+n]/b, R)

is a bijection. But the three sets are respectively

V(a,b) = zero-set of (a,b) in R™"

V(a) = zero-set of a in R™,

V(b) = zero-set of b in R,

and so this is obvious.

REMARK 3.15. (a) If (b,) is a family of generators (resp. basis) for B as a k-vector
space, then (1®b,,) is a family of generators (resp. basis) for A®; B as an A-module.

(b) Let k — € be fields. Then
QR k[X1, ..., Xn] 2Ol X,..., 10 X,] =ZQ[Xy,...,X,]
If A=k[Xy,...,X,]/(g1,--.,9m), then
QR A= QXY ..., X0/ (91, Gm)-

For more details on tensor products, see Atiyah and MacDonald 1969, Chapter 2
(but note that the description there (p31) of the homomorphism A — D making the
tensor product into an A-algebra is incorrect — the map is a — f(a) ® 1 = 1® g(a).
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Products of affine varieties. The tensor product of two k-algebras A and B has the
universal property to be a product, but with the arrows reversed. Because of the
category anti-equivalence (2.14), this will show that Specm(A ®j B) is the product
of Specm A and Specm B in the category of affine algebraic varieties once we have
shown that A ®; B is an affine k-algebra.

PROPOSITION 3.16. Let A and B be finitely generated k-algebras; if A and B are
reduced, then so also is A ®; B; if A and B are integral domains, then so also is
A®, B.

PROOF. Assume A and B to be reduced, and let « € A®;B. Thena =Y " | a;®b;,
some a; € A, b; € B. If one of the b;’s is a linear combination of the remaining b’s,
say, b, = Z;:ll ¢ibi, ¢; € k, then, using the bilinearity of ®, we find that

n—1 n—1 n—1
o = Zai ®bi + Zcian ®bi = Z(az —i—cian) ®bi.
i=1 i=1 =1

Thus we can suppose that in the original expression of «a, the b;’s are linearly inde-
pendent over k.

Now suppose that « is nilpotent, and let m be a maximal ideal in A. From a —
a: A — A/m = k we obtain homomorphisms

a@b—a®b—ab: Ay B— k@, B> B

The image > a;b; of o under this homomorphism is a nilpotent element of B, and
hence is zero (because B is reduced). As the b;’s are linearly independent over k, this
means that the a; are all zero. Thus, for all 7, a; lies in every maximal ideal m of A,
and so is zero (by 2.12). Hence a = 0. This shows that A ®; B is reduced.

Assume A and B to be integral domains, and let o, &/ € A® B be such that aa’ = 0.
As before, we can write @ = Y a; ® b; and o/ = ) a, @ b, with the sets {by, ba, ...}
and {b,0,, ...} each linearly independent over k. For each maximal ideal m of A, we
know (D> a;b;)(> ] aib;) = 0 in B, and so either () ab;) = 0 or (D> aib;) = 0. Thus
either all the a; € m or all the a; € m. This shows that

specm(A) = V(ay, ... ,an) UV(a], ..., a,).

r'n

Since specm(A) is irreducible (see 1.15), we must have specm(A) = V(aq, ... ,a,) or

V(a},...,al). In the first case @ = 0, and in the second o/ = 0. O

EXAMPLE 3.17. We give some examples to illustrate that £ must be taken to be
algebraically closed in the proposition.

(a) Suppose k is nonperfect of characteristic p. To say that k is not perfect means
that there is an element « in an algebraic closure of k such that o ¢ k but o® € k.
Let ¥’ = ko), o? =a €k, a ¢ k. Then (a®1—-1® «a) # 0in k' ®; k" (in fact, the
elements o' @ a?, 0 < 4,5 < p— 1, form a basis for k¥’ ®j, k" as a k-vector space), but

(a®@l-10a)=(a®1-1®a)=(1®a—-1®a)=0.

Thus k' ®; k' is not reduced, even though £’ is a field.

(b) Let K be a finite separable extension of k and let 2 be a “big” field containing k
(for example an algebraic closure of k). Write K = k[o] = k[X]/(f(X)), and assume
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f(X) splits in Q[X], say, f(X) = [[ X — a;. Because K/k is separable, the «; are
distinct, and so

K @, Q= QX]/(f(X)) = [ [ QX)/(X — ),

and so it is not an integral domain. (The second isomorphism follows from the Chinese
remainder theorem.)

Having (3.16), we can make the following definition: let V and W be affine varieties,
and let I'(V,Oy) = A and I'(W,Ow) = B; then V x W = Specm(A ®; B) with
the projection maps p: V x W — V and ¢q: V x W — W defined by the maps
a—a®1l:A—> A, Bandb—1®b: B— A®,; B.

PROPOSITION 3.18. Let V and W be affine varieties; the projection maps p: V X
W =V, q:VxW — W are reqular, and a map ¢: U — V x W 1is reqular if and
only if pop and q oy are reqular. Therefore (V x W, p, q) is the product of V' and W
in the category of algebraic prevarieties. If V. and W are irreducible, then so also is
VxW.

PRroOOF. The projection maps are regular because they correspond to the k-algebra
homomorphisms k[V] — k[V]|®,k[W] and k(W] — k[V]®@kk[W]. Let ¢: U — V xW
be a map (of sets) such that pop and goy are regular. If U is affine, then ¢ corresponds
to the map k[V] ® k[W] — k[U] induced by

frofooy): k[V] — kU] and f — fo(qop): kW] — kU],
and so is regular. This shows that, for a general U, the restriction of ¢ to every open
affine of U is regular, and this implies that ¢ is regular (see 3.5).
The final statement follows from the second statement in 3.16. O

ExXAMPLE 3.19. (a) It follows from (3.14a) that
Am 2 pmn
where
plar, ... amin) = (a1,...,a4n),
qlat, ... yamin) = (Amtiy-- o Qmin),
is the product of A™ and A".
(b) It follows from (3.14b) that
V(a) & V(a,b) L V(b)
is the product of V'(a) and V(b).

Warning! The topology on V' x W is not the product topology; for example, the
topology on A2 = A! x A! is not the product topology.

Products in general. Now let VV and W be two algebraic prevarieties V' and W.
We define their product as follows: As a set, we take V' x W. Now write V and W
as unions of open affines, V' = UV;, W = UW,. Then V x W = UV; x W;, and we
give V' x W the topology for which U C V' x W is open if and only if U N (V; x W})
is open for all 7 and j. Finally, we define a ringed space structure by saying that a
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function f: U — k on an open subset U is regular if its restriction to U N (U; x Vj)
is regular for all 7 and j.

PROPOSITION 3.20. With the above structure, V XW is a prevariety, the projection
maps

p: VW=V, ¢gVxW-—-W

are reqular, and a map p: U — V x W s regqular if and only if po ¢ and qo ¢
are reqular. Therefore (V' x W,p,q) is the product of V. and W in the category of
prevarieties.

PROOF. Straightforward. O

PROPOSITION 3.21. IfV and W are separated, then so also is V- x W.

PROOF. Straightforward. O

EXAMPLE 3.22. An algebraic group is a variety G together with regular maps
mult: G x G — G, inverse: G — G,

and an element e € G that make GG into a group in the usual sense. For example, SL,,
and GL,, are algebraic groups, and any finite group can be regarded as an algebraic
group. Connected affine algebraic groups are called linear algebraic groups because
they can all be realized as closed subgroups of GL,, for some n, and connected algebraic
groups that can be realized as closed algebraic subvarieties of a projective space are
called abelian because they are related to the integrals studied by Abel.

Coarse Classification: every algebraic group contains a sequence of normal sub-
groups G D G° D G D {e} with G/GP a finite group, G°/G; an abelian variety, and
(1 a linear algebraic group.

The separation axiom. Now that we have the notion of the product of varieties,
we can restate the separation axiom in terms of the diagonal.

By way of motivation, consider a topological space V' and the diagonal A C V x V|
AL {(z,z)|ze V]

If A is closed (for the product topology), then every pair of points (z,y) ¢ A has a
neighbourhood U x U’ such that U x U' N A = &. In other words, if x and y are
distinct points in V' then there are neighbourhoods U and U’ of x and y respectively
such that UNU’" = @. Thus V is Hausdorff. Conversely, if V' is Hausdorff, the reverse
argument shows that A is closed.

For a variety V, we let A = Ay (the diagonal) be the subset {(v,v) | v € V'} of
VxV.

PROPOSITION 3.23. An algebraic prevariety V is separated if and only if Ay is
closed.

PROOF. Assume A to be closed, and let ¢ and ¢ be regular maps Z — V. The
map

(0, 9): Z =V XV, 2= (p(2),4(2))
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is regular, because its composites with the projections to V' are ¢ and 1. In particular,
it is continuous, and so (i, ) !(A) is closed. But this is precisely the subset on which
o and 1) agree.

Conversely, suppose V' is separated. By definition, this means that for any preva-
riety Z and regular maps ¢,v: Z — V', the set on which ¢ and 1 agree is closed in
Z. Apply this with ¢ and ¢ the two projection maps V' x V' — V' and note that the
set on which they agree is A. 0

COROLLARY 3.24. For any prevariety V, the diagonal is a locally closed subset of
VxV.

PROOF. Let P € V', and let U be an open affine neighbourhood of P. Then U x U
is a neighbourhood of (P, P) in V x V, and Ay N (U x U) = Ay, which is closed in
U x U because U is separated. O

Thus Ay is always a subvariety of V' x V, and it is closed if and only if V is
separated.

The graph I', of a regular map ¢: V' — W is defined to be
{(v,p(v)) eV xW |veV}.
At this point, the reader should draw a picture, suggested by calculus.
COROLLARY 3.25. For any morphism ¢: V. — W of prevarieties, the graph I, of

@ is locally closed in V- x W, and it is closed if W is separated. The map v +— (v, p(v))
is an isomorphism of V' onto I',.

PRrROOF. The first statement follows from the preceding corollary because the graph
is the inverse image of the diagonal of W x W under the regular map

(v,w) = (p),w): VW —-W x W.

The second follows from the fact that the regular map I'y — V x W 2V is an
inverse to v — (v, ¢(v)): V — T',. O

THEOREM 3.26. The following three conditions on a prevariety are equivalent:

(a) V' is separated;

(b) for every pair of open affines U and U in V., UNU' is an open affine, and
DU NnU',Oy) is generated by the functions P +— f(P)g(P), f € T'(U,Oy),
g€ (U, Ov), i.e., the map k[U] ®y k[U'| — k[U NU’| is surjective;

(c) the condition in (b) holds for the sets in some open affine covering of V.

PROOF. Let U; and U; be open affines in V. We shall prove:

(i) A closed = U; N U; affine.
(ii) If U; N U; is affine, then

(U; x U;) N Ais closed <= the map k[U;] ®; k[U;] — k[U; N U;] is surjective.

If {U; x Uj}@ijerxs is an open covering of V x V, A is closed in V x V <=
AN (U; x Uj) is closed in U; x U; for each pair (i,j). Thus these statements show
that (a)=-(b) and (c)=-(a). Since the implication (b)=-(c) is trivial, this shows that
(i) and (ii) imply the theorem.
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Proof of (i): The graph of the inclusion ¢: U; NU; — Vis ', = (U; x U;) N A C
(U;NU;) x V. If As closed, (U; x U;) NA is a closed subvariety of an affine variety,
and hence is affine (see p45). Since U; N U; ~ I, it also is affine.

Proof of (ii): Now assume that U; N U; is affine. Then (U; x U;) N Ay is closed in
UixU; <= v (v,v): U;NU; — U; x Uj is a closed immersion <= the morphism
k[U; x Uj] — k[U; NUj| is surjective (see 2.21). Since k[U; x U;] = k[U;] @4 k[U,], this
completes the proof of (ii). O

EXAMPLE 3.27. (a) Let V = P!, and let Uy and U; be the standard open subsets
(U; = A'). Then Uy N U; = A' — {0}, and the maps on rings corresponding to the
inclusions U; < Uy N Uy are k[X] — k[X, X7'], X — X, and k[X] — k[X, X1,
X +— X~ Thus the sets Uy and U; satisfy the condition in (b).

(b) Let V be A! with the origin doubled (see 3.10), and let U and U’ be the upper
and lower copies of A! in V. Then U N U’ is affine, but k[U] ® k[U'] — k[UNU’] is
not surjective. In fact the map is

EX]@KY]=k[X, Y] - kX, X!, X=X, Y—X

(c) Let V be A? with the origin doubled, and let U and U’ be the upper and lower
copies of A? in V. Then U N U’ is not affine (see 2.20).

Dimension. Let V be an irreducible algebraic variety. Then every open subset of V'
is dense, and is irreducible. If U D U’ are open affines in V', then we have
kU] C kU] C k(D).

Therefore k(U) is also the field of fractions of k[U’]. This remark shows that we can
attach to V' a field k(V), called the field of rational functions on V', such that for
every open affine U in V', k(V) is the field of fractions of k[U]. The dimension of V'
is defined to be the transcendence degree of k(V') over k. Note the dim(V') = dim(U)
for any open subset U of V. In particular, dim(V) = dim(U) for U an open affine in
V. It follows that some of the results in §1 carry over — for example, if Z is a proper
closed subvariety of V, then dim(Z) < dim(V).

PROPOSITION 3.28. Let V and W be irreducible varieties. Then
dim(V x W) = dim(V') + dim(W).
PROOF. We can assume V and W to be affine, and write k[V] = k[xy, ... , x,,] and
kW] = kly1,... ,yn) where {x1,... 24} and {y1,...,y.} are maximal algebraically

independent sets of elements of k[V] and k[W]. Thus d = dim(V') and e = dim (V).
Then'?

[V x W] =k[V] @, kW] D klz1, ..., 24 @k k[y1, ... ye) = k[x1, .. Za, Y1y, Yel-

Therefore {1 ®1,... ,24®1,1®y1,...,1 @y} will be algebraically independent in
k[V] @ k[W]. Obviously k[V x W] is generated as a k-algebra by the elements z; ® 1,
l1®y;, 1 <i<m,1<j<n,and all of them are algebraic over

k[l‘l, e ,l‘d] Rk k[yl, e ,ye].

2In general, it is not true that if M’ and N’ are R-submodules of M and N, then M’ @ N’ is
an R-submodule of M ® g N. However, this is true if R is a field, because then M’ and N’ will be
direct summands of M and NN, and tensor products preserve direct summands.
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Thus the transcendence degree of k(V x W) is d + e. O

We extend the definition to an arbitrary variety V' as follows. A variety is a
finite union of Noetherian topological spaces, and so is Noetherian. Consequently
(see 1.17), V is a finite union V' = UV} of its irreducible components, and we define
dim(V') = max dim(V;).

An algebraic variety as a functor of affine k-algebras. Let A be an affine k-
algebra, and let V' be an algebraic variety. We define a point of V with coordinates
in A to be a regular map Specm(A) — V. For example, if V = V(a) C k", then

V(A) ={(a,...,a,) € A" | f(ai,... ,a,) =0all f €a},

which is what you expect. In particular V (k) =V (as a set), i.e., V (as a set) can be
identified with the set of points of V' with coordinates in k. Note that (V x W)(A) =
V(A) x W(A).

THEOREM 3.29. A reqular map p: V — W of algebraic varieties defines a family

of maps of sets, p(A): V(A) — W (A), one for each affine k-algebra A, such that for
every homomorphism a: A — B of k-algebras,

A v MY w(a)

ia iwa) iW(a) (*)

B v(B) *2 v (B)

commutes. Fvery family of maps with this property arises from a unique morphism
of algebraic varieties.

The proof is trivial, once one has made the correct definitions, which we do in the
next subsection.

Categories and functors. A category C consists of

(a) a class of objects ob(C);

(b) for each pair (A, B) of objects, a set Mor(A, B), whose elements are called
morphisms from A to B, and are written a: A — B;

(c) for each triple of objects (A, B,C') a map (called composition)

(a, B) — Boa: Mor(A, B) x Mor(B,C') — Mor(A, C).

Composition is required to be associative, i.e., (yo ) oa = yo(foa), and for each
object A there is required to be an element id4 € Mor(A, A) such that ids ca = a,
Boidy = p, for all (appropriate) a and 3. The sets Mor(A, B) are required to be
disjoint (so that a morphism « determines its source and target).

ExAMPLE 3.30. (a) There is a category of sets, Sets, whose objects are the sets
and whose morphisms are the usual maps of sets.

(b) There is a category Aff;, of affine k-algebras, whose objects are the affine k-
algebras and whose morphisms are the homomorphisms of k-algebras.

(c) There is a category Vary of algebraic varieties over k, whose objects are the
algbraic varieties over k and whose morphisms are the regular maps.
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The objects in a category need not be sets with structure, and the morphisms need
not be maps.

EXERCISE 3.31. List twenty more examples of categories.

Let C and D be categories. A covariant functor F' from C to D consists of

(a) amap A F(A), sending each object of C to an object of D, and,
(b) for each pair of objects A, B of C, a map

a— F(a): Mor(A, B) — Mor(F(A), F(B))
such that F'(id4) = idpay and F(Bo a) = F(5) o F(a).
A contravariant functor is defined similarly, except that the map on morphisms is
a— F(a): Mor(A, B) — Mor(F(B), F(A))
A functor F': C — D is fully faithful if, for all objects A and B of C, the map
Mor (A, B) — Mor(F(A), F(B))

is a bijection. Then F' defines an equivalence of C with the full subcategory of D
whose objects are isomorphic to F'(A) for some object A of C (see p42). For example,
the functor A — Specm A is fully faithful contravariant functor Aff, — Var, and
defines an equivalence of the first category with the subcategory of the second whose
objects are the affine algebraic varieties.

ExXAMPLE 3.32. (a) For any object V' of a category C, we have a contravariant
functor

hy: C — Sets,
which sends an object A to the set Mor(A, V') and sends a morphism a: A — B to
pr—poa: hy(B) — hy(A),
i.e., hy(*) = Mor(*, V) and hy (o) = %o a.
(b) We have a contravariant functor
Vi T'(V,0y): Var, — Aff;.

Let F' and G be two functors C — D. A morphism «: F — G is a collection of
morphisms a(A): F(A) — G(A), one for each object A of C, such that, for every
morphism u: A — B in C, the following diagram commutes:

A P g
\Lu \LF(u) \LG(U,) (**)
B FB)“2aB)

EXAMPLE 3.33. Let a: V' — W be a morphism in C. The collection of maps
ha(A): hv(A) — hw(A), @ aop

is a morphism of functors.

With this notion of morphism, the functors C — D form a category Fun(C, D)
(we ignore the problem that Mor(F, G) may not be a set — only a class).
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PROPOSITION 3.34 (Yoneda Lemma). The functor
V i+ hy: C — Fun(C, Sets)
1s fully faithful.

PRrROOF. Let A, B be objects of C. We construct an inverse to
a— hy: Mor(A, B) — Mor(ha, hp).

For a morphism of functors y: hy — hp, define B(y) = v(ida)—it is morphism
A — B. Then

B(he) £ ho(ida) L aoidy = o,

and

haey(@) S B(y) o a £ y(ids) 0 a = y(a)

because of the commutativity of (**):

A ha(A) = hp(A)

B hy(B) = hp(B)

Thus o — h, and v +— ((7) are inverse maps. O

Algebraic varieties as functors (continued). The Yoneda lemma shows that the
functor V' +— hy embeds the category of affine algebraic varieties as a full subcategory
of the category of covariant functors Affy, — Sets, and it is not difficult to deduce
that it embeds the category of all algebraic varieties in to the category of such functors
(use 3.12 for example). This proves (3.29).

It is not unusual for a variety to be most naturally defined in terms of its points
functor. For example, for any affine k-algebra, let SL,(A) be the group of n x n
matrices with coefficients in A having determinant 1. A homomorphism A — B
induces a homomorphism SL,,(A) — SL,(B), and so SL,(A) is a functor. In fact, it
is the points functor of the affine variety:

Specm k[ Xq1, ..., Xp,]/(det(X;;) — 1).
Matrix multiplication defines a morphism of functors
SL, x SL,, — SL,
which, because of (3.29), arises from a morphism of algebraic varieties. In fact, SL,,
is an algebraic group.

Instead of defining varieties to be ringed spaces, it is possible to define them to be
functors Aff;, — Sets satisfying certain conditions.

Dominating maps. A regular map a: V — W is said to be dominating if the
image of « is dense in W. Suppose V and W are irreducible. If V' and W’ are open
affine subsets of V' and W such that (V') C W’ then (2.21) implies that the map
f— fow: k[W'] — k[V'] is injective. Therefore it extends to a map on the fields of
fractions, k(W) — k(V'), and this map is independent of the choice of V' and W"'.
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4. LocAL STUDY: TANGENT PLANES, TANGENT CONES, SINGULARITIES

In this section, we examine the structure of a variety near a point. I begin with
the case of a curve, since the ideas in the general case are the same, but the formulas
are more complicated. Throughout, k is an algebraically closed field.

Tangent spaces to plane curves. Consider the curve
V:F(X,)Y)=0

in the plane A? defined by a nonconstant polynomial F(X,Y). We assume that
F(X,Y) has no multiple factors, so that (F(X,Y)) is a radical ideal and I(V) =
(F(X,Y)). We can factor F' into a product of irreducible polynomials, F'(X,Y) =
[[Fi(X,Y), and then V = UV (F;) expresses V as a union of its irreducible compo-
nents. Each component V' (F}) has dimension 1 (see 1.21) and so V' has pure dimension
1. More explicitly, suppose for simplicity that F'(X,Y") itself is irreducible, so that
V] = k[X,Y]/(F(X,Y)) = k[z,y] is an integral domain. If I’ # X — ¢, then z is
transcendental over k and y is algebraic over k(z), and so x is a transcendence basis
for k(V') over k. Similarly, if F' # Y — ¢, then y is a transcendence basis for k(V') over
k.

Let (a,b) be a point on V. In calculus, the equation of the tangent at P = (a,b) is
defined to be
OF OF
(@) (X —a) + 2 (a,b)(Y —b)=0.  (*
P @hX —a)+ @y~ =0 (9
This is the equation of a line unless both 2£

92 (a,b) and 95 (a, b) are zero, in which case
it is the equation of a plane.

DEFINITION 4.1. The tangent space TpV to V at P = (a,b) is the space defined
by equation (*).

When 2£(a,b) and Z£(a, b) are not both zero, Tp(V) is a line, and we say that P
is a nonsingular or smooth point of V. Otherwise, Tp(V') has dimension 2, and we
say that P is singular or multiple. The curve V is said to be nonsingular or smooth
when all its points are nonsingular.

We regard Tr(V) as a subspace of the two-dimensional vector space Tr(A?), which
is the two-dimensional space of vectors with origin P.

EXAMPLE 4.2. In each case, the reader is invited to sketch the curve. The char-
acteristic of k is assumed to be # 2, 3.

(a) X™+Y"™ = 1. All points are nonsingular unless the characteristic divides m (in
which case X™ 4+ Y™ — 1 has multiple factors).

(b) Y2 = X3. Here only (0,0) is singular.

(c) Y2 = X%(X + 1). Here again only (0,0) is singular.

(d) Y? = X3+ aX +b. In this case, V is singular <= Y? — X? —aX — b, 2Y, and
3X? + a have a common zero <= X?+ aX + b and 3X? + a have a common
zero. Since 3X? + a is the derivative of X3 + aX + b, we see that V is singular
if and only if X3 4+ aX + b has a multiple root.

(e) (X?+Y?)?2+3X?Y — Y3 =0. The origin is (very) singular.

(f) (X2 +Y?)3?—4X2Y? = 0. The origin is (even more) singular.
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(g) V = V(FG) where FG has no multiple factors and F' and G are relatively
prime. Then V =V (F)UV(G), and a point (a, b) is singular if and only if it is
a singular point of V' (F), a singular point of V(G), or a point of V(F)NV(G).
This follows immediately from the equations given by the product rule:

A(FG) . 9G _OF A(FG) . 9G  OF
F-2— 4 G F-Z= 4

90X ax "ox T oy o ay oy
PROPOSITION 4.3. Let V' be the curve defined by a nonconstant polynomial F with-
out multiple factors. The set of nonsingular points'® is an open dense subset V.

PROOF. We can assume that F' is irreducible. We have to show that the set of
singular points is a proper closed subset. Since it is defined by the equations

oF oF
F=0ox =%y =%

it is obviously closed. It will be proper unless 0F/0X and 0F/JY are identically
zero on V', and are therefore both multiples of F', but, since they have lower degree,
this is impossible unless they are both zero. Clearly 0F/0X = 0 if and only if F is
a polynomial in Y (k of characteristic zero) or is a polynomial in X? and Y (k of
characteristic p). A similar remark applies to 0F/JY. Thus if 0F/0X and 0F/0Y
are both zero, then F' is constant (characteristic zero) or a polynomial in X?, Y7, and
hence a p' power (characteristic p). These are contrary to our assumptions. 0

The set of singular points of a variety is often called the singular locus of the variety.

Tangent cones to plane curves. Note that if P = (0,0), then the equation defining
the tangent space is the linear term of F: since (0,0) is on V/,

F = aX 4 bY + terms of higher degree,

and the equation of the tangent space is Fy(X,Y) £ aX + by = 0.
In general a polynomial F/(X,Y’) can be written (uniquely) as a finite sum

F:F0+F1_|_F2+..._|_Fm+...

where F), is a homogeneous polynomial of degree m. The first nonzero term on the
right (the homogeneous summand of F' of least degree) will be written F, and called
the leading form of F.

DEFINITION 4.4. Let F(X,Y) be a polynomial without square factors, and let V'
be the curve defined by F. If (0,0) € V, then the geometric tangent cone to V at
(0,0) is the zero set of Fy. The tangent cone is the pair (V(F), Fi). To obtain the
tangent cone at any other point, translate to the origin, and then translate back.

EXAMPLE 4.5. (a) Y? = X3 the geometric tangent cone at (0,0) is given by
Y? =0 — it is the X-axis (doubled).

(b) Y2 = X?(X + 1): the geometric tangent cone at (0,0) is given by Y2 = X? —
it is the pair of lines Y = +X.

13In common usage, “singular” means uncommon or extraordinary as in, for example, he spoke
with singular shrewdness. Thus the proposition says that singular points (mathematical sense) are
singular (usual sense).
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(c) (X2 4+Y?)2+3X%Y — Y3 = 0: the geometric tangent cone at (0,0) is given by
3X2Y — Y3 =0 — it is the union of the lines Y =0, Y = £v/3X.

(d) (X? 4+ Y?)3 —4X?Y? = 0: the geometric tangent cone at (0,0) is given by
4X?2Y? =0 — it is the union of the z and y axes (each doubled).

In general we can factor Fj as
FX,Y) =X - a;X)".

Then deg F,, = > r; is called the multiplicity of the singularity, multp(V'). A multiple
point is ordinary if its tangents are nonmultiple, i.e., ; = 1 all 7. An ordinary double
point is called a node, and a nonordinary double point is called a cusp. (There are
many names for special types of singularities — see any book, especially an old book,
on curves.)

The local ring at a point on a curve.

PROPOSITION 4.6. Let P be a point on a curve V', and let m be the corresponding
mazimal ideal in k[V]. If P is nonsingular, then dimym/m?> = 1, and otherwise
dimy, m/m? = 2.

PROOF. Assume first that P = (0,0). Then m = (z,y) in k[V] =
kX, Y]/(F(X,Y)) = k[z,y]. Note that m* = (22, zy,y?), and

m/m*> = (X,Y)/(m* + F(X,Y)) = (X,Y)/(X?, XY, Y* F(X,Y)).

In this quotient, every element is represented by a linear polynomial cx + dy, and
the only relation is Fy(z,y) = 0. Clearly dimm/m? = 1 if F, # 0, and dimm/m? =
2 otherwise. Since Fy = 0 is the equation of the tangent space, this proves the
proposition in this case.

The same argument works for an arbitrary point (a,b) except that one uses the
variables X’ = X —a and Y/ =Y — b — in essence, one translates the point to the
origin. U

We explain what the condition dimy(m/m?) = 1 means for the local ring Op =
k[V]m — see later for more details. Let n be the maximal ideal mk[V]y, of this local
ring. The map m — n induces an isomorphism m/m? — n/n? and so we have

P nonsingular <= dimym/m?* =1 <= dim;n/n® = 1.

Nakayama’s lemma shows that the last condition is equivalent to n being a principal
ideal. Since Op is of dimension 1, n being principal means Op is a regular local ring
of dimension 1, and hence a discrete valuation ring, i.e., a principal ideal domain with
exactly one prime element (up to associates). Thus, for a curve,

P nonsingular <= Op regular <= Op is a discrete valuation ring.

Tangent spaces of subvarieties of A™. Before defining tangent spaces at points
of closed subvarietes of A™ we review some terminology from linear algebra.
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Linear algebra. For a vector space k™, let X; be the it" coordinate function a — a;.
Thus X3, ..., X,, is the dual basis to the standard basis for ™. A linear form ) a;X;
can be regarded as an element of the dual vector space (k™)Y = Hom(k™, k).

Let A = (a;j) be an n x m matrix. It defines a linear map «o: k™ — k™, by

ai ai
— A

am am

Thus, if a(a) = b, then

m
bi: E aijaj.
j=1

Write X, ..., X,, for the coordinate functions on £™ and Yi,... Y, for the coordi-
nate functions on £™. Then the last equation can be rewritten as:

m
Y;OOd: E ainj.
g=1

This says that, when we apply « to a, then the i*" coordinate of the result is
> i aij(Xja) = 37 aija;.

Tangent spaces. Consider an affine variety V' C k™, and let a = I(V). The tangent

space Ta(V') to V at a= (ai,... ,a,) is the subspace of the vector space with origin
a cut out by the linear equations
L OF
Xi —a;) = 0, F ea. *).
> x| (i—a) @

=1

Thus Ta(A™) is the vector space of dimension m with origin a, and T,(V) is the
subspace of T,(A™) defined by the equations (*).

Write (dX;)a for (X; — a;); then the (dX;)a form a basis for the dual vector space
Ta(A™)Y to Ta(A™)—in fact, they are the coordinate functions on T(A™). As in
advanced calculus, for a function F' € k[X1,..., X,,], we define the differential of F
at a by the equation:

(dF)a = Z 66)};

It is again a linear form on T,(A™). In terms of differentials, T,(V') is the subspace
of Ta(A™) defined by the equations:

(dF)a=0, Fea (™).

(dXi)a.

a

I claim that, in (*) and (**), it suffices to take the F' in a generating subset for a.
The product rule for differentiation shows that if G =3, H;F}, then

(dG)a = Z Hj(a) - (dF})a + Fj(a) - (dG))a.
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If Fy,..., F, generate a and a € V (a), so that Fj(a) = 0 for all j, then this equation
becomes

(G0 = 3" Hy(@) - (dF)a

Thus (dG)a(t) = 0 if (dF})a(t) = 0 for all j.

When V is irreducible, a point a on V' is said to be nonsingular (or smooth) if the
dimension of the tangent space at a is equal to the dimension of V; otherwise it is
singular (or multiple). When V' is reducible, we say a is nonsingular if dim T, (V) is
equal to the maximum dimension of an irreducible component of V' passing through a.
It turns out then that a is singular precisely when it lies on more than one irreducible
component, or when it lies on only one but is a singular point of that component.

Let a = (Fi,..., F,), and let

8F1 aFl
Xy’ 0 BX
aE 1 m
J:Jac(Fl,...,Fr):(aX‘ = : :
J OF, oF,
00X’ Y 9Xm

Then the equations defining T, (V') as a subspace of T(A™) have matrix J(a). There-
fore, from linear algebra,

dimy T (V') = m — rankJ(a),
and so a is nonsingular if and only if the rank of Jac(Fi,..., F,)(a) is equal to
m —dim(V'). For example, if V' is a hypersurface, say I(V) = (F(Xy,..., X)), then

Jac(F)(a) = (S—i(a), - ,;TFW(M) ,

and a is nonsingular if and only if not all of the partial derivatives % vanish at a.

We can regard J as a matrix of regular functions on V. For each r,
{a € B |rankJ(a) <r}

is closed in V', because it the set where certain determinants vanish. Therefore, there
is an open subset U of V' on which rankJ(a) attains its maximum value, and the rank
jumps on closed subsets. Later we shall show that the maximum value of rankJ(a) is
m — dim V| and so the nonsingular points of V' form a nonempty open subset of V.

The differential of a map. Consider a regular map
a: A" = A" a (Pi(ay,... ,am),...,Pylar, ..., am)).
We think of a as being given by the equations
Yi=P(X1,...,Xm),i=1,...n.

It corresponds to the map of rings o*: k[Y1,...,Y,] — k[X1,..., X,,] sending Y; to
P(Xi, ..., Xn) i=1,...n.
Define (da)a: Ta(A™) — Ty(A™) to be the map such that

(@ o (do)a = 3 5

(de>a7

a
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i.e., relative to the standard bases, (da), is the map with matrix

g—)]?l(a), e 88)];; (a)
Jac(Py, ..., P,)(a) = : :
gi’; (a), ..., g)f"m (a)

For example, suppose a = (0,...,0) and b = (0,...,0), so that To(A™) = k™ and
Ty(A™) = k", and

P, = ZCinj + (higher terms), i =1,... ,n.

Jj=1
Then Y; o (da)a = >_;¢;;X;, and the map on tangent spaces is given by the matrix
(¢ij), i.e., it is simply t — (¢;5)t.
Let F € k[Xi,...,X,u]. We can regard F as a regular map A™ — Al whose
differential will be a linear map

(dF)a: Ta(A™) — To(AY), b= F(a).

When we identify T3,(A') with k, we obtain an identification of the differential of F
(F regarded as a regular map) with the differential of F' (F' regarded as a regular
function).

LEMMA 4.7. Let a: A™ — A™ be as at the start of this subsection. If o maps
V =V(a) Ck™ into W =V (b) C k", then (da)a maps Ta(V') into Ty,(W), b = a(a).
PrROOF. We are given that
feb= foaca,
and have to prove that
f€b= (df)p o (da)a is zero on To(V).
The chain rule holds in our situation:
of <~ 9f 9Y;
0X; = 0Y; 0xX;’

Y, =Pi(Xy, ..., Xn), f=fM,....Y).

If a is the map given by the equations
Y, = Pi(X1,...,Xn), j=1,...,m,
then the chain rule implies
d(foa)a = (df)po (da)a, b=a(a).
Let t € Ta(V); then
(df )b o (dev)a(t) = d(f © @)a(t),
which is zero if f € b because then foa € a. Thus (da)a(t) € Th(W). O

We therefore get a map (da)a: Ta(V) — Tp(W). The usual rules from advanced
calculus (alias differential geometry) hold. For example,

(dB)po (da)a =d(Boa)a, b=ala).
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EXAMPLE 4.8. Let V be the union of the coordinate axes in A%, and let W be
V(XY (X —Y)) C A? (union of three lines). Then V is not isomorphic to W because
T,(V') has dimension 3, but 7,(1/') has dimension 2. (Note that V =V (XY, Y Z, X 7),
from which it is clear that the origin o is the only singular point on V| and that the
tangent space there has dimension 3. An isomorphism V' — W would have to send
the singular point to the singular point, i.e., 0 — o, and map T,(V') isomorphically
onto To(W).)

Etale maps. Let V' and W be smooth varieties. A regular map a: V' — W is étale
at aif (da)a: Ta(V) — Tu(W) is an isomorphism; « is étale if it is étale at all points
of V.

EXAMPLE 4.9. (a) A regular map o« = (Py,...,P,): A" — A" is étale at a if
and only if rank Jac(Py, ... , P,)(a) = n, because the map on the tangent spaces has
matrix Jac(Py, ..., P,)(a)). Equivalent condition: det <g§; (a)) #0

(b) Let V = Specm(A) be an affine variety, and let f = > ;X' € A[X]. Let
W = Specm(A[X]/(f(X)) (assuming this is an affine k-algebra), and consider the
map W — V corresponding to the inclusion A — A[X]/(f). The points of W lying
over a point a € V correspond to the roots of Y ¢;(a)X?. T claim that the map
W — V is étale at a point (a,b) if and only if b is a simple root of >~ ¢;(a) X".

To see this, write A = Specm k[ X1, ..., X,|/a,a = (f1,..., fr),sothat A[X]/(f) =
k[ X1,...,Xu)/(f1,-.., fr, f). The tangent spaces to W and V at (a,b) and a respec-
tively are the null spaces of the matrices

() ... 2ha) 0 of

; Z o)

dX1: dX,,z e (a) o ){:n (a)
Ofn Ofn : :
aa)jfl (a) ... 85(fm (a) o 0 0 fn (a) ... %(60
d—Xl(a) P m(&) 8—X(a, b) X1 O Xm

and the map T(ap (W) — Ta(V) is induced by the projection map k"™ — k™ that
omits the last coordinate. This map is an isomorphism if and only if %(a, b)# 0,
because then any solution to the smaller set of equations extends uniquely to a solution
of the larger set. But %(a, b) = W(b), which is zero if and only if b is a
multiple root of Y, ¢;(a) X"

(c) Consider a dominating map a: W — V of smooth affine varieties, corresponding
to a map A — B of rings. Suppose B can be written B = A[Y,... ,Y,|/(P,...,P,)
(same number of polynomials as variables). A similar argument to the above shows

that « is étale if and only if det <g§? (a)) # 0.

(d) The example in (b) is typical; in fact every étale map is locally of this form,
provided V' is normal (in the sense defined below). More precisely, let a: W — V be
étale at P € W, and assume V' to normal; then there exist a map o': W' — V' with
kW' = E[V'][X]/(f(X)), and a commutative diagram

W o> U =~ U < W

! ! ! !
Vo U ~ U, ¢ V!

with the U’s all open subvarieties and P € U;.
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Warning! In advanced calculus (or differential geometry, or the theory of complex
manifolds), the inverse function theorem says that a map « that is étale at a point
a is a local isomorphism there, i.e., there exist open neighbourhoods U and U’ of
a and «a(a) such that « induces an isomorphism U — U’. This is not true in
algebraic geometry, at least not for the Zariski topology: a map can be étale at a
point without being a local isomorphism. Consider for example the map

a: AM\ {0} — A'\ {0}, aw a®

This is étale if the characteristic is # 2, because the Jacobian matrix is (2X), which
has rank one for all X # 0 (alternatively, it is of the form (4.9b) with f(X) = X?—T,
where T is the coordinate function on A, and X? — ¢ has distinct roots for ¢ # 0).
Nevertheless, I claim that there do not exist nonempty open subsets U and U’ of
A'—{0} such that « defines an isomorphism U — U’. If there did, then o would define
an isomorphism k[U’'] — k[U] and hence an isomorphism on the fields of fractions
k(A') — Ek(A'). But on the fields of fractions, a defines the map k(X) — k(X),
X + X2 which is not an isomorphism.

ASIDE 4.10. There is a conjecture that any étale map a: A" — A™ is an isomor-
phism. If we write a = (P4, ..., P,), then this becomes the statement

0P, :
det (an (a)) # 0 all a = « has a inverse.

The condition, det <g§ (a )) # 0 all a, implies that det <0P ) is a nonzero constant.

This conjecture, which is known as the Jacobian problem, has not been solved in
general as far as I know. It has caused many mathematicians a good deal of grief.
It is probably harder than it is interesting. See Bass et al., Bull. AMS 7 (1982),
287-330.

Intrinsic definition of the tangent space. The definition we have given of the
tangent space at a point requires the variety to be embedded in affine space. In this
subsection, we give a more intrinsic definition.

By a linear form in Xi,...,X, we mean an expression y_ ¢;X;, ¢; € k. The linear
forms form a vector space of dimension n, which is naturally dual to k.

LEMMA 4.11. Let ¢ be an ideal in k[Xi,...,X,] generated by linear forms,
ly,... L., which we may assume to be linearly independent. Let X, ,...,X; be

such that {ly,... 0, Xy, ..., X;, .} is a basis for the linear forms in Xl, . _,Xn.

Thenk[Xl,..., ]/cﬁk[ iy Xin,]-

ProOF. This is obvious if the linear forms ¢4, ... , ¢, are Xi,...,X,. In the general
case, because {X1,...,X,} and {¢1,... 0, X;,,...,X;, .} are both bases for the
linear forms, each element of one set can be expressed as a linear combination of the

elements of the second set. Therefore
k[ X1,..., X =k[lr,... 0, X;

1yt

and so

k[Xl,... ,Xn]/c:k[fl,... 7€r7Xi17--- i T]/(gl,... 7€r> gk[le, 7Xin—r]'
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Let V = V(a) C k", and assume the origin P € V. Let a; be the ideal generated
by the linear terms f; of the f € a. By definition, Tp(V) = V(as). Let A, =
k[Xi,...,X,]/as, and let m be the maximal ideal in k[V] corresponding to the origin;
thus m = (z1,...,z,).

PROPOSITION 4.12. There are canonical isomorphisms

Homk_lmear(m/m2, k) i Homk_alg(Ag, k) i TP(V)

PROOF. First isomorphism. Let n = (Xi,...,X,) be the maximal ideal at the
origin in k[Xi,...,X,]. Then m/m? = n/(n® + a), and as f — f, € n? for every
f € a, we have m/m? =n/(n®> + a;). Let fiy,..., frs be a basis for the vector space
ag; there are n — r indeterminates X, ... , X;, , forming with the f;, a basis for the
linear forms on k™. Then X; +m? ..., X, .+ m? form a basis for m/m? as a k-
vector space, and the lemma shows that A, = k[X;, ..., X;, .]. Any homomorphism

a: Ay — k of k-algebras is determined by its values a(X;,),... ,a(X;, ,), and they
can be arbitrarily given. Since the k-linear maps m/m? — k have a similar description,
the first isomorphism is now obvious.

Second isomorphism. To give a k-algebra homomorphism A, — k£ is the same as to
give an element (ai,...,a,) € k" such that f(ay,...,a,) = 0 for all f € Ay, which
is the same as to give an element of Tp(V). O

LEMMA 4.13. Let m be a maximal ideal of a ring A, and let n = mAy,. For all n,
the map

a+m'i—a+n": A/m" — Ay /n"
18 an isomorphism. Moreover, it induces isomorphisms
m’/m" — n"/n"
for all r < n.

PROOF. The second statement follows from the first, because of the exact commu-
tative diagram:

0 — m"/m" — A/m" —— A/m" —— 0

Lk

0 — n/n" —— A,/n" —— Ay/nm —— 0.

To simplify the exposition, in proving that the first map is an isomorphism, I'll assume
A C S7'A. In order to show that the map A/m" — A,/n" is injective, we have to
show that " N A = m™. But n” = S~ 'm™, S = A —m, and so we have to show that
m™ = (S7'm™)NA. An element of (S™'m™)N A can be written a = b/s with b € m™,
s€ S, and a € A. Then sa € m™, and so sa = 0 in A/m™. The only maximal ideal
containing m™ is m (because m’ D m™ = m’ D m), and so the only maximal ideal in
A/m™ is m/m™; in particular, A/m™ is a local ring. As s is not in m/m™, it is a unit
in A/m™ and so sa =0 in A/m™ implies a = 0 in A/m™, i.e., a € m™.

We now prove that the map is surjective. Let ¢ € An. Because s ¢ m and m is
maximal, we have that (s) + m = A, i.e., (s) and m are relatively prime. Therefore
(s) and m™ are relatively prime (no maximal ideal contains both of them), and so
there exist b € A and ¢ € m™ such that bs+¢ = 1. Then b maps to s in Ay, /n™ and
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so ba maps to ¢. More precisely: because s is invertible in A,,/n™, ¢ is the unique
. y m/n", 4

element of this ring such that s¢ = a; since s(ba) = a(1 — q), the image of ba in Ay,
also has this property and therefore equals ¢. O

Therefore, we also have a canonical isomorphism
Tp(V) 5 Homyin(np /np, k),
where np is now the maximal ideal in Op (= An).

DEFINITION 4.14. The tangent space Tp(V) at a point P of a variety V is
Homy ji,(np/n%, k), where np the maximal ideal in Op.

When V is embedded in affine space, the above remarks show that this definition
agrees with the more explicit definition on p68. The advantage of the present defini-
tion is that it depends only on a (small) neighbourhood of P. In particular, it doesn’t
depend on an affine embedding of V.

A regular map a: V' — W sending P to () defines a local homomorphism Og — Op,
which induces maps mg — mp, mg/mg, — mp/mp, and Tp(V) — T(W). The last
map is written (da)p. When some open neighbourhoods of P and @ are realized
as closed subvarieties of affine space, then (da)p becomes identified with the map
defined earlier.

In particular, if f € mp, then f is represented by a regular map U — A!, P+ 0,
and hence defines a linear map (df)p: Tp(V) — k. This is just the map sending a
tangent vector (element of Homy i, (mp/m%, k)) to its value at f mod m%. Again, in
the concrete situation V' C A™ this agrees with the previous definition. In general,
for f € Op, i.e., for f a germ of a function at P, we define

(df)p = f — f(P) mod m?.
The tangent space at P and the space of differentials at P are dual vector spaces—in

contrast to the situation in advanced calculus, for us it is easier to define first the
space of differentials, and then define the tangent space to be its dual.

Consider for example, a € V(a) C A", with a a radical ideal. For f € k[A"] =
k[Xi,...,X,], we have (trivial Taylor expansion)

f=f(P)+ Zci(Xi — a;) + terms of degree > 2 in the X; — a;,
that is,
f—f(P)= Z ci(X; —a;) mod m3.
Therefore (df)p can be identified with

0
Zcz(Xz — ai) = Z a)‘é

which is how we originally defined the differential.!* The tangent space To(V(a)) is
the zero set of the equations

(Xl - ai)7

a

(df>P:07 fGCl,

"The same discussion applies to any f € Op. Such an f is of the form £ with h(a) # 0, and has
a (not quite so trivial) Taylor expansion of the same form, but with an infinite number of terms,
i.e., it lies in the power series ring k[[X1 — a1, ..., X, — ay]].
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and the set {(df)p|rv) | f € k[X1,... , X,]} is the dual space to Ta(V).

The dimension of the tangent space. In this subsection we show that the di-
mension of the tangent space is at least that of the variety. First we review some
commutative algebra.

Some commutative algebra. Let S be a multiplicative subset of a ring A, and let S~ A
be the corresponding ring of fractions. Any ideal a in A, generates an ideal S~'a in
S~1A. If a contains an element of S, then S~'a contains a unit, and so is the whole
ring. Thus some of the ideal structure of A is lost in the passage to S™'A, but, as
the next lemma shows, some is retained.

PROPOSITION 4.15. Let S be a multiplicative subset of the ring A. The map p —
S™p = p(S~A) is a bijection from the set of prime ideals of A disjoint from S to
the set of prime ideals of STLA.

PROOF. It is straightforward to verify that
q — (inverse image of ¢ in A)

provides an inverse to p — S™!p. (See Atiyah and MacDonald 1969, p41-42.) O

For example, let V' be an affine variety and P a point on V. The proposition shows
that there is a one-to-one correspondence between the prime ideals of k[V] contained
in mp and the prime ideals of Op. In geometric terms, this says that there is a
one-to-one correspondence between the prime ideals in Op and the irreducible closed
subvarieties of V' passing through P.

Now let A be a local Noetherian ring with maximal ideal m. Then m is an A-
module, and the action of A on m/m? factors through & & A/m.

PROPOSITION 4.16. The elements aq, ... ,a, of m generate m as an ideal if and
only if their residues modulo m? generate m/m? as a vector space over k. In particular,
the minimum number of generators for the maximal ideal is equal to the dimension
of the vector space m/m?.

PROOF. If a1, ... ,a, generate m, it is obvious that their residues generate m/m?.
Conversely, suppose that their residues generate m/m?, so that m = (ay, ... ,a,)+m?
Since A is Noetherian and (hence) m is finitely generated, Nakayama’s lemma, applied
with M =m and N = (aq, ... ,a,), shows that m = (a1, ... ,a,). O

LEMMA 4.17 (Nakayama’s Lemma). Let A be a local Noetherian ring, and let M
be a finitely generated A-module. If N is a submodule of M such that M = N +mM,
then M = N.

PROOF. After replacing M with the quotient module M/N, we can assume that
N = 0. Thus we have to show that if M = mM, then M = 0. Let x4, ... ,x, generate

M, and write
Tr; = E aijxj
J
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for some a;; € m. We see that zy,...,x, can be considered to be solutions to the
system of n equations in n variables

Z(éi]‘ —a;;)r; =0, §;; = Kronecker delta,
J
and so Cramer’s rule tells us that det(d;; — a;;) - ; = 0 for all i. But on expanding it
out, we find that det(d;; — a;;) = 14+m with m € m. In particular, det(d;; — a;;) ¢ m,
and so it is a unit. We deduce that all the x; are zero, and that M = 0. O

A Noetherian local ring A of Krull dimension d is said to be regular if its maximal
ideal can be generated by d elements. Thus A is regular if and only if its Krull
dimension is equal to the dimension of m/m?.

Two results from Section 7. We shall need to use two results that won’t be proved
until §7.

4.18. For any irreducible variety V and reqular functions fi,...,f. on V', the
irreducible components of V(f1,..., fr) have codimension < r.

Note that for polynomials of degree 1 on k", this is familiar from linear algebra: A
system of 7 linear equations in n variables either has no solutions (the equations are
inconsistent) or has a family of solutions of dimension at least n — 7.

Recall that the Krull dimension of a Noetherian local ring A is the maximum length
of a chain of prime ideals:

In §7, we shall prove:

4.19. If V is an irreducible variety of dimension d, then the local ring at each
point P of V' has dimension d.

The height of a prime ideal p in a Noetherian ring A, is the maximum length of a
chain of prime ideals:

p:p02p12~-2m-

Because of (4.15), the height of p is the Krull dimension of A,. Thus the above result
can be restated as: If V is an irreducible affine variety of dimension d, then every
maximal ideal in k[V] has height d.

Sketch of proof of (4.19): If V = A? then A = k[Xy,..., Xy, and all maximal
ideals in this ring have height d, for example,

(Xl—al,...,Xd—ad)D(Xl—al,...,Xd_l—ad_l)D...D(Xl—al)DO

is a chain of prime ideals of length d that can’t be refined. In the general case,
the Noether normalization theorem says that k[V] is integral over a polynomial ring
klxi,... x4, z; € k[V]; then clearly x1, ... , x4 is a transcendence basis for k£(V'), and
the going up and down theorems (see Atiyah and MacDonald 1969, Chapt 5) show
that the local rings of k[V] and k[xy, ... ,x4] have the same dimension.
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The dimension of the tangent space. Note that (4.16) implies that the dimension of
Tp(V) is the minimum number of elements needed to generate np C Op.

THEOREM 4.20. Let V' be irreducible; then dimTp(V) > dim(V), and equality
holds if and only if Op is reqular.

PROOF. Suppose fi,..., f. generate the maximal ideal np in Op. Then f1,..., f;
are all defined on some open affine neighbourhood U of P, and I claim that P is an
irreducible component of the zero-set V' (f1,..., f.) of fi,..., fr in U. If not, there
will be some irreducible component Z # P of V(f1,..., f.) passing through P. Write
Z = V(p) with p a prime ideal in k[U]. Because V(p) C V(fi,..., f,) and because
Z contains P and is not equal to it, we have

(fi,.oos i) Cp S mp (ideals in k[U]).
On passing to the local ring Op = k[U]w,, we find (using 4.15) that
(fi,-- s fr) CpOp G np (ideals in Op).

This contradicts the assumption that the f; generate mp. Hence P is an irreducible
component of V(fi,..., f.), and (4.18) implies that

r > codimP = dim V.

Since the dimension of Tp(V) is the minimum value of r, this implies that
dimTp(V) > dim V. If equality holds, then mp can be generated by dim V' elements,
which (because of 4.19) implies that Op is regular. Conversely, if Op is regular, then
the minimum value of r is dim V', and so equality holds. 0

As in the affine case, we define a point P to be nonsingular if dimTp(V) = dim V.
Thus a point P is nonsingular if and only if Op is a regular local ring. In more geo-
metric terms, we can say that a point P on a variety V' of dimension d is nonsingular
if and only if it can be defined by d equations in some neighbourhood of the point;
more precisely, P is nonsingular if there exists an open neighbourhood U of P and d
regular functions fi,..., fg on U that generate the ideal mp.

According to (Atiyah and MacDonald 1969, 11.23), a regular local ring is an integral
domain. This provides another explanation of why a point on the intersection of two
irreducible components of a variety can’t be nonsingular: the local ring at such a
point in not an integral domain. (Suppose P € Z; N Zy, with Zy N Zy # Zy, Z5. Since
Z1NZy # Zy, there is a nonzero regular function f; defined on an open neighbourhood
U of P in Z; that is zero on UNZ1NZ;,. Extend f; to a neighbourhood of P in Z;UZ,
by setting f1(Q) = 0 for all Q € Z. Then f; defines a germ of regular function at P.
Similarly construct a function f, that is zero on Z;. Then f; and f,; define nonzero
germs of functions at P, but their product is zero.)

An integral domain that is integrally closed in its field of fractions is also called a
normal ring.

An algebraic variety is normal if Op is normal for all P € V. Equivalent condition
(Atiyah and MacDonald 1969, 5.13): for all open affines U C V, k[U] is a finite
product of normal rings. Since, as we just noted, the local ring at a point lying on
two irreducible components can’t be an integral domain, a normal variety is a disjoint
union of irreducible varieties.



72 Algebraic Geometry: 4. Local Study

A regular local Noetherian ring is always normal (cf. Atiyah and MacDonald 1969,
p123); conversely, a normal local integral domain of dimension one is regular (ibid.).
Thus nonsingular varieties are normal, and normal curves are nonsingular. However,
a normal surface need not be nonsingular: the cone

X2 +Y?2—-22=0

is normal, but is singular at the origin — the tangent space at the origin is k3.
However, it is true that the singular locus of a normal variety must have codimension
> 2. For example, a normal surface can only have isolated singularities — the singular
locus can’t contain a curve.

Singular points are singular. The set of singular points on a variety is called the
singular locus of the variety.

THEOREM 4.21. The nonsingular points of a variety V- form a dense open subset.

PROOF. We have to show that the singular points form a proper closed subset of
every irreducible component of V.

Closed: We can assume that V is affine, say V' = V(a) C A" Let P,... P,
generate a. Then the set of singular points is the zero set of the ideal generated by
the (n — d) x (n — d) minors of the matrix

@ . ()
Jac(Py, ..., P.)(a) = : :
@ . )

Proper: Suppose first that V is an irreducible hypersurface in A%*! i.e., that it is the
zero set of a single nonconstant irreducible polynomial F'(X7, ..., X4:1). By (1.21),
dimV = d. In this case, the proof is the same as that of (4.3): if (;)TFI is identically
zero on V(F'), then z?TFl must be divisible by /', and hence be zero. Thus I" must be a
polynomial in X, ... X441 (characteristic zero) or in X7, Xs, ..., X441 (characteristic
p). Therefore, if all the points of V' are singular, then F' is constant (characteristic 0)
or a p™ power (characteristic p) which contradict the hypothesis.

We shall complete the proof by showing (Lemma 4.21) that there is a nonempty
open subset of V' that is isomorphic to a nonempty open subset of an irreducible
hypersurface in A9+ O]

Two irreducible varieties V' and W are said to be birationally equivalent if k(V') ~

LEMMA 4.22. Two irreducible varieties V. and W are birationally equivalent if and
only if there are open subsets U and U’ of V' and W respectively such that U ~ U’.

PROOF. Assume that V and W are birationally equivalent. We may suppose that
V and W are affine, corresponding to the rings A and B say, and that A and B have
a common field of fractions K. Write B = k[z1,... ,z,|. Then x; = a;/b;, a;,b; € A,
and B C Ay, p,. Since Specm( Ay, »,) is a basic open subvariety of V| we may replace
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A with Ay, »,, and suppose that B C A. The same argument shows that there exists
ade BC Asuch A C B;. Now

BCACB;= By C A4 C (Bd)a = Bu,

and so Ay = By. This shows that the open subvarieties D(b) C V and D(b) C W are
isomorphic. This proves the “only if” part, and the “if” part is obvious. O

LEMMA 4.23. Let V' be an irreducible algebraic variety of dimension d; then there
is a hypersurface H in A" birationally equivalent to V.

Proor. Let K = k(x1,...,z,), and assume n > d + 1. After renumbering, we
may suppose that x1, ... ,z4 are algebraically independent. Then f(z1,...,2411) =0
for some nonzero irreducible polynomial f(Xi,...,X441) with coefficients in k.

Not all df/0X; are zero, for otherwise k will have characteristic p # 0 and f
will be a p'™ power. After renumbering, we may suppose that 0f/0X;.1 # O.
Then k(z1,..., %441, Tasr2) is algebraic over k(xy,... ,x4) and x4y is separable over
k(x1,...,xq), and so, by the Primitive Element Theorem (my notes on Fields and Ga-
lois Theory 5.1), there is an element y such that k(z1,...,z42) = k(z1,...,24,Y).
Thus K is generated by n — 1 elements (as a field containing k). After repeating

the process, possibly several times, we will have K = k(z1,...,2441) with z441 sep-
arable over k(z1,...,24). Now take f to be an irreducible polynomial satisfied by
21,...,24+1 and H to be the hypersurface f = 0. O

COROLLARY 4.24. Any algebraic group G is nonsingular.

PROOF. From the theorem we know that there is an open dense subset U of G of
nonsingular points. For any g € G, a — ga is an isomorphism G — G, and so gU
consists of nonsingular points. Clearly G = UgU. O

In fact, any variety on which a group acts transitively by regular maps will be
nonsingular.

ASIDE 4.25. If V has pure codimension 1 in A%t then I(V) = (f) for some
polynomial f.

PrOOF. We know (V) = NI(V;) where the V; are the irreducible components of
V, and so if we can prove I(V;) = (f;) then I(V) = (f1--- f;). Thus we may suppose
that V' is irreducible. Let p = I(V); it is a prime ideal, and it is nonzero because
otherwise dim(V) = d + 1. Therefore it contains an irreducible polynomial f. From
(0.3) we know (f) is prime. If (f) # p , then we have

V=V(p) SV g AT,
and dim (V) < dim(V(f)) < d+ 1 (see 1.22), which contradicts the fact that V has

dimension d. O

ASIDE 4.26. Lemma 4.22 can be improved as follows: if V' and W are irreducible
varieties, then every inclusion k(W) C k(V) is defined by a regular surjective map
a: U — U’ from an open subset U of W onto an open subset U’ of V.

ASIDE 4.27. An irreducible variety V' of dimension d is said to rational if it is bira-
tionally equivalent to A9, Tt is said to be unirational if k(V') can be embedded in k(A%)
— according to the last aside, this means that there is a regular surjective map from
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an open subset of AV onto an open subset of V. Liiroth’s theorem (which some-
times used to be included in basic graduate algebra courses) says that a unirational
curve is rational, that is, a subfield of k(X) not equal to k is a pure transcendental
extension of k. It was proved by Castelnuovo that when & has characteristic zero ev-
ery unirational surface is rational. Only in the seventies was it shown that this is not
true for three dimensional varieties (Artin, Mumford, Clemens, Griffiths, Manin,...).
When k£ has characteristic p # 0, Zariski showed that there exist nonrational unira-
tional surfaces, and P. Blass (UM thesis 1977) showed that there exist infinitely many
surfaces V', no two birationally equivalent, such that k(X?,Y?) C k(V) C k(X,Y).

ASIDE 4.28. Note that, if V is irreducible, then
dimV = mPin dimTp(V)

This formula can be useful in computing the dimension of a variety.

Etale neighbourhoods. Recall that a regular map o: W — V is said to be étale at
a nonsingular point P of W if the map (da)p: Tp(W) — Typ)(V) is an isomorphism.

Let P be a nonsingular point on a variety V of dimension d. A local system of
parameters at P is a family { f1,... , fa} of germs of regular functions at P generating
the maximal ideal np C Op. Equivalent conditions: the images of fi,. .., fsin np/n%

generate it as a k-vector space (see 4.16); or (df1)p, ... , (dfs)p is a basis for dual space
to TP(V)

PROPOSITION 4.29. Let {f1,..., fa} be a local system of parameters at a non-
singular point P of V. Then there is a monsingular open neighbourhood U of P
such that fi, fa,..., fq are represented by pairs (fl,U),... ,(fd, U) and the map
(fl,... ,fd): U — A? is étale.

PrOOF. Obviously, the f; are represented by regular functions f; defined on a
single open neighbourhood U’ of P, which, because of (4.21), we can choose to be

nonsingular. The map a = (fl, e fd) : U — A?is étale at P, because the dual map
to (da)a is (dX;)o — (df;)a. The next lemma then shows that « is étale on an open
neighbourhood U of P. O

LEMMA 4.30. Let W and V' be nonsingular varieties. If a: W — V is étale at P,
then it is étale at all points in an open neighbourhood of P.

PrRoOOF. The hypotheses imply that W and V have the same dimension d, and
that their tangent spaces all have dimension d. We may assume W and V to
be affine, say W C A™ and V C A", and that « is given by polynomials
P(Xy,..., Xn), ... Po(X1, ..., Xp). Then (do)a: Ta(A™) — Th@)(A") is a lin-
op;
oX,
this map contains a nonzero vector in the subspace To(V) of Ta(A™). Let fi,..., fr
generate [(W). Then « is not étale at a if and only if the matrix

7 (a)
5% (a)

has rank less than m. This is a polynomial condition on a, and so it fails on a closed
subset of W, which doesn’t contain P. O

ear map with matrix < (a)), and « is not étale at a if and only if the kernel of
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Let V be a nonsingular variety, and let P € V. An étale neighbourhood of a point
P of V is pair (Q,7n: U — V) with 7 an étale map from a nonsingular variety U to
V and @ a point of U such that 7(Q) = P.

COROLLARY 4.31. LetV be a nonsingular variety of dimension d, and let P € V.
There is an open Zariski neighbourhood U of P and a map w: U — A? realizing (P, U)
as an étale neighbourhood of (0, ... ,0) € A4,

PROOF. This is a restatement of the Proposition. O

ASIDE 4.32. Note the analogy with the definition of a differentiable manifold:
every point P on nonsingular variety of dimension d has an open neighbourhood
that is also a “neighbourhood” of the origin in A%. There is a “topology” on algebraic
varieties for which the “open neighbourhoods” of a point are the étale neighbourhoods.
Relative to this “topology”, any two nonsingular varieties are locally isomorphic (this
is not true for the Zariski topology). The “topology” is called the étale topology —
see my notes Lectures on Etale Cohomology.

Dual numbers and derivations. In general, if A is a k-algebra and M is an A-
module, then a k-derivation is a map D: A — M such that

(a) D(c) =0 for all ¢ € k;
(b) D(a +b) = D(a) + D(b);
(¢) D(a-b)=a-Db+b- Da (Leibniz rule).

Note that the conditions imply that D is k-linear (but not A-linear). We write
Deri(A, M) for the space of all k-derivations A — M.

For example, the map f — (df)p & f— f(P) mod n2 is a k-derivation Op — np/n2.
PROPOSITION 4.33. There are canonical isomorphisms

DeT‘k(Op, k) : Homk_lm(np/n?g, k) E) TP(V)

PrROOF. Note that, as a k-vector space,

Op=kanp, [ (f(P),f—f(P)).

A derivation D: Op — k is zero on k and on n% (Leibniz’s rule). It therefore defines
a linear map np/n% — k, and all such linear maps arise in this way, by composition

—(d
Op d (—f)P np/n?g — k.

O

The ring of dual numbers is k[e] = k[X]/(X?), e = X mod X?. As a k-vector
space it has a basis {1,¢}.

PRrROPOSITION 4.34. The tangent space

Tp(V) =Hom(Op, kle]) (local homomorphisms of local k-algebras).
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PROOF. Let a: Op — kl[¢] be a local homomorphism of k-algebras, and write
a(a) = ag + Dy(a)e. Because « is a homomorphism of k-algebras, a +— aq is the
quotient map Op — Op/m = k. We have

a(ab) = (ab)o+ Dy(ab)e, and
a(a)a(b) = (ag+ Da(a)e)(by 4+ Da(b)e) = agbo + (aoDu(b) + boDa(a))e.

On comparing these expressions, we see that D,, satisfies Leibniz’s rule, and therefore
is a k-derivation Op — k. All such derivations arise in this way. O

For an affine variety V' and a k-algebra A (not necessarily an affine k-algebra), we
define V(A), the set of points of V with coordinates in A, to be Homy 5 (K[V], A).
For example, if V' = V(a) C A", then

V(A) ={(ar,...,a,) € A" | f(a1,...,a,) =0all f €a}.
Consider an a € V(kle]), i.e., a k-algebra homomorphism «: k[V] — kle]. The
composite k[V] — k[e] — k is a point P of V| and
mp = Ker(k[V] — kle] — k) = a"((g)).
Therefore elements of k[V] not in mp map to units in k[e], and so « extends to
a homomorphism o': Op — k[e]. By construction, this is a local homomorphism
of local k-algebras, and every such homomorphism arises in this way. In this way

we get a one-to-one correspondence between the local homomorphisms of k-algebras
Op — kle] and the set

{P" € V(k[e]) | P' — P under the map V(k[e]) — V(k)}.

This gives us a new interpretation of the tangent space at P.

Consider, for example, V' = V(a) C A", a a radical ideal in k[X1, ..., X,], and let
a € V. In this case, it is possible to show directly that

Ta(V) ={a’ € V(k[e]) | a’ maps to a under V (k[e]) — V(k)}

Note that when we write a polynomial F'(X71, ... , X,,) in terms of the variables X;—a;,
we obtain a formula (trivial Taylor formula)

oF
F(Xi,.. Xo) = Flay, .. a0) + ) (Xi —a)+ R

0X;

a

with R a finite sum of products of at least two terms (X; — a;). Now let a € k™ be a
point on V', and consider the condition for a4 b € k[e]” to be a point on V. When
we substitute a; + eb; for X; in the above formula and take F' € a, we obtain:

oF

F(ay +¢€by, ... a, +¢€b,) = E(Z X,

b;).
Consequently, (a1 + by, ... ,a, + €b,) lies on V if and only if (by,... ,b,) € Ta(V)
(original definition p68).

Geometrically, we can think of a point of V' with coordinates in kle| as being a
point of V' with coordinates in k (the image of the point under V(k[e]) — V(k))
together with a “direction”



Algebraic Geometry: 4. Local Study 7

REMARK 4.35. The description of the tangent space in terms of dual numbers is
particularly convenient when our variety is given to us in terms of its points functor.
For example, let M,, be the set of n x n matrices, and let I be the identity matrix.
Write e for I when it is to be regarded as the identity element of GL,,. Then we have

T.(GL,) ={l +cA| A€ M,} = My;
To(SL,) ={I +cA|det(I +cA) =1} ={I+¢cA| trace(A) = 0}.
Assume the characteristic # 2, and let O,, be orthogonal group:

O = {A € GL, | AA™ =T}

(tr=transpose). This is the group of matrices preserving the quadratic form X2 +
-+++ X2 Then det: O, — {41} is a homomorphism, and the special orthogonal
group SO, is defined to be the kernel of this map. We have

Te(0,) = Te(SO,)
{I+cAeM,|(I+cA)I+cA)" =1}
= {I+cAe M, | Ais skew-symmetric}.

Note that, because an algebraic group is nonsingular, dim7.(G) = dim G — this
gives a very convenient way of computing the dimension of an algebraic group.

On the tangent space T.(GL,,) = M, of GL,, there is a bracket operation
[M,N] £ MN - NM

which makes T (GL,,) into a Lie algebra. For any closed algbraic subgroup G of GL,,
T.(G) is stable under the bracket operation on T.(GL,) and is a sub-Lie-algebra of
M,,, which we denote Lie(G). The Lie algebra structure on Lie(G) is independent of
the embedding of G into GL,, (in fact, it has an intrinsic definition), and G + Lie(G)
is a functor from the category of linear algebraic groups to that of Lie algebras.

This functor is not fully faithful, for example, any étale homomorphism G — G’
will define an isomorphism Lie(G) — Lie(G’), but is nevertheless very useful.

Assume k has characteristic zero. A connected algebraic group G is said to be
semisimple if it has no closed connected solvable normal subgroup (except {e}). Such
a group G may have a finite nontrivial centre Z(G), and we call two semisimple
groups G and G’ locally isomorphic if G/Z(G) =~ G'/Z(G"). For example, SL,, is
semisimple, with centre p,, the set of diagonal matrices diag(¢,...,(), ¢" = 1, and
SLy,, /i, = PSL,,. A Lie algebra is semisimple if it has no commutative ideal (except
{0}). One can prove that

G is semisimple <= Lie(G) is semisimple,

and the map G +— Lie(G) defines a one-to-one correspondence between the set of local
isomorphism classes of semisimple algebraic groups and the set of isomorphism classes
of Lie algebras. The classification of semisimple algebraic groups can be deduced
from that of semisimple Lie algebras and a study of the finite coverings of semisimple
algebraic groups — this is quite similar to the relation between Lie groups and Lie
algebras.
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Tangent cones. In this subsection, I assume familiarity with parts of Atiyah and
MacDonald 1969, Chapters 11, 12.

Let V =V(a) C k™, a =rad(a), and let P = (0,...,0) € V. Define a, to be the
ideal generated by the polynomials F, for F' € a, where F, is the leading form of F'
(see p66). The geometric tangent cone at P, Cp(V') is V(a,), and the tangent cone
is the pair (V(a.), k[X1, ..., X,]/a.). Obviously, Cp(V) C Tp(V).

Computing the tangent cone. If a is principal, say a = (F'), then a, = (F), but if
a = (F,...,F,), then it need not be true that a, = (Fi.,..., F..). Consider for
example a = (XY, XZ + Z(Y?— Z?)). One can show that this is a radical ideal either
by asking Macaulay (assuming you believe Macaulay), or by following the method
suggested in Cox et al. 1992, p474, prob 3 to show that it is an intersection of prime
ideals. Since
YZY? -7 =Y - (XZ+2Z2(Y*-Z*)~-Z-(XY)€a
and is homogeneous, it is in a,, but it is not in the ideal generated by XY, XZ. In
fact, a, is the ideal generated by
XY, XZ,6 YZ(Y*-Z%.

This raises the following question: given a set of generators for an ideal a, how do
you find a set of generators for a,? There is an algorithm for this in Cox et al. 1992,
p467. Let a be an ideal (not necessarily radical) such that V' = V(a), and assume
the origin is in V. Introduce an extra variable 7' such that 7'“>" the remaining
variables. Make each generator of a homogeneous by multiplying its monomials by
appropriate (small) powers of 7', and find a Grobner basis for the ideal generated by
these homogeneous polynomials. Remove T' from the elements of the basis, and then
the polynomials you get generate a.

Intrinsic definition of the tangent cone. Let A be a local ring with maximal ideal n.
The associated graded ring is

ar(4) = @n' 't
Note that if A = By and n = mA, then gr(A) = ®&m’/m*™! (because of (4.13)).

PROPOSITION 4.36. The map k[ X1, ..., Xn]/a. — gr(Op) sending the class of X;
in k[ X1,...,Xn]/a. to the class of X; in gr(Op) is an isomorphism.

PROOF. Let m be the maximal ideal in k[ X1, ..., X;,]/a corresponding to P. Then
gr((’)p) _ Zmi/mi—I—l
= D (X X)) (X X)) T an (X X))
= > (X1, X)) (X X))
where a; is the homogeneous piece of a, of degree i (that is, the subspace of a,

consisting of homogeneous polynomials of degree 7). But

(X1, X)) /(X1, ..o, X)) + a; = i™ homogeneous piece of k[X1, ..., X,,]/a..
U
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For a general variety V and P € V', we define the geometric tangent cone Cp(V)
of V at P to be Specm(gr(Op)red), where gr(Op)req is the quotient of gr(Op) by its
nilradical.

Recall (Atiyah and MacDonald 1969, 11.21) that dim(A) = dim(gr(A)). Therefore
the dimension of the geometric tangent cone at P is the same as the dimension of V'
(in contrast to the dimension of the tangent space).

Recall (ibid., 11.22) that gr(Op) is a polynomial ring in d variables (d = dim V')
if and only if Op is regular. Therefore, P is nonsingular if and only if gr(Op) is a
polynomial ring in d variables, in which case Cp(V') = Tp(V).

Using tangent cones, we can extend the notion of an étale morphism to singular
varieties. Obviously, a regular map o: V' — W induces a homomorphism gr(Oy(p)) —
gr(Op). We say that « is étale at P if this is an isomorphism. Note that then there
is an isomorphism of the geometric tangent cones Cp(V) — Cy(py(W), but this map
may be an isomorphism without « being étale at P. Roughly speaking, to be étale
at P, we need the map on geometric tangent cones to be an isomorphism and to
preserve the “multiplicities” of the components.

It is a fairly elementary result that a local homomorphism of local rings a: A — B
induces an isomorphism on the graded rings if and only if it induces an isomorphism on
the completions. Thus a: V' — W is étale at P if and only if the map is Oa(p — Op
an isomorphism. Hence (4.29) shows that the choice of a local system of parameters

fi, ..., fsat a nonsingular point P determines an isomorphism Op — k([ Xq,...,Xd]]
We can rewrite this as follows: let ¢1,... ,t4 be a local system of parameters at a
nonsingular point P; then there is a canonical isomorphism Op — k[[t1,. .. ,t4]]. For

f € Op, the image of f € k[[t1, ... ,t4]] can be regarded as the Taylor series of f.

For example, let V' = A!, and let P be the point a. Then t = X — a is a local
parameter at a, Op consists of quotients f(X) = g(X)/h(X) with h(a) # 0, and the
coefficients of the Taylor expansion }_ -, a,(X —a)" of f(X) can be computed as in

elementary calculus courses: a, = f™(a)/n!.
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5. PROJECTIVE VARIETIES AND COMPLETE VARIETIES

Throughout this section, k£ will be an algebraically closed field. Recall that we
defined

P" = k" \ {origin} ~,

where (ag,...,a,) ~ (bg,...,b,) if and only if there exists a ¢ # 0 in k such
that (ag,...,a,) = c(bo,...,b,). Write (ag : ... : ay,) for the equivalence class
of (ag,...,a,), and 7 for the map "' \ {origin}/~ — P". Let U; be the set of
(ao:...:an) € P"suchthat a; # 0. Then (ag: ...:a,) — (§2,... == 8, o)
is a bijection v;: U; — k™, and we used these bijections to define the structure of a
ringed space on P"; specifically, we said that U C P" is open if and only if v;(U N U;)
is open for all 4, and that a function f: U — k is regular if and only if (f|[UNU;)ov;!

is regular on v;(U N U;) for all 1.

In this chapter, we shall first derive another description of the topology on P",
and then we shall show that the ringed space structure makes P into a separated
algebraic variety. A closed subvariety of P" (or any variety isomorphic to such a
variety) is called a projective variety, and a locally closed subvariety of P™ (or any
variety isomorphic to such a variety) is called a quasi-projective variety. Note that
every affine variety is quasi-projective, but there are many varieties that are not quasi-
projective. We study morphisms between (quasi-) projective varieties. Finally, we
show that a projective variety is “complete”, that is, it has the analogue of a property
that distinguishes compact topological spaces among locally compact spaces.

Projective varieties are important for the same reason compact manifolds are im-
portant: results are often simpler when stated for projective varieties, and the “part
at infinity” often plays a role, even when we would like to ignore it. For example,
a famous theorem of Bezout says that a curve of degree m in the projective plane!®
intersects a curve of degree n in exactly mn points (counting multiplicities). For affine
curves, one has only an inequality.

Algebraic subsets of P". A polynomial F'(Xy,...,X,) is said to be homogeneous
F(tXo,... ,tX,) =t"F(Xo, ..., Xn)
for all t € k. Write k[Xy, ..., X,]q for the subspace of k[Xo, ..., X,] of polynomials
of degree d. Then
k[ Xo, ... Xo] = P KXo, ..., Xulas
d>0

that is, each polynomial F' can be written uniquely as a sum F = Y F; with F,; of
degree d.

Let P = (agp : ... : ay,) € P*. Then P can also be written (cag : ... : ca,) for
any ¢ € k*, and so we can’t speak of the value of a polynomial F'(X,,...,X,) at P.
However, if F' is homogeneous, then F(cay, ... ,ca,) = ¢*F(aq, ... ,a,), and so it does

make sense to say that F' is zero or not zero at P. We define a projective algebraic
set to be the set of common zeros in P" of a collection of homogeneous polynomials.

15This means that it is defined by a homogeneous polynomial F(X,Y, Z) of degree m.
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EXAMPLE 5.1. Consider the projective algebraic subset E of P? defined by the
homogeneous equation

Y27 = X +aXZ*+b2° (%)

where X? 4 aX + b is assumed not to have multiple roots. It consists of the points
(x :y: 1) on the affine curve F.g

Y?2=X3+aX +0,
together with the point “at infinity” (0:1:0).
Poincaré is usually credited (incorrectly!) with showing that E is an algebraic

group, with the group law such that P+ @ + R = 0 if and only if P, @), and R lie on
a straight line. The zero for the group is the point at infinity.

Curves defined by equations of the form (*) are called elliptic curves. They can
also be described as the curves of genus one, or as the abelian varieties of dimension
one.

In the case k = C, for each equation (*), there is a lattice L C C and a function
© (the Weierstrass g-function) that is analytic on C — L and doubly periodic for L
(i.e., such that p(z + A) = p(z) for all A € L) such that

O = +ap+b.

The map z — (p(z) : ¢'(z) : 1) : C/L — {0} — P? is a bijection from C/L — {0}
onto E,g. This map can be extended to an isomorphism C/L = F by sending 0 to
(0:1:0).

In the case that a,b € Q, we can speak of the zeros of (*) with coordinates in
Q. They also form a group E(Q), which Mordell showed to be finitely generated. It
is easy to compute the torsion subgroup of E(Q), but there is at present no known
algorithm for computing the rank of E(Q). More precisely, there is an “algorithm”
which always works, but which has not been proved to terminate after a finite amount
of time, at least not in general. There is a very beautiful theory surrounding elliptic
curves over (Q and other number fields, whose origins can be traced back 1,800 years
to Diophantus. (See my notes on Elliptic Curves for all of this.)

An ideal a C k[Xo,...,X,] is said to be homogeneous if it contains with any
polynomial F' all the homogeneous components of F; i.e., if FF € a = Fy € a, all d.
Such an ideal is generated by homogeneous polynomials (obviously), and conversely,
an ideal generated by a set of homogeneous polynomials is homogeneous. The radical
of a homogeneous ideal is homogeneous, the intersection of two homogeneous ideals
is homogeneous, and a sum of homogeneous ideals is homogeneous.

For a homogeneous ideal a, we write V' (a) for the set of common zeros of the
homogeneous polynomials in a — clearly every polynomial in a will then be zero on
V(a). If Fy, ..., F, are homogeneous generators for a, then V' (a) is the set of common
zeros of the F;. The sets V' (a) have similar properties to their namesakes in A" :

aCb=V(a) DV(b);

V(0) =P V(a) = @ < rad(a) D (Xo,...,X,);
V(ab) = V(anb) =V(a) UV(b);

V(o) =nV(a).
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The first statement is obvious. For the second, let V*T(a) be the zero set of a in
k™t 1t is a cone — it contains together with any point P the line through P and
the origin — and

V(a) = (V*(a)\ (0,...,0))/~.

We have V(a) = ) < V?2i(a) C {(0,...,0)} <= rad(a) D (Xo,...,X,), by
the Hilbert Nullstellensatz. The remaining statements can be proved directly, or by
using the relation between V(a) and VI (a).

Let C be a cone in k"™; then I(C) is a homogeneous ideal in k[Xy,...,X,],
because
F(cay, ... ca,) = Z AFyag, ... a,),

and so, if F'(cag, ... ,ca,) = 0 for all ¢ € k™, we must also have Fy(ao, ... ,a,) = 0.
For any S C P, C' = 7~ !(S) U {origin} is a cone in k"1, and we define I(S) = I(C).

PROPOSITION 5.2. The mapsV and I define a bijection between the set of algebraic
subsets of P and the set of homogeneous radical ideals of k[Xo, ... , X,], except that V
maps both the ideals (Xo, ..., X,) and k[Xo, ..., X,] to the empty set. An algebraic
set V in P is irreducible if and only if (V') is prime; in particular, P™ is irreducible.

PROOF. Note that we have bijections

{algebraic subsets of P", # &} ~,
{closed cones in k"', {(0,...,0),2} >

{homogeneous radical ideals in k[Xo, ..., X,],# (Xo, ..., Xn), k[Xo, ..., Xu]} Y
{algebraic subsets of P", # &}.
Here the first map sends V' to 7=*(V') U {origin}, which is also the closure of 7=(V),
and the third map is V in the sense of projective geometry. The composite of any

three of these maps is the identity map. Obviously, V is irreducible if and only if the
closure of 77!(V) is irreducible, which is true if and only if 7(V) is a prime ideal. O

The Zariski topology on P". The statements above show that projective algebraic
sets are the closed sets for a topology on P". In this subsection, we verify that it agrees
with that defined in the first paragraph of this section. For a homogeneous polynomial
F let

D(F)={PeP"| F(P)#0}.
Then, just as in the affine case, D(F') is open and the sets of this type form a basis
for the topology of P".

With each polynomial f(Xi,...,X,), we associate the homogeneous polynomial
of the same degree

e X Xy
f*(X077Xn):X(§1g(f)f( . )7

YO’ cee YO
and with each homogeneous polynomial F'(Xo, ..., X,) we associate the polynomial

Fo(X1,..., X)) =F(1,X1,...,X).
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PROPOSITION 5.3. For the topology on P™ just defined, each U; is open, and when
we endow it with the induced topology, the bijection

UiHAn, (ao:...:1:...:an)<—>(a0,... s Ai—1, Qg1 - - - ,an)

becomes a homeomorphism.

Proor. It suffices to prove this with i = 0. The set Uy = D(Xy), and so it is a
basic open subset in P". Clearly, for any homogeneous polynomial F' € k[ Xy, ..., X,],

D(F(Xo,..., X)) NUy = D(F(L,X,,...,X,)) = D(F.)
and, for any polynomial f € k[X1,...,X,],
D(f) = D(f*) N V.

Thus, under Uy < A", the basic open subsets of A" correspond to the intersections
with U; of the basic open subsets of P, which proves that the bijection is a homeo-
morphism. O

REMARK 5.4. It is possible to use this to give a different proof that P" is ir-
reducible. We apply the criterion that a space is irreducible if and only if every
nonempty open subset is dense (see p22). Note that each Uj is irreducible, and that
U;NU; is open and dense in each of U; and U; (as a subset of Uj, it is the set of points
(ap:...:1:...0a;:...:a,) with a; # 0). Let U be a nonempty open subset of P";
then U NU; is open in U;. For some 4, U N U; is nonempty, and so must meet U; N Uj;.
Therefore U meets every U;, and so is dense in every U;. It follows that its closure is
all of P™.

We identify A™ with U, and examine the closures in P of closed subsets of A™.

With each ideal a in k[Xy,...,X,], we associate the homogeneous ideal a* in
k[Xo,...,X,] generated by {f* | f € a}. For a closed subset V of A", set V* = V(a*)
with a = I(V).

With each homogeneous ideal a in k[Xy, X1, ..., X,], we associate the ideal a, in
k[Xi,...,X,] generated by {F. | F' € a}. When V is a closed subset of P", we set
Vi =V(a,) with a = I(V).

PROPOSITION 5.5. (a) For V' a closed algebraic subset of A™, V* is the closure
of V.in P, and (V*), = V. If V = UV, is the decomposition of V into its irre-
ducible components, then V* = UV,* is the decomposition of V* into its irreducible
components.

(b) For'V a closed algebraic subset of P, V., = VNA". If no irreducible component
of V lies in Hy or contains Heo, then Vi is a proper subset of A", and (V.)* =V.

PROOF. Straightforward. O

The hyperplane at infinity. It is often convenient to think of P" as being A" = U,
with a hyperplane added “at infinity”. More precisely, identify the Uy with A™. The
complement of Uy in P* is Ho = {(0 : a1 : ... : a,) C P"}, which can be identified
with Pt



84 Algebraic Geometry: 5. Projective Varieties and Complete Varieties

For example, P! = A' U H,, (disjoint union), with H,, consisting of a single point,
and P2 = A2 U H,, with H. a projective line. Consider the line

aX +b0Y +1=0
in A2, Tts closure in P2 is the line
aX +b0Y +7 =0.

It intersects the hyperplane H,, = V(Z) at the point (—b : a : 0), which equals
(1:—a/b:0) when b # 0. Note that —a/b is the slope of the line aX + bY + 1 = 0,
and so the point at which a line intersects H,, depends only on the slope of the line:
parallel lines meet in one point at infinity. We can think of the projective plane P?
as being the affine plane A? with one point added at infinity for each direction in A2

Similarly, we can think of P” as being A" with one point added at infinity for each
direction in A™ — being parallel is an equivalence relation on the lines in A", and
there is one point at infinity for each equivalence class of lines.

Note that the point at infinity on the elliptic curve Y? = X3 + aX + b is the
intersection of the closure of any vertical line with H,.

P" is an algebraic variety. For each 7, write O; for the sheaf on U; defined by the
bijection A" «— U; C P".

LEMMA 5.6. Write U;; = U; N Uj; then O;|U;; = O;|U;;. When endowed with this
sheaf U;; is an affine variety; moreover, I'(U;;, O;) is generated as a k-algebra by the
functions (f|U;;)(g|Ui;) with f € T'(U;, O;), g € (U, O;).

Proor. It suffices to prove this for (i,j) = (0,1). All rings occurring in the proof
will be identified with subrings of the field k(Xo, X1,...,X,).

Recall that

ay a2 Qnp

Up={(ap:ar:...:a,) | ag #0}; (ag:ar:...:a,) < s =y, —) €A™
apg Qo ao
Let k[%, §—§, 7))%;] be the subring of k(Xy, X1,...,X,) generated by the quo-
tients ))g—é—it is the polynomial ring in the n variables %, 7%' An element
X n X n
f( s ))g—o) € kg, ..., f(—o] defines the map
aq a
(ap:ar:...:an) — f(—,...,—): Uy — k,
Qo ao
and in this way k[))g—é, §—§, cee f(—g] becomes identified with the ring of regular functions
on Uy, and Uy with Specm k[%, . 7))%;]
Next consider the open subset of Uy,
U01:{(a0:...:an) ]ao#O, CL17£0}.
It is D())g—(l)), and is therefore an affine subvariety of (Up, Op). The inclusion Uy —
Uy correspg)(nds to ;heXinclusior)l( of ring};{s k)[;g—é, . 7))%;] — k[%, . ,))g—g, %1] An
element f(X—(l), X X—‘l)) of k[X—;, C R X—?] defines the function (ag : ... : a,) —

f(z—(l),. .. ,Z—g, %11) on U01.
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Similarly,
Qo Qnp, n
Ur={(ap:a1:...:a,) | a1 #0}; (ap:a1:...:a,) < (—,...,—) € A",
ay ay
and we identify U; with Specmk[%,%,... . x*]- An element f(f(—(l),... ’i((_?) €
k[%, ,i((—’ll] defines the map (ag : ... :an) — f(52,...,22) : Ui — k.
When regarded as an open subset of Uy,
U01:{(a0:...:an) ]ao#O, a17é0},
is D(f(—‘;), and is therefore an affine subvariety of (U, O;), and the inclusion Uy —
Uy corresponds to the inclusion of rings k[))g—‘l), ,))g—’ll] s k[%, ’i((_?’ §—é] An
element f(f(—‘i, ,))g—’ll) of k[%, ’i((_?’ §—;] defines the function (ag : ... : a,) —
f(%lla"' 7(;_?73_?)) on UOl-
The two rings k[))g—é, ,))g—g, §—‘1)], [§—‘1), ,))g—’l‘, §—;] are equal as subrings of

k(Xo, X1,...,X,), and an element of this ring defines the same function on Uy

regardless of which of the two rings it is considered an element. Therefore,

whether we regard Uy, as a subvariety of Uy or of U; it inherits the same struc-

ture as an affine algebraic variety. This proves the first two assertions, and the
Xn

third is obvious: k[%, . ,))g—g, %1] is generated by its subrings k[))g—é, . ,X—O] and

S T ol O

Write u; for the map A" — U; C P". For any open subset U of P", we define
f: U — k to be regular if and only if f o u; is a regular function on u; ' (U) for all i.
This obviously defines a sheaf O of k-algebras on P".

PROPOSITION 5.7. For each i, the bijection A" — U; is an isomorphism of ringed
spaces, A" — (U;, O|U;); therefore (P, O) is a prevariety. It is in fact a variety.

PROOF. Let U be an open subset of U;. Then f: U — k is regular if and only if

(a) it is regular on U N U;, and
(b) it is regular on U N U; for all j # i.

But the last lemma shows that (a) implies (b) because UNU; C U;;. To prove that
P is separated, apply the criterion (3.26¢) to the covering {U;} of P™. O

EXAMPLE 5.8. Assume k does not have characteristic 2, and let C' be the plane
projective curve: Y27 = X3. For each a € k*, there is an automorphism

0o :C—=C,(x:y:2) (ax:y:a’2).

Patch two copies of C' x Al together along C' x (A! — {0}) by identifying (P, u) with
(pu(P),u™"), P € C, u e A' —{0}. One obtains in this way a singular 2-dimensional
variety that is not quasi-projective (see Hartshorne 1977, p171). (It is even complete
(see below), and so if it were quasi-projective, it would be projective. It is known that
every irreducible separated curve is quasi-projective, and every nonsingular complete
surface is projective, and so this is an example of minimum dimension. In Shafarevich
1994, VI.2.3 there is an example of a nonsingular complete variety of dimension 3 that
is not projective.)
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The field of rational functions of a projective variety. Recall (page 24) that
we attached to each irreducible variety V' a field k(V') with the property that k(V') is
the field of fractions of k[U] for any open affine U C V. We now describe this field in
the case that V' = P". Recall that k[Uy] = k[%, cee f(—g] We regard this as a subring
of k(Xo,...,Xy,), and wish to identify the field of fractions of k[Up] as a subfield of
k(Xo,...,X,). Any nonzero F' € k[Uy| can be written

X, X, F(Xg,...,X,)

P2 Zn ,
(Xo Xo) Xgeg(F)

and it follows that the field of fractions of k[Up] is

G(Xo,...,X,)
k(o) = G, Hh £ th |
(Uo) {H(Xo,. X)) | G, omogeneous of the same degree} u{0}

Write k(Xo, ..., X,)o for this field (the subscript 0 is short for “subfield of elements
of degree 07), so that k(P") = k(Xy,...,X,)o. Note that an element F = & in
k(Xo, ..., Xn)o defines a well-defined function

DH) =k, (ap:...:a,)— Haor . an)’
which is obviously regular (look at its restriction to Uj;).

We now extend this discussion to any irreducible projective variety V. Such a V'
can be written V' = V(p), where p is a homogeneous ideal in k[Xy,...,X,]. Let
knlV] = k[Xo, ..., X,]/p—it is called the homogeneous coordinate ring of V. (Note
that kj,[V] is the ring of regular functions on the affine cone over V; therefore its
dimension is dim(V') + 1. It depends, not only on V', but on the embedding of V' into
P"—it is not intrinsic to V' (see 5.17 below).) We say that a nonzero f € ky[V] is
homogeneous of degree d if it can be represented by a homogeneous polynomial F' of
degree d in k[ Xy, ..., X,]. We give 0 degree 0.

LEMMA 5.9. Each element of k,[V] can be written uniquely in the form

f=fot+ -+

with f; homogeneous of degree i.

PROOF. Let F represent f; then F' can be written F' = Fy + --- + F; with F;
homogeneous of degree i, and when reduced modulo p, this gives a decomposition
of f of the required type. Suppose f also has a decomposition f = > g;, with g;
represented by the homogeneous polynomial G; of degree . Then F' — G € p, and
the homogeneity of p implies that F; — G; = (F — G); € p. Therefore f; = g;. O

It therefore makes sense to speak of homogeneous elements of k[V]. For such an
element h, we define D(h) = {P € V' | h(P) # 0}.

Since kj,[V] is an integral domain, we can form its field of fractions k;, (V). Define
kn(V)o = {% € kn(V) | g and h homogeneous of the same degree} U {0}.

PROPOSITION 5.10. The field of rational functions on V' is ky(V)o.
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PROOF. Consider Vo £ Uy N V. As in the case of P", we can identify k[Vo] with
a subring of k;[V], and then the field of fractions of k[V;] becomes identified with
kn(V)o. O

Regular functions on a projective variety. Again, let V' be an irreducible pro-
jective variety. Let f € k(V)o, and let P € V. If we can write f = ¥ with g and

h homogeneous of the same degree and h(P) # 0, then we define f(P) = %. By
g(P) we mean the following: let P = (ag : ... : a,); represent g by a homogeneous
G € k[Xo, ..., X,], and write g(P) = G(ayo, . .. ,a,); this is independent of the choice
of G, and if (ao,...,ay) is replaced by (cao, ... ,ca,), then g(P) is multiplied by

cdegl9) = ¢deg(h)  Thus the quotient % is well-defined.

Note that we may be able to write f as ¢ with g and h homogeneous polynomials
of the same degree in many essentially different ways (because kj,[V]| need not be a
unique factorization domain), and we define the value of f at P if there is one such
representation with hA(P) # 0. The value f(P) is independent of the representation
f=29 (write P = (ap:...:a,) = a; if £ = £ in ky(V)o, then gh’ = ¢'h in ky[V],
which is the ring of regular functions on the affine cone over V; hence g(a)h'(a) =
g'(a)h(a), which proves the claim).

PROPOSITION 5.11. For each f € k(V) 4 kn(V)o, there is an open subset U of
V' where f(P) is defined, and P — f(P) is a regular function on U. Every reqular
function ¢ on an open subset of V' is defined by some f € k(V).

PRrROOF. Straightforward from the above discussion. Note that if the functions
defined by fi and f, agree on an open subset of V', then f; = fo in k(V). O

REMARK 5.12. (a) The elements of k(V') = k,(V)o should be thought of as the
analogues of meromorphic functions on a complex manifold; the regular functions on
an open subset U of V' are the “meromorphic functions without poles” on U. [In fact,
when k = C, this is more than an analogy: a nonsingular projective algebraic variety
over C defines a complex manifold, and the meromorphic functions on the manifold
are precisely the rational functions on the variety. For example, the meromorphic
functions on the Riemann sphere are the rational functions in z.]

(b) We shall see presently (5.19) that, for any nonzero homogeneous h € k[V],
D(h) is an open affine subset of V. The ring of regular functions on it is
k[D(h)] = {g/h™ | g homogeneous of degree mdeg(h)} U {0}.

We shall also see that the ring of regular functions on V itself is just k, i.e., any
regular function on an irreducible (connected will do) projective variety is constant.
However, if U is an open nonaffine subset of V', then the ring I'(U, Oy) of regular
functions can be almost anything—it needn’t even be a finitely generated k-algebral!

Morphisms from projective varieties. We describe the morphisms from a pro-
jective variety to another variety.

PrOPOSITION 5.13. The map

7 A"\ {origin} — P, (ag,...,an) — (ag: ... an)



88 Algebraic Geometry: 5. Projective Varieties and Complete Varieties

s an open morphism of algebraic varieties. A map o : P — V with V' a prevariety
1s reqular if and only if o o m is reqular.

PROOF. The restriction of 7 to D(X;) is the projection

o DL a_n> : k”H\V(Xi) — U,
i a;

which is the regular map of affine varieties corresponding to the map of k-algebras

Xo X,

kEl—,...,—

Xi Xi

(ag, ... an) — (

1

} — k[Xo, ..., Xa][X7Y).

(In the first algebra f(—]z is to be thought of as a single variable.) It now follows from
(3.5) that 7 is regular.

Let U be an open subset of k"' \ {origin}, and let U’ be the union of all the
lines through the origin that meet U, that is, U’ = 7~ '7(U). Then U’ is again open
in k"1 \ {origin}, because U’ = UcU, ¢ € k*, and = +— cz is an automorphism of
knt1 \ {origin}. The complement Z of U’ in k"*! \ {origin} is a closed cone, and
the proof of (5.2) shows that its image is closed in P"; but w(U) is the complement
of m(Z). Thus 7 sends open sets to open sets.

The rest of the proof is straightforward. 0

Thus, the regular maps P* — V are just the regular maps A" \ {origin} — V
factoring through P™ (as maps of sets).

REMARK 5.14. Consider polynomials Fi(Xo, ..., Xm),..., Fu(Xo, ..., X;,) of the
same degree. The map

(ap:...:am)— (Folag,...,am) ... Fuag, ... am))
obviously defines a regular map to P on the open subset of P where not all F; vanish,
that is, on the set UD(F;) = P" \ V(F1,..., F,). Its restriction to any subvariety V'
of P™ will also be regular. It may be possible to extend the map to a larger set by
representing it by different polynomials. Conversely, every such map arises in this
way, at least locally. More precisely, there is the following result.

PROPOSITION 5.15. Let V. = V(a) C P™, W = V(b) C P A map
p: V. — W s regular if and only if, for every P € V, there exist polynomials
Fo(Xo,. o v Xm)y oo, Fu(Xo, ..., Xin), homogeneous of the same degree, such that

Q=(by:...:00)— (Fo(bo,... bm):...: Fn(bo,... bn))
for all points Q = (by : ... : by,) in some neighbourhood of P in V (a).
PRrOOF. Straightforward. O

EXAMPLE 5.16. We prove that the circle X? +Y? = Z2 is isomorphic to P!. After
an obvious change of variables, the equation of the circle becomes C' : XZ = Y2
Define

0 :P"— C, (a:b) — (a®:ab:b?).
For the inverse, define

p:C —P' by { (@:b:c)—(a:b) ifa#0

(@:b:c)r—(b:c) ifb#0
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Note that,

a7ré07réb,ac:62:>5:é
b a

and so the two maps agree on the set where they are both defined. Clearly, both ¢
and ¢ are regular, and one checks directly that they are inverse.

Examples of regular maps of projective varieties. We list some of the classic
maps.

EXAMPLE 5.17. Let L = > ¢;X; be a nonzero linear form in n+ 1 variables. Then
the map
Co _4o an
(ao. .an) — (L(a)’ ’L(a)>
is a bijection of D(L) C P" onto the hyperplane L(Xi,...,X,) = 1 of A" with
inverse

(agy ... ,an) — (ag:...:ap).
Both maps are regular — for example, the components of the first map are the
regular functions Z);?'Xi. As V(L —1) is affine, so also is D(L), and its ring of regular
functions is k[%, cee %] (This is really a polynomial ring in n variables—any

one variable X/ > ¢;X; for which ¢; # 0 can be omitted—see lemma 4.11.)
EXAMPLE 5.18. (The Veronese mapping.) Let

I={(io,... ,in) €N | iy =m}.

Note that I indexes the monomials of degree m in n + 1 variables. It has (™t")

elements'®. Write v,,, = ("™") — 1, and consider the projective space P"»™ whose

coordinates are indexed by I; thus a point of P»™ can be written (... : b;, 4, :...).
The Veronese mapping is defined to be
vi PP =P (ag i an) o (st big iy e )y big iy = aéo .. .af{‘.
For example, when n = 1 and m = 2, the Veronese map is
P! — P2, (ag: a1) — (ag : agay : a?).
Its image is the curve v(P') : Xo Xy = X7, and the map

. . (bag :b11) if bap # 1
(52,0 . 6171 : 6072) — { (6171 : 6072) if b072 7& O.

16This can be proved by induction on m +n. If m = 0 = n, then (3) = 1, which is correct. A
general homogeneous polynomial of degree m can be written uniquely as

F(Xo,X1,...,Xn) =F1(X1,..., X))+ XoF2(Xo, X1, ..., X,)
with F; homogeneous of degree m and F» homogeneous of degree m — 1. But
(m;Li-n ) — (m—i—rg—l ) + (m:q—z;l )
because they are the coefficients of X™ in
(X 41" = (X +1)(X + 1™,

and this proves what we want.
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is an inverse v(P') — P!. (Cf. Example 5.17.) 7
When n =1 and m is general, the Veronese map is

P! — P (ap:a1) — (a" :a) tay:...:al").
I claim that, in the general case, the image of v is a closed subset of P> and that

v defines an isomorphism of projective varieties v : P* — v(P").

First note that the map has the following interpretation: if we regard the coor-
dinates a; of a point P of P" as being the coefficients of a linear form L = Y a;X;
(well-defined up to multiplication by nonzero scalar), then the coordinates of v(P)
are the coefficients of the homogeneous polynomial L™ with the binomial coefficients
omitted.

As L # 0= L™ # 0, the map v is defined on the whole of P", that is,

(ag, ... an) #(0,...,0)= (..., big in,---) #(0,...,0).
Moreover, Ly # cLy = LT* # cLY', because k[Xy,...,X,] is a unique factorization
domain, and so v is injective. It is clear from its definition that v is regular.
We shall see later in this section that the image of any projective variety under a

regular map is closed, but in this case we can prove directly that v(P") is defined by
the system of equations:

big...inBjo...jn = Vko..knbtg.. 0,5 in+Jn=Fkn+ e, allh (%)
Obviously P™ maps into the algebraic set defined by these equations. Conversely, let

Vi=A{(...: by ip i) | bo_ omo.o#0}.

Then v(U;) C V; and v=(V;) = U;. It is possible to write down a regular map V; — U;
inverse to v|U;: for example, define Vy — P" to be

(. . bio...in L. ) — (bm,O,...,O : bm—l,l,O,...,O : bm—l,O,l,O,...,O Lo bm—l,O,...,O,l)-

Finally, one checks that v(P") C UV;.
For any closed variety W C P", v|W is an isomorphism of W onto a closed subva-
riety v(W) of v(P") C P,

REMARK 5.19. The Veronese mapping has a very important property. If F'is a
nonzero homogeneous form of degree m > 1, then V(F') C P" is called a hypersurface
of degree m and V (F') N W is called a hypersurface section of the projective variety
W. When m = 1, “surface” is replaced by “plane”.

Now let H be the hypersurface in P" of degree m

Z a’LOZnXéo e X;n = O’
and let L be the hyperplane in P*»™ defined by

E aio...inXio...in-

1"Note that, although P* and v(P') are isomorphic, their homogeneous coordinate rings are not.
In fact kp[P'] = k[Xo, X1], which is the affine coordinate ring of the smooth variety A%, whereas
knlv(PY)] = k[Xo, X1, X2]/(XoX2 — X?) which is the affine coordinate ring of the singular variety
XoXo — X2.
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Then v(H) =v(P*)N L, ie.,
H(a) =0 < L(v(a)) =0.
Thus for any closed subvariety W of P", v defines an isomorphism of the hypersurface
section W N H of V onto the hyperplane section v(W)N L of v(W). This observation

often allows one to reduce questions about hypersurface sections to questions about
hyperplane sections.

As one example of this, note that ¥ maps the complement of a hypersurface section
of W isomorphically onto the complement of a hyperplane section of v(W'), which we
know to be affine. Thus the complement of any hypersurface section of a projective
variety is an affine variety—we have proved the statement in (5.12b).

EXAMPLE 5.20. An element A = (a;;) of GL,1; defines an automorphism of P":

(33'03---3$n)'—>(---:zaijxj:--->;

clearly it is a regular map, and the inverse matrix gives the inverse map. Scalar
matrices act as the identity map.

Let PGL;+1 = GLy11 /E* 1, where I is the identity matrix, that is, PGL,; is the
quotient of GL,4; by its centre. Then PGL,4; is the complement in P("*)*~1 of the
hypersurface det(X;;) = 0, and so it is an affine variety with ring of regular functions

It is an affine algebraic group.

The homomorphism PGL, 1 — Aut(P") is obviously injective. It is also surjective
— see Mumford, Geometric Invariant Theory, Springer, 1965, p20.

EXAMPLE 5.21. (The Segre mapping.) This is the mapping
((ao s iam),(bo:...:by)) = ((-..abj:...)): P x P — Prntmn,

The index set for P is {(i,5) | 0 < i < m, 0 < j < n}. Note that if we
interprete the tuples on the left as being the coefficients of two linear forms L, =
Y- a;X; and Ly = > b;Y;, then the image of the pair is the set of coefficients of the
homogeneous form of degree 2, L1L,. From this observation, it is obvious that the
map is defined on the whole of P™ x P™ (L; # 0 # Ly = L1Ly # 0) and is injective.
On any subset of the form U; x U; it is defined by polynomials, and so it is regular.
Again one can show that it is an isomorphism onto its image, which is the closed
subset of P+ defined by the equations

Wi W — WiWg; = 0.
(See Shafarevich 1988, 1.5.1) For example, the map
((ao : a1), (bo : b1)) — (aobo : agby : arbg : ayby) : P* x P' — P?
has image the hypersurface
H: WZ=XY.
The map
(w:z:y:z) = (w:y), (w: )
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is an inverse on the set where it is defined. [Incidentally, P! x P! is not isomorphic
to P2, because in the first variety there are closed curves, e.g., two vertical lines, that
don’t intersect.|

If V and W are closed subvarieties of P and P", then the Segre map sends V' x W
isomorphically onto a closed subvariety of P™**t™*"  Thus products of projective
varieties are projective.

There is an explicit description of the topology on P™ x P" : the closed sets are the
sets of common solutions of families of equations

F(Xo,..., Xm; Y0,...,Y,) =0
with F' separately homogeneous in the X'’s and in the Y's.

EXAMPLE 5.22. Let Lq,...,L,_4 be linearly independent linear forms in n + 1
variables; their zero set E in k"*! has dimension d + 1, and so their zero set in P" is
a d-dimensional linear space. Define 7 : P* — E — P~ %! by 7(a) = (Li(a) : ... :
L,_4(a)); such a map is called a projection with centre E. If V' is a closed subvariety
disjoint from F, then 7 defines a regular map V — P"9~!. More generally, if
Fi, ..., F, are homogeneous forms of the same degree, and Z = V(F},..., F,), then
a— (Fi(a):...: F(a)) is a morphism P* — Z — P"—L.

By carefully choosing the centre F| it is possible to project any smooth curve in P"
isomorphically onto a curve in P2, and nonisomorphically (but bijectively on an open
subset) onto a curve in P? with only nodes as singularities.'® For example, suppose
we have a nonsingular curve C' in P3. To project to P? we need three linear forms
Lo, L1, Ly and the centre of the projection is the point where all forms are zero. We
can think of the map as projecting from the centre Py onto some (projective) plane
by sending the point P to the point where Py P intersects the plane. To project C' to
a curve with only ordinary nodes as singularities, one needs to choose F, so that it
doesn’t lie on any tangent to C, any trisecant (line crossing the curve in 3 points), or
any chord at whose extremities the tangents are coplanar. See for example Samuel,
P., Lectures on Old and New Results on Algebraic Curves, Tata Notes, 1966.

PROPOSITION 5.23. Let V be a projective variety, and let S be a finite set of points
of V.. Then S is contained in an open affine subset of V.

ProOF. Find a hyperplane passing through at least one point of V' but missing
the elements of S, and apply 5.19. (See the exercises.) O

REMARK 5.24. There is a converse: let V' be a nonsingular complete (see below)
irreducible variety; if every finite set of points in V' is contained in an open affine
subset of V' then V' is projective. (Conjecture of Chevalley; proved by Kleiman about
1966.)

Complete varieties. Complete varieties are the analogues in the category of vari-
eties of compact topological spaces in the category of Hausdorff topological spaces.
Recall that the image of a compact space under a continuous map is compact, and
hence is closed if the image space is Hausdorff. Moreover, a Hausdorff space V is

(d—1)(d—2)
2

18 A nonsingular curve of degree d in P? has genus . Thus, if g is not of this form, a

curve of genus g can’t be realized as a nonsingular curve in P2,
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compact if and only if, for all topological spaces W, the projection ¢ : V- x W — W
is closed, i.e., maps closed sets to closed sets (see Bourbaki, Topologie Générale, I,

§10).

DEFINITION 5.25. An algebraic variety V' is said to be complete if for all algebraic
varieties W, the projection ¢: V x W — W is closed.

Note that a complete variety is required to be separated — we really mean it to be
a variety and not a prevariety.

ExXAMPLE 5.26. Consider the projection
(x,y)Hy:Al XA1—>A1

This is not closed; for example, the variety V : XY = 1 is closed in A? but its image
in A! omits the origin. However, if we replace V with its closure in P! x A!, then its
projection is the whole of Al

PROPOSITION 5.27. Let V' be complete.

(a) A closed subvariety of V is complete.

(b) If V' is complete, so also is V x V.

(¢) For any morphism o :' V. — W, a(V') is closed and complete; in particular, if V
1s a subvariety of W, then it is closed in W .

(d) If V is connected, then any reqular map o : V — P is either constant or onto.

(e) IfV is connected, then any regular function on 'V is constant.

PROOF. (a) Let Z be a closed subvariety of a complete variety V. Then for any
variety W, Z x W is closed in V' x W, and so the restriction of the closed map
q:VxXW — W to Z x W is also closed.

(b) The projection V' x V' x W — W is the composite of the projections
VXV xW SV xW—-W,
both of which are closed.
(c) Let I'y = {(v,a(v))} C V x W be the graph of a. It is a closed subset of V' x W
(because W is a variety, see 3.25), and «(V') is the projection of I',, onto W. Since V

is complete, the projection is closed, and so a(V') is closed, and hence is a subvariety
of W. Consider

Lo xW = a(V)x W — W.

We have that I',, is complete (because it is isomorphic to V', see 3.25), and so the
mapping [, x W — W is closed. As I'y, — «a(V) is surjective, it follows that
a(V) x W — W is also closed.

(d) Recall that the only proper closed subsets of P! are the finite sets, and such a
set is connected if and only if it consists of a single point. Because (V') is connected
and closed, it must either be a single point (and « is constant) or P! (and « is onto).

(e) A regular function on V is a regular map f : V — A! C P!. Regard it as a map
into P!. If it isn’t constant, it must be onto, which contradicts the fact that it maps
into Al O

COROLLARY 5.28. Consider a reqular map o: V. — W, if V is complete and
connected and W s affine, then the image of o is a point.
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ProOF. Embed W as a closed subvariety of A", and write a = (aq, ... , a,) where
each q; is a regular map W — A!. Then each o; is a regular function on V, and
hence is constant. ]

REMARK 5.29. The statement that a complete variety V' is closed in any larger
variety W perhaps explains the name: if V' is complete, W is irreducible, and dim V' =
dim W, then V' = W. (Contrast A" C P".)

THEOREM 5.30. A projective variety is complete.

LEMMA 5.31. A wariety V' is complete if and only if ¢ : V x W — W is a closed
mapping for all irreducible affine varieties W'

PROOF. Straightforward. O

After (5.27a), it suffices to prove the Theorem for projective space P" itself; thus
we have to prove that the projection W x P* — W is a closed mapping in the case
that W is an affine variety. Note that W x P™ is covered by the open affines W x U;,
0 < i < n, and that a subset U of W x P" is closed if and only if its intersection
with each W x U; is closed. We shall need another more explicit description of the
topology on W x P™.

Let A = k[W], and let B = A[Xy, ..., X,]. Note that B = A®,k[Xo, ..., X,], and
so we can view it as the ring of regular functions on W x A"*!: f ® g takes the value
f(w) - g(a) at the point (w,a) € W x A", The ring B has an obvious grading—
a monomial aXéO ...Xn a € A, has degree Y i;—and so we have the notion of a
homogeneous ideal b C B. It makes sense to speak of the zero set V(b) C W x P™ of
such an ideal. For any ideal a C A, aB is homogeneous, and V(aB) = V(a) x P".

LEMMA 5.32. (i) For each homogeneous ideal b C B, the set V(b) is closed, and
every closed subset of W x P™ is of this form.

(ii) The set V(b) is empty if and only if rad(b) D (Xo,... ,X,).

(#i3) If W is irreducible, then W =V (b) for some homogeneous prime ideal b.

PROOF. In the case that A = k, we proved all this on pp 90-92, and the same
arguments apply in the present more general situation. For example, to see that
V(b) is closed, apply the criterion stated above.

The set V(b) is empty if and only if the cone V& (b) C W x A" defined by
b is contained in W x {origin}. But > as. i, X ... X, @iy, € k[W], is zero on
W x {origin} if an only if its constant term is zero, and so

"W x {origin}) = (Xo, X1, ... , Xn).
Thus, the Nullstellensatz shows that V(b) = ) = rad(b) = (Xo, ..., X,). Conversely,
if X € b for all i, then obviously V(b) is empty.
For the final statement, note that if V' (b) is irreducible, then the closure of its

inverse image in W x A" is also irreducible, and so the ideal of functions zero on it
prime. U

PROOF OF 5.30. Write p for the projection W x P* — W. We have to show that
Z closed in W x P™ implies p(Z) closed in W. If Z is empty, this is true, and so we
can assume it to be nonempty. Then Z is a finite union of irreducible closed subsets
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Z; of W x P" and it suffices to show that each p(Z;) is closed. Thus we may assume
that Z is irreducible, and hence that Z = V/(b) with b a prime homogeneous ideal in
B = A[Xy,...,X,]

Note that if p(Z) C W', W’ a closed subvariety of W, then Z C W’ x P"—we can
then replace W with W’. This allows us to assume that p(Z) is dense in W, and we
now have to show that p(Z) = W.

Because p(Z) is dense in W, the image of the cone V*(b) under the projection
W x A"t — W is also dense in W, and so (see 2.21a) the map A — B/b is injective.

Let w € W: we shall show that if w ¢ p(Z), i.e., if there does not exist a P € P"
such that (w, P) € Z, then p(Z) is empty, which is a contradiction.

Let m C A be the maximal ideal corresponding to w. Then mB+b is a homogeneous
ideal, and V(mB+b) = V(mB)NV(b) = (wxP*)NV(b), and so w will be in the image
of Z unless V(mB+b) # (). But if V(mB+b) =0, then mB+b D (Xo,...,X,)" for
some N (by 5.33b), and so mB + b contains the set By of homogeneous polynomials
of degree N. Because mB and b are homogeneous ideals,

ByCmB+b= By =mBy+Bynb.

In detail: the first inclusion says that an f € By can be written f = g+h with g € mB
and h € b. On equating homogeneous components, we find that fy = gy + hn.
Moreover: fn = f;if g = > m;b;, m; € m, b; € B, then gy = > m;b;y; and hy € b
because b is homogeneous. Together these show f € mBy + By Nb.

Let M = Bx/By N b, regarded as an A-module. The displayed equation says
that M = mM. The argument in the proof of Nakayama’s lemma (4.17) shows that
(14 m)M = 0 for some m € m. Because A — B/b is injective, the image of 1+ m
in B/b is nonzero. But M = By/By Nb C B/b, which is an integral domain, and so
the equation (1 4+m)M = 0 implies that M = 0. Hence By C b, and so X}¥ € b for
all 4, which contradicts the assumption that Z = V(b) is nonempty. O

Elimination theory. We have shown that, for any closed subset Z of P™ x W,
the projection ¢(Z) of Z in W is closed. Elimination theory '° is concerned with
providing an algorithm for passing from the equations defining Z to the equations
defining ¢(Z). We illustrate this in one case.

Let P = soX™+5 X™ 4+ +s,, and Q = to X"+, X" '+ - -+1, be polynomials.
The resultant of P and () is defined to be the determinant

So S1 ... Sm N-TOWS
So ... Sm
to t1 ... t,
to ... t
0 " M-TOWS

9Elimination theory became unfashionable several decades ago—one prominent algebraic geome-
ter went so far as to announce that Theorem 5.30 eliminated elimination theory from mathematics,
provoking Abhyankar, who prefers equations to abstractions, to start the chant “eliminate the elim-
inators of elimination theory”. With the rise of computers, it has become fashionable again.
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There are n rows of s’s and m rows of ¢’s, so that the matrix is (m + n) x (m + n);
all blank spaces are to be filled with zeros. The resultant is a polynomial in the
coefficients of P and Q.

PROPOSITION 5.33. The resultant Res(P, Q) = 0 if and only if

(a) both sy and ty are zero; or
(b) the two polyomials have a common root.

Proor. If (a) holds, then certainly Res(P, @) = 0. Suppose that « is a common
root of P and @), so that there exist polynomials P, and )7 of degrees m — 1 and
n — 1 respectively such that

PX)=(X-a)l(X), QX)=(X—-a)Qi(X).
From these equations we find that
P(X)Q:1(X) - QX)A(X) =0. (%)

On equating the coefficients of X™*~1 .. X 1 in (*) to zero, we find that the
coefficients of P, and (); are the solutions of a system of m + n linear equations in
m + n unknowns. The matrix of coefficients of the system is the transpose of the
matrix

So S1 ... Sm

S0 Sm
to t1 ... tn

tO tn

The existence of the solution shows that this matrix has determinant zero, which
implies that Res(P, Q) = 0.

Conversely, suppose that Res(P, @) = 0 but neither sy nor ¢y is zero. Because
the above matrix has determinant zero, we can solve the linear equations to find
polynomials P, and @) satisfying (*). If « is a root of P, then it must also be a root
of Py or Q. If the former, cancel X — « from the left hand side of (*) and continue.
As deg P < deg P, we eventually find a root of P that is not a root of P, and so
must be a root of Q. O

The proposition can be restated in projective terms. We define the resultant of two
homogeneous polynomials

P(X,Y)=50X"+ 5 X" Y + - 45, Y™ QX,)Y)=tc X"+ - +t,Y",
exactly as in the nonhomogeneous case.

PROPOSITION 5.34. The resultant Res(P, Q) = 0 if and only if P and Q have a
common zero in P!,

PROOF. The zeros of P(X,Y) in P! are of the form:

(a) (a:1) with a a root of P(X, 1), or
(b) (1:0) in the case that sy = 0.
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Thus (5.34) is a restatement of (5.33). O

Now regard the coefficients of P and () as indeterminants. The pairs of polynomials
(P, Q) are parametrized by the space A™™! x Antt = Amtn+2 - Consider the closed
subset V(P, Q) in A™" "2 x P!, The proposition shows that its projection on A™*"+2
is the set defined by Res(P, Q) = 0. Thus, not only have we shown that the projection
of V(P, Q) is closed, but we have given an algorithm for passing from the polynomials
defining the closed set to those defining its projection.

Elimination theory does this in general. Given a family of polynomials
P(Ty, ..., Tn; Xo, ..., X,), homogeneous in the X;, elimination theory gives an algo-
rithm for finding polynomials R;(7T7, ... ,T,) such that the P,(a1, ... , am; Xo, ..., Xn)
have a common zero if and only if R;(as,...,a,) = 0 for all j. (Our theorem only
shows that the R; exist.) See Cox et al. 1992, Chapter 8, Section 5..

Maple can find the resultant of two polynomials in one variable: for example,
entering “resultant((z + a)°, (x + b)5,z)” gives the answer (—a + b)*. Explanation:
the polynomials have a common root if and only if @ = b, and this can happen in 25
ways. Macaulay doesn’t seem to know how to do more.

The rigidity theorem. The paucity of maps between projective varieties has some
interesting consequences. First an observation: for any point w € W, the projection
map V x W — V defines an isomorphism V' x {w} — V with inverse v — (v, w) :
V — V x W (this map is regular because its components are).

THEOREM 5.35. Let a : V. x W — U be a regular map, and assume that V 1is
complete, that V and W are irreducible, and that U is separated. If there are points
ug € U, vg €V, and wg € W such that

a(V x{wo}) = {uo} = a({ve} x W)
then a(V x W) = {ug}.

PRrROOF. Let Uy be an open affine neighbourhood of ug. Because the projection

map ¢ : V x W — W is closed, Z 4 q(a=(U —TUy)) is closed in W. Note that a point
w of W lies outside Z if and only a(V x {w}) C Up. In particular wy € W — Z, and
so W —Z is dense in W. As V' x {w} is complete and Uy is affine, a(V x {w}) must
be a point whenever w € W — Z: in fact, a(V x {w}) = a(vy,w) = {up}. Thus « is
constant on the dense subset V' x (W — Z) of V' x W, and so is constant. U

An abelian variety is a complete connected group variety.

COROLLARY 5.36. Fvery reqular map o« : A — B of abelian varieties is the com-
posite of a homomorphism with a translation; in particular, a reqular map o : A — B
such that a(0) = 0 is a homomorphism.

PROOF. After composing a with a translation, we may assume that «(0) = 0.
Consider the map

p: Ax A— B, o(a,a’) =ala+d) —ala) — ald).

Then (A x0) =0 = ¢(0x A) and so ¢ = 0. This means that « is a homomorphism.
U

COROLLARY 5.37. The group law on an abelian variety is commutative.
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Proor. Commutative groups are distinguished among all groups by the fact that
the map taking an element to its inverse is a homomorphism: if (gh)™* = g~'h™!,
then, on taking inverses, we find that gh = hg. Since the negative map, a — —a :
A — A, takes the identity element to itself, the preceding corollary shows that it is a
homomorphism. O

Projective space without coordinates. Let E be a vector space over k of dimen-
sion n + 1. The set P(E) of lines through zero in E has a natural structure of an
algebraic variety: the choice of a basis for £ defines an bijection P(E) — P", and
the inherited structure of an algebraic variety on P(E) is independent of the choice
of the basis. Note that in contrast to P, which has n + 1 distinguished hyperplanes,
namely, Xo =0,...,X, =0, no hyperplane in P(E) is distinguished.

One can also define the structure of an algebraic variety on the set Gp41,(E) of
r-dimensional subspaces in E. The resulting varieties are called Grassmanians. They
are projective.

Bezout’s theorem. Let V' be a hypersurface in P" (that is, a closed subvariety of
codimension 1). For such a variety, (V) = (F(Xo,...,X,)) with F' a homogenous
polynomial without repeated factors. We define the degree of V' to be the degree of
F.

The next theorem is one of the oldest, and most famous, in algebraic geometry.

THEOREM 5.38 (Bezout). Let C' and D be curves in P? of degrees m and n re-
spectively. If C' and D have no irreducible component in common, then they intersect
wmn exactly mn points, counted with appropriate multiplicities.

PROOF. Decompose C' and D into their irreducible components. Clearly it suf-
fices to prove the theorem for each irreducible component of C' and each irreducible
component of D. We can therefore assume that C' and D are themselves irreducible.

We know from (1.22) that C'N D is of dimension zero, and so is finite. After a
change of variables, we can assume that a # 0 for all points (a:b:¢c) € C N D.

Let F(X,Y,Z) and G(X,Y, Z) be the polynomials defining C' and D, and write
F=80Z" 482"+ +8m,  G=tZ"+4H2" "+ +t,

with s; and ¢; polynomials in X and Y of degrees ¢ and j respectively. Clearly
Sm # 0 # t,, for otherwise F' and G would have Z as a common factor. Let R
be the resultant of F' and G, regarded as polynomials in Z. It is a homogeneous
polynomial of degree mn in X and Y, or else it is identically zero. If the latter
occurs, then for every (a,b) € k% F(a,b,Z) and G(a,b, Z) have a common zero,
which contradicts the finiteness of C' N D. Thus R is a nonzero polynomial of degree
mn. Write R(X,Y) = X" R,(%) where R,(T) is a polynomial of degree < mn in
T-Y.

Suppose first that deg R, = mn, and let aq, ..., Qy, be the roots of R, (some of
them may be multiple). Each such root can be written o; = 2—i, and R(a;, b;) = 0.
According to (5.34) this means that the polynomials F'(a;, b;, Z) and G(a;, b;, Z) have
a common root ¢;. Thus (a; : b; : ¢;) is a point on C'N D, and conversely, if (a : b : ¢)
is a point on C'N D (so a # 0), then £ is a root of R,(T). Thus we see in this case,
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that C'N D has precisely mn points, provided we take the multiplicity of (a: b: ¢) to
be the multiplicity of 3 as a root of R,.

Now suppose that R, has degree r < mn. Then R(X,Y) = X" " P(X,Y) where
P(X,Y) is a homogeneous polynomial of degree r not divisible by X. Obviously
R(0,1) = 0, and so there is a point (0 : 1 : ¢) in C'N D, in contradiction with our
assumption. O

REMARK 5.39. The above proof has the defect that the notion of multiplicity has
been too obviously chosen to make the theorem come out right. It is possible to show
that the theorem holds with the following more natural definition of multiplicity. Let
P be an isolated point of C'N D. There will be an affine neighbourhood U of P and
regular functions f and g on U such that CNU = V(f) and DNU = V(g). We
can regard f and g as elements of the local ring Op, and clearly rad(f,g) = m, the
maximal ideal in Op. It follows that Op/(f,g) is finite-dimensional over k, and we
define the multiplicity of P in C'N D to be dimy(Op/(f,g)). For example, if C' and
D cross transversely at P, then f and g will form a system of local parameters at P
— (f,9) = m — and so the multiplicity is one.

The attempt to find good notions of multiplicities in very general situations has
motivated much of the most interesting work in commutative algebra over the last 20
years.

Hilbert polynomials (sketch). Recall that for a projective variety V C P*,
knlV] = Ek[Xo,. .., Xp]/b = Elxo, ..., 24,

where b = I(V). We observed that b is homogeneous, and therefore k;,[V] is a graded
ring:

kn V] = ®mz0kn[V]m,

where kj,[V],, is the subspace generated by the monomials in the z; of degree m.
Clearly kp[V],, is a finite-dimensional k-vector space.

THEOREM 5.40. There is a unique polynomial P(V,T) such that P(V,m) =
dimy, k[V],, for all m sufficiently large.
PROOF. Omitted. 0

EXAMPLE 5.41. For V' = P", ku[V] = k[Xo,... , X,], and (see the footnote on
page 89), dim ky[V],, = (™) = w

’ (T'+n)---(T"+1)
n!

, and so

PE"T) = (15") =

The polynomial P(V,T') in the theorem is called the Hilbert polynomial of V.
Despite the notation, it depends not just on V' but also on its embedding in projective
space.

THEOREM 5.42. Let V' be a projective variety of dimension d and degree o; then

P(V,T) = %Td + terms of lower degree.

PRrROOF. Omitted. ]
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The degree of a projective variety is the number of points in the intersection of the
variety and of a general linear variety of complementary dimension (see later).

EXAMPLE 5.43. Let V' be the image of the Veronese map

(ap = a1) — (al:altay ;... af) : P' — P

Then kp,[V],, can be identified with the set of homogeneous polynomials of degree
m - d in two variables (look at the map A? — A?*! given by the same equations),
which is a space of dimension dm + 1, and so

P(V,T) =dT + 1.

Thus V' has dimension 1 (which we certainly knew) and degree d.

Macaulay knows how to compute Hilbert polynomials.

References: Hartshorne 1977, 1.7; Atiyah and Macdonald 1969, Chapter 11; Harris
1992, Lecture 13.
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6. FINITE MAPS

Throughout this section, k is an algebraically closed field.

Recall that an A-algebra B is said to be finite if it is finitely generated as an A-
module. This is equivalent to B being finitely generated as an A-algebra and integral
over A.

DEFINITION 6.1. A regular map ¢ : W — V is said to be finite if for all open affine
subsets U of V., p~}(U) is an affine variety, and k[p~'(U)] is a finite k[U]-algebra.

PROPOSITION 6.2. It suffices to check the condition in the definition for all subsets
in one open affine covering (U;) of V.

PROOF. Omitted. (See Mumford 1966, I1I.1, proposition 5). O

Hence a map ¢ : Specm(B) — Specm(A) of affine varieties is finite if and only if
B is a finite A-algebra.

PROPOSITION 6.3. (a) For any closed subvariety Z of V', the inclusion Z — V
18 finite.
(b) The composite of two finite morphisms is finite.
(¢) The product of two finite morphisms is finite.

PROOF. (a) Let U be an open affine subvariety of V. Then Z N U is a closed
subvariety of U. It is therefore affine, and the map ZNU — U corresponds to a map
A — A/a of rings, which is obviously finite.

(b) If B is a finite A-algebra and C' is a finite B-algebra, then C' is a finite A-
algebra: indeed, if {b;} is a set of generators for B as an A-module, and {¢;} is a
set of generators for C' as a B-module, then {b;c;} is a set of generators for C' as an
A-module.

(c) If B and B’ are respectively finite A and A’-algebras, then B ®; B’ is a finite
A ®y, A'-algebra: indeed, if {b;} is a set of generators for B as an A-module, and {0’}
is a set of generators for B’ as an A-module, the {b; ® b’} is a set of generators for
B ®4 B’ as an A-module. O

By way of contrast, an open immersion is rarely finite. For example, the inclusion
A' — {0} — A’ is not finite because the ring k[T, T~'] is not finitely generated as
a k[T]-module. (Any finite set of elements in k[T, T~'] has a fixed power of T as a
common denominator.)

The fibres of a regular map ¢ : W — V are the subvarieties p~!(P) of W for
P € V. When the fibres are all finite, ¢ is said to be quasi-finite.

PROPOSITION 6.4. A finite map ¢ : W — V is quasi-finite.

PROOF. Let P € V; we wish to show p~!(P) is finite. After replacing V with an
affine neighbourhood of P, we can suppose that it is affine, and then W will be affine
also. The map ¢ then corresponds to a map o : A — B of affine k-algebras, and a
point @ of W maps to P if and only a~!(mg) = mp. But this holds if and only if*
mg D a(mp), and so the points of W mapping to P are in one-to-one correspondence

20Clearly then a~!(mg) D mp, and we know it is a maximal ideal.
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with the maximal ideals of B/a(m)B. Clearly B/a(m)B is generated as a k-vector
space by the image of any generating set for B as an A-module, and the next lemma
shows that it has only finitely many maximal ideals. 0

LEMMA 6.5. A finite k-algebra A has only finitely many maximal ideals.

PROOF. Let my,... ,m, be maximal ideals in A. They are obviously coprime in
pairs, and so the Chinese Remainder Theorem (see below) shows that the map

A— A/my x - x Ajm,, ar (...,a; modm,,...),

is surjective. It follows that dimz A > >  dimg(A/m;) > n (dimensions as k-vector
spaces). O

LEMMA 6.6 (Chinese Remainder Theorem). Let ay,... ,a, be ideals in a ring A.
If a; is coprime to a; (i.e., a; + a; = A) whenever i # j, then the map

A— Al x - x Afay,

is surjective, with kernel [] a; = Na;.

PROOF. The proof is elementary (see Atiyah and MacDonald 1969, 1.10). O
THEOREM 6.7. A finite map ¢ : W — V is closed.

PROOF. Again we can assume V and W to be affine. Let Z be a closed subset of
W. The restriction of ¢ to Z is finite (by 6.3a and b), and so we can replace W with
Z; we then we have to show that Im(¢p) is closed. The map corresponds to a finite
map of rings A — B. This will factor, A — A/a — B, from which we obtain maps

Specm(B) — Specm(A/a) — Specm(A).

The second map identifies Specm(A/a) with the closed subvariety V(a) of Specm(A),
and so it remains to show that the first map is surjective. This is a consequence of
the next lemma. 0

LEMMA 6.8 (Going-Up Theorem). Let A C B be rings with B integral over A.

(a) For every prime ideal p of A, there is a prime ideal q of B such that qN A = p.
(b) Let p=qnN A; then p is mazimal if and only if q is mazimal.

PROOF. (a) If S is a multiplicative subset of a ring A, then the prime ideals of
S~1A are in one-to-one correspondence with the prime ideals of A not meeting S (see
4.15). Tt therefore suffices to prove (a) after A and B have been replaced by S~'A
and S7'B, where S = A — p. Thus we may assume that A is local, and that p is its
unique maximal ideal. In this case, for all proper ideals b of B, bN A C p (otherwise
b D> A>1). To complete the proof of (a), I shall show that for all maximal ideals n
of B,nNA=np.

Consider B/n D A/(nN A). Here B/n is a field, which is integral over its subring
A/(nNA), and nN A will be equal to p if and only if A/(nN A) is a field. Thus the
claim follows from the next lemma. O

LEMMA 6.9. Let A be a subring of a field K. If K is integral over A, then A also
s a field.
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PROOF. Let a € A, a # 0. Then a~! € K, and it is integral over A:
(@' +ar(a)" ' 4+ +a,=0,a € A

On multiplying through by a"~*, we find that

al+a+- - +a,at =0,

from which it follows that ¢! € A. O

PROOF. (of 6.8b)The ring B/q contains A/p, and it is integral over A/p. If q is
maximal, then (6.9) shows that p is also. For the converse, note that any integral
domain algebraic over a field is a field — it is a union of integral domains finite over
k, and multiplication by any nonzero element of an integral domain finite over a field
is an isomorphism (it is injective by definition, and an injective endomorphism of a
finite-dimensional vector space is also surjective). O

COROLLARY 6.10. Let o : W — V be finite; if V is complete, then so also is W.

Proor. Consider
WxT—-VxT-—-T, (wt)— (pw),t)—t.

Because W x T' — V x T is finite (see 6.3c), it is closed, and because V' is complete,
V xT — T is closed. A composite of closed maps is closed, and therefore the
projection W x T" — T' is closed. O

EXAMPLE 6.11. labelFM11 (a) Project XY = 1 onto the X axis. This map is
quasi-finite but not finite, because k[X, X '] is not finite over k[X].

(b) The map A% — {origin} — A? is quasi-finite but not finite, because the inverse
image of A? is not affine (2.20).

(c) Let V=V (X"+T1 X" ! +...4+T,) C A" and consider the projection map
(a1, .. an, ) — (a1,... ,a,) : V — A",
The fibre over any point (ay,... ,a,) € A" is the set of solutions of
X"+ X" '+ +a,=0,

and so it has exactly n points, counted with multiplicities. The map is certainly
quasi-finite; it is also finite because it corresponds to the finite map of k-algebras,

KTy, T — k[Ty, ... T, X] /(X" + T X" 4+ T)).

(d) Let V = V(ToX"+Th1 X" '+ - -+T,) C A", The projection ¢ : V' — A"*! has
finite fibres except for the fibre above (0, ... ,0), which is A'. The restriction |V \
¢~ (origin) is quasi-finite, but not finite. Above points of the form (0,...,0,%,... %)
some of the roots “vanish off to co”. (Example (a) is a special case of this.)

(e) Let P(X,Y) = To X" + T X" 'Y + ... +T,Y", and let V be its zero set in
P! x (A" — {origin}). In this case, the projection map V — A" — {origin} is
finite. (Prove this directly, or apply 6.24 below.)

(f) The morphism A' — A% ¢ +— (¢%,3) is finite because the image of k[X,Y] in
k[T] is k[T? T3], and {1,T} is a set of generators for k[T over this subring.

(g) The morphism A' — A, a — @™ is finite (special case of (c)).
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(h) The obvious map
(A! with the origin doubled ) — A'
is quasi-finite but not finite (the inverse image of A' is not affine).

EXERCISE 6.12. Prove that a finite map is an isomorphism if and only if it is
bijective and étale. (Cf. Harris 1992, 14.9.)

The Frobenius map t — t*: A’ — A! in characteristic p # 0 and the map t
(t2,¢3): A - V(Y? — X3) C A? from the line to the cuspidal cubic (see 2.17¢c) are
examples of finite bijective regular maps that are not isomorphisms.

Noether Normalization Theorem. This theorem sometimes allows us to reduce
the proofs of statements about affine varieties to the case of A™.

THEOREM 6.13. For any irreducible affine algebraic variety V' of a variety of di-
mension d, there is a finite surjective map ¢ : V — A,

PrROOF. This is a geometric re-statement of the original theorem. O

THEOREM 6.14 (Noether Normalization Theorem). Let A be a finitely generated
k-algebra, and assume that A is an integral domain. Then there exist elements
Y1,---,Yd € A that are algebraically independent over k and such that A is integral
over klyi, ... ,yadl.

PROOF. Let z1,... ,x, generate A as a k-algebra. We can renumber the z; so that
x1,...,xq are algebraically independent and x 444, ... , z, are algebraically dependent
on xy,...,xq (see 6.12 of my notes on Fields and Galois Theory).

Because x,, is algebraically dependent on z1,... , x4, there exists a nonzero poly-
nomial f(Xi,..., Xy, T) such that f(z1,..., x4, 2,) = 0. Write

f(Xla"' 7Xd7T) :aon+a1Tm_1+~~-+am

with a; € k[X1,..., X4 (= klz1,...,24]). If ap is a nonzero constant, we can di-
vide through by it, and then z,, will satisfy a monic polynomial with coefficients in
klxi,...,xq], that is, z,, will be integral (not merely algebraic) over klz1, ..., z4].
The next lemma suggest how we might achieve this happy state by making a linear
change of variables. O

LEMMA 6.15. If F(Xy,...,X4,T) is a homogeneous polynomial of degree r, then

FXi4+MT,..., Xag+MNT,T)=F(A\,..., A, 1)T" + terms of degree < r in T.

PrROOF. The polynomial F(X; + MT, ..., X4 + AT, T) is still homogeneous of
degree r (in Xi,...,X,,T), and the coefficient of the monomial 7" in it can be
obtained by substituting 0 for each X; and 1 for T'. O

PROOF. (of the Noether Normalization Theorem, continued). Note that un-
less F'(X1,...,X4,T) is the zero polynomial, it will always be possible to choose
(A1, ..., Aq) so that F'(A1,..., Ag, 1) # 0 —substituting 7' = 1 merely dehomogenizes
the polynomial (no cancellation of terms occurs), and a nonzero polynomial can’t be
zero on all of k™ (this can be proved by induction on the number of variables; it uses
only that k is infinite).
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Let F' be the homogeneous part of highest degree of f, and choose (\1,...,\s) so
that F'(A1,..., A, 1) # 0. The lemma then shows that

X+ MT, . Xg+ AT, T) =T + by T7 7 4 - 4 by,

with ¢ = F(A\, ..., \g,1) € k%, by € k[Xq,...,X4], degb; < r. On substitut-
ing =, for T" and z; — \;z,, for X; we obtain an equation demonstrating that z,

is integral over k[zqy — MXp,...,Tq — Aaxyn). Put 2 = 2, — Nz, 1 < 0 < d.
Then z,, is integral over the ring k[z], ... ,z/], and it follows that A is integral over
A =k[2}, ... 2, xay1, ... ,xn—1]. Repeat the process for A’, and continue until the
theorem is proved. O

REMARK 6.16. The above proof uses only that £ is infinite, not that it is alge-
braically closed (that’s all one needs for a nonzero polynomial not to be zero on all of
k™). There are other proofs that work also for finite fields (see Mumford 1966, p4-6),
but the above proof gives us the additional information that the y;’s can be chosen
to be linear combinations of the z;. This has the following geometric interpretation:

let V' be a closed subvariety of A" of dimension d; then there exists a linear map
A" — A? whose restriction to V is a finite map V — A%

Zariski’s main theorem. An obvious way to construct a nonfinite quasi-finite map
W — V is to take a finite map W’ — V and remove a closed subset of W'. Zariski’s
Main Theorem show that, when W and V' are separated, every quasi-finite map arises
in this way.

THEOREM 6.17 (Zariski’s Main Theorem). Any quasi-finite map of varieties ¢ :

W —V factors into W S WSV with ¢ finite and v an open immersion.

PROOF. Omitted — see the references below. O

REMARK 6.18. Assume (for simplicity) that V' and W are irreducible and affine.
The proof of the theorem provides the following description of the factorization: it
corresponds to the maps

k[V] — k[W'] — k[W]
with k[W’] the integral closure of k[V] in k[W].

A regular map ¢ : W — V of irreducible varieties is said to be birational if it
induces an isomorphism k(V') — k(W) on the fields of rational functions (that is, if
it demonstrates that W and V' are birationally equivalent).

REMARK 6.19. One may ask how a birational regular map ¢ : W — V can fail to
be an isomorphism. Here are three examples.

(a) The inclusion of an open subset into a variety is birational.

(b) The map A' — C, t — (t?,13), is birational. Here C is the cubic Y? = X3 and
the map k[C] — k[A'] = k[T identifies k[C] with the subring k[T? T3] of k[T.
Both rings have k(T) as their fields of fractions.

(c¢) For any smooth variety V' and point P € V, there is a regular birational map
¢ : V' — V such that the restriction of ¢ to V' —¢~!(P) is an isomorphism onto
V — P, but p~!(P) is the projective space attached to the vector space Tp(V).
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The next result says that, if we require the target variety to be normal (thereby
excluding example (b)), and we require the map to be quasi-finite (thereby excluding
example (c)), then we are left with (a).

COROLLARY 6.20. Let ¢ : W — V be a birational reqular map of irreducible
varieties. Assume

(a) V is normal, and
(b) ¢ is quasi-finite.

Then ¢ is an isomorphism of W onto an open subset of V.

PROOF. Factor ¢ as in the theorem. For each open affine subset U of V', k[~ (U)]
is the integral closure of k[U] in k(W). But k(W) = k(V') (because ¢ is birational),
and k[U] is integrally closed in k(V') (because V' is normal), and so U = ¢'~1(U) (as
varieties). It follows that W' = V. O

REMARK 6.21. Let W and V be irreducible varieties, and let ¢ : W — V be a
dominating map. It induces a map k(V) — k(W), and if dim W = dim V| then k(W)
is a finite extension of k£(V'). We shall see later that, if n is the separable degree of
k(V) over k(WW), then there is an open subset U of W such that ¢ isn:1on U, i.e.,
for P € p(U), ¢~ (P) has exactly n points.

Now suppose that ¢ is a bijective regular map W — V. We shall see later that
this implies that W and V' have the same dimension. Assume:

(a) k(W) is separable over k(V);
(b) V is normal.

From (i) and the preceding remark, we find that ¢ is birational, and from (ii) and
the corollary, we find that ¢ is an isomorphism of W onto an open subset of V; as
it is surjective, it must be an isomorphism of W onto V. We conclude: a bijective
regular map ¢ : W — V satisfying the conditions (i) and (ii) is an isomorphism.

REMARK 6.22. The full name of Theorem 6.17 is “the main theorem of Zariski’s
paper Trans. AMS, 53 (1943), 490-532”. Zariski’s original statement is that in (6.20).
Grothendieck proved it in the stronger form (6.17) for all schemes. There is a good
discussion of the theorem in Mumford 1966, I11.9. See also: Nowak, Krzysztof Jan, A
simple algebraic proof of Zariski’s main theorem on birational transformations, Univ.
lagel. Acta Math. No. 33 (1996), 115-118; MR 97m:14016.

Fibre products. Consider a variety S and two regular maps ¢ : V — S and v :
W — S. Then the set

Vxs W E {(v,w) € V x W | pv) = p(w)}

is a closed subvariety of V' x W, called the fibred product of V and W over S. Note
that if S consists of a single point, then V xg W =V x W.
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Write ¢’ for the map (v, w) — w:V xg W — W and ¢’ for the map (v, w) — v :
V xg W — V. We then have a commutative diagram:

VxeW -2 w

I

|44 LN
The fibred product has the following universal property: consider a pair of regular
maps a: T — V, 3:T — W; then

(a,B) =t (a(t), Bt): T -V xW

factors through V' x¢ W (as a map of sets) if and only if pa = ¥ 3, in which case
(c, B) is regular (because it is regular as a map into V' x W).

Suppose V, W, and S are affine, and let A, B, and R be their rings of regular
functions. Then A ®r B has the same universal property as V xg W, except with
the directions of the arrows reversed. Since both objects are uniquely determined by
their universal properties, this shows that k[V xs W] = A®r B/ N, where N is the
nilradical of A ®g B (that is, the set of nilpotent elements of A ®@p B).

The map ¢’ in the above diagram is called the base change of ¢ with respect to 1.
For any point P € S, the base change of ¢ : V — S with respect to P — S is the
map ¢~ (P) — P induced by ¢.

PROPOSITION 6.23. The base change of a finite map is finite.

PROOF. We may assume that all the varieties concerned are affine. Then the
statement becomes: if A is a finite R-algebra, then A ®p B/ N is a finite B-algebra,
which is obvious. ]

Proper maps. A regular map ¢ : V. — § of varieties is said to be proper if it is
“universally closed”, that is, if for all maps 7" — S, the base change ¢’ : V xgT — T
of ¢ is closed. Note that a variety V is complete if and only if the map V' — {point}
is proper. From its very definition, it is clear that the base change of a proper map is
proper. In particular, if ¢ : V' — S is proper, then ¢~!(P) is a complete variety for
all P e S.

PROPOSITION 6.24. A finite map of varieties is proper.
PrOOF. The base change of a finite map is finite, and hence closed. O

The next result (whose proof requires Zariski’s Main Theorem) gives a purely geo-
metric criterion for a regular map to be finite.

PROPOSITION 6.25. A proper quasi-finite map ¢: W — V' of varieties is finite.

PRrOOF. Factor ¢ into W < WS W owith « finite and ¢ an open immersion.
Factor ¢ into
w o ns) W xy W’ Sl and w'.
The image of the first map is I',, which is closed because W' is a variety (see 3.25;
W’ is separated because it is finite over a variety — exercise). Because ¢ is proper,
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the second map is closed. Hence ¢ is an open immersion with closed image. It follows
that its image is a connected component of W’ and that W is isomorphic to that
connected component. [

If W and V are curves, then any surjective map W — V is closed. Thus it is easy
to give examples of closed surjective quasi-finite nonfinite maps. For example, the
map

a—a": A {0} — Al
which corresponds to the map on rings
KIT) = k[T, T7Y, TeT"

is such a map. This doesn’t violate the theorem, because the map is only closed, not
universally closed.



Algebraic Geometry: 7. Dimension Theory 109

7. DIMENSION THEORY

Recall that to an irreducible variety V', we attach a field k(') — it is the field of
fractions of k[U] for any open affine subvariety U of V, and also the field of fractions
of Op for any point P in V. We defined the dimension of V' to be the transcendence
degree of k(V') over k. Note that, directly from this definition, dimV = dim U for
any open subvariety U of V. Also, that if W — V is a finite surjective map, then
dimW = dim V' (because k(W) is a finite field extension of k(V)).

When V' is not irreducible, we defined the dimension of V' to be the maximum
dimension of an irreducible component of V', and we said that V' is pure of dimension
d if the dimensions of the irreducible components are all equal to d.

In §1 and §3 we proved the following results:

7.1. (a) The dimension of a linear subvariety of A" (that is, a subvariety defined

by linear equations) has the value predicted by linear algebra (see 1.20b, 4.11).
In particular, dim A" = n. As a consequence, dimP" = n.

(b) Let Z be a proper closed subset of A"; then Z has pure codimension one in A" if
and only if I(Z) is generated by a single nonconstant polynomial. Such a variety
is called an affine hypersurface (see 1.21 and 4.25)**.

(c) If V is irreducible and Z is a proper closed subset of V, then dimZ < dimV
(see 1.22).

Affine varieties. The fundamental additional result that we need is that, when we
impose additional polynomial conditions on an algebraic set, the dimension doesn’t
go down by more than linear algebra would suggest.

THEOREM 7.2. Let V' be an irreducible affine variety, and let f € k[V]. If f is not
zero or a unit in k[V], then V(f) is pure of dimension dim(V') — 1.

Alternatively we can state this as follows: let V' be a closed subvariety of A™ and
let F' € k[Xq,...,X,]; then

V if F'is identically zero on V'
VnV(f)=<¢ 0 if F has no zeros on V
hypersurface otherwise.
where by hypersurface we mean a closed subvariety of codimension 1.

We can also state it in terms of the algebras: let A be an affine k-algebra; let
f € A be neither zero nor a unit, and let p be a prime ideal that is minimal among
those containing (f); then

tr degr A/p = tr degr A — 1.

PrROOF. We begin the proof of Theorem 7.2. Note that we know it already in the
case that V' = A" (see 7.1b).

We first show that it suffices to prove the theorem in the case that V(f) is irre-
ducible.

Suppose Zy, ... , Z, are the irreducible components of V(). We can choose a point
P € Z, that does not lie on any other Z; (otherwise the decomposition V(f) = UZ;

21The cautious reader will check that we didn’t use 4.18 or 4.19 in the proof of 4.25.
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would be redundant). As Zi,...,Z, are closed, there is an open neighbourhood U
of P, which we can take to be affine, that does not meet any Z; except Z,. Now
V(f|U) = Zy NU, which is irreducible.

As V(f) is irreducible, rad(f) is a prime ideal p C k[V]. According to the Noether
normalization theorem (6.14), there is a finite surjective map 7 : V — A< which
realizes k(V) is a finite extension of the field k(A?). The idea of the proof is to show
that (V) is the zero set of a single element fy € k[AY], and to use that we already
know the theorem for A?. O

LEMMA 7.3. Let A be an integral domain, and let L be a finite extension of the
field of fractions K of A. If o € L is integral over A, then so also is Nmp ko
Hence, if A is integrally closed (e.g., if A is a unique factorization domain), then
Nmp oo € A. In this last case, o divides Nmy, ko in the ring Ala].

PRrOOF. Let g(X) be the minimum polynomial of a over K,
9(X) = X"+ a, 1 X"+ +ay.

Then Nma = j:ao% = ao%, where n = [L : K]. In some extension field £ of L, g(X)
will split

g(X) = H(X — Oéi), ] = o, HO&Z‘ = :l:a().

Because « is integral over A, g(X) has coefficients in A (see 1.33), and so each «;
is integral over A. Since the elements of E integral over A form a subring of FE, it
follows that Nm « is integral over A.

Now suppose A is integrally closed, so that a = Nma € A. From the equation

0=a(@ ' +a,10" 2+ +a1) +a
we see that a divides ag in A[a], and therefore it also divides a = ao% . O

PROOF. (of 7.2 continued) Let fo = Nmyy/kaa) f- According to the lemma, fy
lies in k[A9)], and I claim that p N k[A?] = rad(fy). The lemma shows that f divides
foin k[V], and so fy € (f) C p. Hence rad(fo) C pNk[A?]. For the reverse inclusion,
suppose that g € p N k[A9. Then g € rad(f), and so g™ = fh for some h € k[V],
m € N. Taking norms, we find that ¢™* = Nm(fh) = fo - Nm(h) € (fo), where
e = [k(V) : k(A™)], which proves the claim.

The inclusion k[V] < k[A9] therefore induces an inclusion

KA/ rad(fo) = K[A"]/p N KA — K[V]/p,
which makes k[V]/p into a finite algebra over k[A?]/rad(fo). Hence
dim V(p) = dim V (fo).

Clearly f # 0 = fo # 0, and fy € p = fy is not a nonzero constant. Therefore
dim V(fo) = d — 1 by (7.1b). 0

COROLLARY 7.4. Let V be an irreducible variety, and let Z be a maximal proper
closed irreducible subset of V. Then dim(Z) = dim(V') — 1.
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PROOF. For any open affine subset U of V meeting Z, dim U = dim V' and dim U N
Z = dimZ. We may therefore assume that V' itself is affine. Let f be a nonzero
regular function on V' vanishing on Z, and let V(f) be the set of zeros of f (in
V). Then Z C V(f) C V, and Z must be an irreducible component of V(f) for
otherwise it wouldn’t be maximal in V. Thus we can apply the theorem to obtain
that dim Z = dim V' — 1. O

COROLLARY 7.5 (Topological Characterization of Dimension). Suppose V' is irre-
ducible and that

V2Vi2 - 2Vi#0

is a maximal chain of closed irreducible subsets of V.. Then dim(V') = d. (Mazimal
means that the chain can’t be refined.)

PRrROOF. From (7.4) we know that
dimV =dimV; +1=dimVo,+2=.---=dimV;+d =d.
U

REMARK 7.6. (a) Recall that the Krull dimension of a ring A is the sup of the
lengths of chains of prime ideals in A. It may be infinite, even when A is Noetherian
(for an example of this, see Nagata, Local Rings, 1962, Appendix A.1). However a
local Noetherian ring has finite Krull dimension, and so

Krull dimA = sup Krull dim A,,.
m maximal
In Nagata’s nasty example, there is a sequence of maximal ideals m;, my, ms3, ... in
A such that the Krull dimension of Ay, tends to infinity.

The corollary shows that, when V' is affine, dim V' = Krull dim k[V], but it shows
much more. Note that each V; in a maximal chain (as above) has dimension d — 1,
and that any closed irreducible subset of V' of dimension d — i occurs as a V; in a
maximal chain. These facts translate into statements about ideals in affine k-algebras
that do not hold for all Noetherian rings. For example, if A is an affine k-algebra
that is an integral domain, then Krull dim A, is the same for all maximal ideals of A
— all maximal ideals in A have the same height (we have proved 4.19). Moreover, if
p is an ideal in k[V] with height 4, then there is a maximal (i.e., nonrefinable) chain
of prime ideals

with p; = p.

(b) Now that we know that the two notions of dimension coincide, we can re-
state (7.2) as follows: let A be an affine k-algebra; let f € A be neither zero nor a
unit, and let p be a prime ideal that is minimal among those containing (f); then

Krull dim A/p =Krull dimA — 1.

This statement does hold for all Noetherian local rings (see Atiyah and MacDonald
1969, 11.18), and is called Krull’s principal ideal theorem.

COROLLARY 7.7. Let 'V be an irreducible variety, and let Z be an irreducible com-
ponent of V(f1,... fr), where the f; are reqular functions on V. Then codim(Z) < r.
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PROOF. As in the proof of (7.4), we can assume V to be affine. We use induction
on r. Because Z is a closed irreducible subset of V(fi,... f,—1), it is contained in
some irreducible component Z’ of V(fi,... f,—1). By induction, codim(Z’") < r — 1.
Also Z is an irreducible component of Z’ NV (f,.) because

ZCZ0V(f)CV(f,... 1)

and Z is a maximal closed irreducible subset of V(f1, ..., f;). If f, vanishes identically
on Z', then Z = Z' and codim(Z) = codim(Z’) < r—1; otherwise, the theorem shows
that Z has codimension 1 in Z’, and codim(Z) = codim(Z’) +1 <. O

PROPOSITION 7.8. Let V' and W be closed subvarieties of A™; for any (nonempty)
wrreducible component Z of V. NW,

dim(Z) > dim(V') + dim(W) — n;
that 1s,
codim(Z) < codim(V') + codim(W).

PROOF. In the course of the proof of (3.26), we showed that V N W is isomorphic
to AN (V x W), and this is defined by the n equations X; = Y; in V' x W. Thus the
statement follows from (7.7). O

REMARK 7.9. (a) The example

X2 —|—Y2 — Z2
Z =0
shows that Proposition 7.8 becomes false if one only looks at real points. Also, that
the pictures we draw can mislead.

(b) The statement of (7.8) is false if A" is replaced by an arbitrary affine variety.
Consider for example the affine cone V'

X1 X4y — XoX3=0.
It contains the planes,
Z2X2:0:X4; Z:{(*,O,*,O)}

Z/IXl :OZXg, Z/:{(O,*,O,*)}
and ZNZ" = {(0,0,0,0)}. Because V is a hypersurface in A%, it has dimension 3,
and each of Z and Z’ has dimension 2. Thus
codimZNZ' =3 ¢ 1+ 1= codim Z + codim Z'.

The proof of (7.8) fails because the diagonal in V' x V' cannot be defined by 3 equations
(it takes the same 4 that define the diagonal in A*)—thus the diagonal is not a set-
theoretic complete intersection.

REMARK 7.10. In (7.7), the components of V(fi,..., f.) need not all have the
same dimension, and it is possible for all of them to have codimension < r without
any of the f; being redundant.

For example, let V' be the same affine cone as in the above remark. Note that
V(X1) NV is a union of the planes:

V(X1) NV ={(0,0,x%,%)} U{(0,%,0,%)}.
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Both of these have codimension 1 in V' (as required by (7.2)). Similarly, V(X3) NV
is the union of two planes,

V(X)) NV ={(0,0,%,%)} U{(x,0,%0)},

but V (X1, X2) NV consists of a single plane {(0,0,*, x)}: it is still of codimension 1
in V', but if we drop one of two equations from its defining set, we get a larger set.

PROPOSITION 7.11. Let Z be a closed irreducible subvariety of codimension r in an
affine variety V. Then there exist reqular functions fi,..., f, on'V such that Z is an
irreducible component of V(f1,. .., fr) and all irreducible components of V(f1,... , fr)
have codimension r.

PRroOOF. We know that there exists a chain of closed irreducible subsets
VoZi1D---DZ. =27

with codim Z; = i. We shall show that there exist f1,..., f. € k[V] such that, for all
s <r, Zs is an irreducible component of V(fi,. .., fs) and all irreducible components
of V(fi,...,fs) have codimension s.

We prove this by induction on s. For s = 1, take any f1 € I(Z1), f1 # 0, and apply
Theorem 7.2. Suppose fi,..., fs_1 have been chosen, and let Y] = Z,_1,....,Y,,, be
the irreducible components of V(f1,..., fs—1). We seek an element f; that is identi-
cally zero on Z, but is not identically zero on any Y;—for such an fs, all irreducible
components of Y; NV (f;) will have codimension s, and Z; will be an irreducible com-
ponent of Y1 NV (fs). But Y; € Z, for any i (Zs has smaller dimension than Y;), and
so I(Z;) € I(Y;). Now the prime avoidance lemma (see below) tells us that there
is an element f; € I(Z;) such that f; ¢ I(Y;) for any ¢, and this is the function we
want. ]

LEMMA 7.12 (Prime Avoidance Lemma). If an ideal a of a ring A is not contained
in any of the prime ideals p1, ... ,p,, then it is not contained in their union.

PROOF. We may assume that none of the prime ideals is contained in a second,
because then we could omit it. Fix an iy and, for each i # 4o, choose an f; € p;, fi ¢

., and choose f;, € a, fi, & p;,. Then hy, A [] /i lies in each p; with ¢ # iy and a,
but not in p;, (here we use that p;, is prime). The element > h; is therefore in a but
not in any p;. U

REMARK 7.13. The proposition shows that for a prime ideal p in an affine k-
algebra, if p has height r, then there exist elements f1,...,f. € A such that p is
minimal among the prime ideals containing (f1,..., f.). This statement is true for
all Noetherian local rings.

REMARK 7.14. The last proposition shows that a curve C' in A? is an irreducible
component of V(fi, fo) for some fi, fo € k[X,Y,Z]. In fact C' = V(f1, fo, f3) for
suitable polynomials fi, fa, and f; — this is an exercise in Shafarevich 1994 (1.6,
Exercise 8); see also Hartshorne 1977, I, Exercise 2.17. Apparently, it is not known
whether two polynomials always suffice to define a curve in A3 — see Kunz 1985,
p136. The union of two skew lines in P? can’t be defined by two polynomials (ibid.
p140), but it is unknown whether all connected curves in P? can be defined by two
polynomials. Macaulay (the man, not the program) showed that for every r > 1,
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there is a curve C' in A? such that I(C') requires at least r generators (see the same
exercise in Hartshorne for a curve whose ideal can’t be generated by 2 elements).

In general, a closed variety V' of codimension 7 in A™ (resp. P") is said to be a set-
theoretic complete intersection if there exist r polynomials f; € k[X1, ..., X,,] (resp.
homogeneous polynomials f; € k[Xo, ..., X,]) such that

V=V(fi,..., fr)

Such a variety is said to be an ideal-theoretic complete intersection if the f; can be
chosen so that (V) = (f1,...,fr). Chapter V of Kunz’s book is concerned with
the question of when a variety is a complete intersection. Obviously there are many
ideal-theoretic complete intersections, but most of the varieties one happens to be
interested in turn out not to be. For example, no abelian variety of dimension > 1 is an
ideal-theoretic complete intersection (being an ideal-theoretic complete intersection
imposes constraints on the cohomology of the variety, which are not fulfilled in the
case of abelian varieties).

Let P be a point on an irreducible variety V' C A" Then (7.11) shows that
there is a neighbourhood U of P in A™ and functions fi,...,f. on U such that
Unv = V(fi,...,fr) (zero set in U). Thus U NV is a set-theoretic complete
intersection in U. One says that V is a local complete intersection at P € V if there
is an open affine neighbourhood U of P in A" such that I(V N U) can be generated
by r regular functions on U. Note that

ideal-theoretic complete intersection = local complete intersection at all p.

It is not difficult to show that a variety is a local complete intersection at every
nonsingular point.

PROPOSITION 7.15. Let Z be a closed subvariety of codimension r in variety V,
and let P be a point of Z that is nonsingular when regarded both as a point on Z

and as a point on V. Then there is an open affine neighbourhood U of P and reqular
functions fi,..., fr on U such that ZNU =V (f1,..., fr).

PRrROOF. By assumption
dim Tp(Z) =dimZ = dimV —r = dimg Tp(V') — 7.

There exist functions fi, ..., f. contained in the ideal of Op corresponding to Z such
that Tp(Z) is the subspace of Tp(V') defined by the equations

(df1>P == 0, e ,(dfr)p == 0
All the f; will be defined on some open affine neighbourhood U of P (in V'), and clearly
Z is the only component of Z’ 4 V(fi,..., fr) (zero set in U) passing through P.
After replacing U by a smaller neighbourhood, we can assume that Z’ is irreducible.

As fi,..., fr € I(Z'), we must have Tp(Z') C Tp(Z), and therefore dim Z’ < dim Z.
But [(Z') C I(ZNU), and so Z' D ZNU. These two facts imply that Z' = ZNU. O

PROPOSITION 7.16. Let V' be an affine variety such that k[V] is a unique factor-
1zation domain. Then every pure closed subvariety Z of V of codimension one is

principal, i.e., I(Z) = (f) for some f € k[V].

PROOF. In (4.25) we proved this in the case that V' = A™, but the argument only
used that k[A"] is a unique factorization domain. O
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EXAMPLE 7.17. The condition that k[V] is a unique factorization domain is defi-
nitely needed. Again let V' be the cone

X1X4 - X2X3 == 0
in A* and let Z and Z’ be the planes
Z ={(%0,%0)}  Z'={(0,%,0,x%)}.

Then Z N Z" = {(0,0,0,0)}, which has codimension 2 in Z’. If Z = V(f) for some
regular function f on V, then V(f|Z") = {(0,...,0)}, which is impossible (because
it has codimension 2, which violates 7.2). Thus Z is not principal, and so

k[Xla X27 X37 X4]/(X1X4 - X2X3)

is not a unique factorization domain.

Projective varieties. The results for affine varieties extend to projective varieties
with one important simplification: if V' and W are projective varieties of dimensions
rand s in P" and r +s > n, then VNW # (.

THEOREM 7.18. Let V. = V(a) C P" be a projective variety of dimension > 1,
and let f € k[Xo,...,X,] be homogeneous, nonconstant, and ¢ a; then VNV (f) is
nonempty and of pure codimension 1.

PROOF. Since the dimension of a variety is equal to the dimension of any dense
open affine subset, the only part that doesn’t follow immediately from (7.2) is the
fact that V N V(f) is nonempty. Let V%/(a) be the zero set of a in A"*! (that is,
the affine cone over V). Then V% (a)NV/(f) is nonempty (it contains (0, ... ,0)),
and so it has codimension 1 in V*//(a). Clearly V%/(a) has dimension > 2, and so
Vel (a) N VeI (f) has dimension > 1. This implies that the polynomials in a have a
zero in common with f other than the origin, and so V' (a) NV (f) # 0. 0O

COROLLARY 7.19. Let f1,---,f, be homogeneous mnonconstant elements of
k[Xo,...,X,]; and let Z be an irreducible component of VNV (f1,...fr). Then
codim(Z) <r, and if dim(V') > r, then VNV (f1,... f.) is nonempty.

PROOF. Induction on r, as before. O

COROLLARY 7.20. Let a.: P™ — P be reqular; if m < n, then « is constant.

PROOF. Let m: A" — {origin} — P" be the map (ag,... ,a,) — (ag : ... : an).
Then « o 7 is regular, and there exist polynomials Fy,... , F,, € k[Xo,..., X,] such
that a o 7 is the map

(ag, ... ,an) — (Fo(a):...: Fy(a)).

As « o7 factors through P", the F; must be homogeneous of the same degree. Note
that

alag : ... ay) = (Fola) :...: F(a)).

If m < n and the F; are nonconstant, then (7.18) shows they have a common zero
and so « is not defined on all of P". Hence the F};’s must be constant. O
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PROPOSITION 7.21. Let Z be a closed irreducible subvariety of V; if codim(Z) = r,
then there exist homogeneous polynomials f1, ..., fr in k[Xo, ..., X,] such that Z is
an irreducible component of VOV (f1,..., f.).

PROOF. Use the same argument as in the proof (7.11). O

PROPOSITION 7.22. FEvery pure closed subvariety Z of P of codimension one is
principal, i.e., I(Z) = (f) for some f homogeneous element of k[ Xy, ... , X,].

Proor. Follows from the affine case. O

COROLLARY 7.23. Let V. and W be closed subvarieties of P"; if dim(V) +
dim(W) > n, then V.0NW # 0, and every irreducible component of it has
codim(Z) <codim(V')+codim(W).

PROOF. Write V = V(a) and W = V/(b), and consider the affine cones V' = V' (a)
and W’ = W (b) over them. Then

dim(V') + dim(W’) = dim(V) + 1 + dim(W) + 1 > n + 2.

As V' N W' # 0, V' N W' has dimension > 1, and so it contains a point other than
the origin. Therefore V NW # (). The rest of the statement follows from the affine
case. U

PROPOSITION 7.24. Let V' be a closed subvariety of P™ of dimension r < n; then
there is a linear projective variety E of dimension n —r — 1 (that is, E is defined by
r + 1 independent linear forms) such that ENV = ().

PRrROOF. Induction on r. If r = 0, then V is a finite set, and the next lemma shows
that there is a hyperplane in £"*! not meeting V. O

LEMMA 7.25. Let W be a vector space of dimension d over an infinite field k, and
let By, ..., E,. be a finite set of nonzero subspaces of W. Then there is a hyperplane
H in W containing none of the E;.

PROOF. Pass to the dual space V' of W. The problem becomes that of showing
V' is not a finite union of proper subspaces E;. Replace each E) by a hyperplane
H; containing it. Then H; is defined by a nonzero linear form L;. We have to show
that [ L; is not identically zero on V. But this follows from the statement that a
polynomial in n variables, with coefficients not all zero, can not be identically zero
on k". (See the first homework exercise. )

Suppose r > 0, and let Vi, ..., V, be the irreducible components of V. By assump-
tion, they all have dimension < r. The intersection F; of all the linear projective
varieties containing V; is the smallest such variety. The lemma shows that there is a
hyperplane H containing none of the nonzero F;; consequently, H contains none of
the irreducible components V; of V', and so each V; N H is a pure variety of dimension
< r —1 (or is empty). By induction, there is an linear subvariety E’ not meeting
VNH. Take FE = F' NH. O

Let V and F be as in the theorem. If E' is defined by the linear forms Ly, ... , L,
then the projection a — (Lg(a) : -+ : L,(a)) defines a map V' — P". We shall see
later that this map is finite, and so it can be regarded as a projective version of the
Noether normalization theorem.
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8. REGULAR MAPS AND THEIR FIBRES.

Throughout this section, k is an algebraically closed field. Consider again the
regular map ¢: A2 — A? (z,y) — (z,zy). We have seen that its image

C = (A* \ {y-axis}) U {(0,0)}
is neither open nor closed, and, in fact, is not even locally closed. The fibre

o Nz, y) = (A? \ {y-axis}) U {(0,0)}.

From this unpromising example, it would appear that it is not possible to say anything
about the image of a regular map, nor about the dimension or number of elements in
its fibres. However, it turns out that (almost) everything that can go wrong already
goes wrong for this map. We shall show:

(a) the image of a regular map is a finite union of locally closed sets;

(b) the dimensions of the fibres can jump only on closed subsets;

(c) the number of elements (if finite) in the fibres can drop only on closed subsets,
provided the map is finite, the target variety is normal, and %k has characteristic
Zero.

Constructible sets. Let W be a topological space. A subset C' of W is said to
constructible if it is a finite union of sets of the form U N Z with U open and Z
closed. Obviously, if C' is constructible and V' C W, then C' NV is constructible. A
constructible set in A" is definable by a finite number of polynomials; more precisely,
it is defined by a finite number of statements of the form

f(Xla"'aXTL):O: g(XlaaXn>7é0

combined using only “and” and “or” (or, better, statements of the form f = 0 com-
bined using “and”, “or”, and “not”). The next proposition shows that a constructible
set C' that is dense in an irreducible variety V' must contain a nonempty open subset
of V. Contrast Q, which is dense in R (real topology), but does not contain an open
subset of R, or any infinite subset of A! that omits an infinite set.

PROPOSITION 8.1. Let C be a constructz’b_le set whose closure C' is irreducible.
Then C' contains a nonempty open subset of C'.

PROOF. We are given that C' = U(U; N Z;) with each U; open and each Z; closed.
We may assume that each set U; N Z; in this decomposition is nonempty. Clearly
C C UZ;, and as C is irreducible, it must be contained in one of the Z;. For this ¢

CDUZ‘QZZ‘DUZ‘QCDUZ‘QCDUZ‘Q(UZ‘QZZ‘):UZ‘QZZ‘.
Thus U; N Z; = U; N C is a nonempty open subset of C' contained in C. 0

THEOREM 8.2. A regular map ¢: W — V' sends constructible sets to constructible
sets. In particular, if U is a nonempty open subset of W, then o(U) contains a
nonempty open subset of its closure in V.

The key result we shall need from commutative algebra is the following. (In the next
two results, A and B are arbitrary commutative rings—they need not be k-algebras.)
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PROPOSITION 8.3. Let A C B be integral domains with B finitely generated as an
algebra over A, and let b be a nonzero element of B. Then there exists an element
a # 0 in A with the following property: every homomorphism a: A — € from A into
an algebraically closed field ) such that a(a) # 0 can be extended to a homomorphism
B: B — Q such that 3(b) # 0.

Consider, for example, the rings k[X] C k[X, X']. A homomorphism a: k[X] — k
extends to a homomorphism k[X, X '] — k if and only if a(X) # 0. Therefore, for
b =1, we can take a = X. In the application we make of Proposition 8.3, we only
really need the case b = 1, but the more general statement is needed so that we can
prove it by induction.

LEMMA 8.4. Let B D A be integral domains, and assume B = A[t] ~ A[T]/a.
Let ¢ C A be the set of leading coefficients of the polynomials in a. Then every
homomorphism a: A — § from A into an algebraically closed field Q2 such that a(c) #
0 can be extended to a homomorphism of B into ().

PROOF. Note that ¢ is an ideal in A. If a = 0, then ¢ = 0, and there is nothing to
prove (in fact, every a extends). Thus we may assume a # 0. Let f = a, 7"+ -+ag
be a nonzero polynomial of minimum degree in a such that «(a,,) # 0. Because B # 0,
we have that m > 1.

Extend a to a homomorphism a: A[T] — Q[T] by sending 7" to T. The Q-
submodule of Q[T] generated by &(a) is an ideal (because T-)  ¢;a(g:) = > c;a(g:iT)).
Therefore, unless @(a) contains a nonzero constant, it generates a proper ideal in Q[7,
which will have a zero ¢ in €). The homomorphism

AT S QT —Q, T—Twc

then factors through A[T]/a = B and extends «.
In the contrary case, a contains a polynomial

g(T)=b,T"+---+by, «b;))=0 (i>0), alby) #D0.
On dividing f(T") into g(7") we find that
at g(T) = q(T)f(T)+r(T), deN, gq,reA[T], degr <m.
On applying & to this equation, we obtain
a(am)*a(bo) = alg)a(f) + a(r).

Because a(f) has degree m > 0, we must have &(q) = 0, and so &(r) is a nonzero
constant. After replacing ¢g(7") with r(7T"), we may assume n < m. If m = 1, such a
g(T') can’t exist, and so we may suppose m > 1 and (by induction) that the lemma
holds for smaller values of m.

For W(T) = ¢, T"+c, 1 T" '+ -+co, let B (T) = ¢, +- - -+cyT". Then the A-module
generated by the polynomials 7°h/(T), s > 0, h € a, is an ideal a’ in A[T]. Moreover,
a’ contains a nonzero constant if and only if a contains a nonzero polynomial 77,
which implies ¢ = 0 and A = B (since B is an integral domain).

If @’ does not contain nonzero constants, then set B’ = A[T]|/a’ = A[t/]. Then o
contains the polynomial ¢’ = b, + - -+ + byT™, and a(by)# 0. Because deg g’ < m, the
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induction hypothesis implies that « extends to a homomorphism B’ — 2. Therefore,
there is a ¢ € Q such that, for all A(T) = ¢,T" + ¢, 1T + -+ ¢y € a,

h'(c) = ale) + alcr1)e+ -+ + coc” = 0.

On taking h = g, we see that ¢ = 0, and on taking h = f, we obtain the contradiction

a(an,) = 0. O

PROOF. (of 8.3) Suppose that we know the proposition in the case that B is gener-
ated by a single element, and write B = A[xy, ... ,x,]. Then there exists an element
b,,—1 such that any homomorphism a: Alzy, ... ,2z,-1] — Q such that a(b,_1) # 0 ex-

tends to a homomorphism (: B — € such that 5(b) # 0. Continuing in this fashion,
we obtain an element a € A with the required property.
Thus we may assume B = A[z]. Let a be the kernel of the homomorphism X — z,
A[X] — Alz].
Case (i). The ideal a = (0). Write
b= f(x)=apx" +a2" - +a, a €A,

and take a = ag. If a: A — Q is such that a(ag) # 0, then there exists a ¢ € 2 such

that f(c) # 0, and we can take 8 to be the homomorphism > d;z* — Y a(d;)c".
Case (ii). The ideal a # (0). Let f(T) = apT™ + -+, am # 0, be an element of a

of minimum degree. Let h(7T') € A[T] represent b. Since b # 0, h ¢ a. Because f is

irreducible over the field of fractions of A, it and h are coprime over that field. Hence
there exist u,v € A[T] and ¢ € A — {0} such that

uh +vf =c.

It follows now that ca,, satisfies our requirements, for if a(ca,,) # 0, then a can be
extended to §: B — Q by the previous lemma, and ((u(x) - b) = ((c) # 0, and so

B(b) # 0. O

ASIDE 8.5. In case (ii) of the above proof, both b and b~ are algebraic over A,
and so there exist equations

ab™ + -4 am=0, a €A ag#0;

agh™" +--+an=0, ai€A, ay#0.

One can show that a = agay, has the property required by the Proposition—see Atiyah
and MacDonald, 5.23.

PROOF. (of 8.2) We first prove the “in particular” statement of the Theorem.
By considering suitable open affine coverings of W and V', one sees that it suffices to
prove this in the case that both W and V are affine. If Wy, ... W, are the irreducible
components of W, then the closure of (W) in V, p(W)~ = p(Wi)" U...Up(W,)",
and so it suffices to prove the statement in the case that W is irreducible. We may
also replace V' with ¢(W)~, and so assume that both W and V are irreducible. Then
@ corresponds to an injective homomorphism A — B of affine k-algebras. For some
b# 0, D(b) C U. Choose a as in the lemma. Then for any point P € D(a), the
homomorphism f — f(P): A — k extends to a homomorphism 3: B — k such that
B(b) # 0. The kernel of 3 is a maximal ideal corresponding to a point ) € D(b) lying
over P.
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We now prove the theorem. Let W, be the irreducible components of W. Then
C'NW; is constructible in W;, and (W) is the union of the o(C'NW;); it is therefore
constructible if the o(C' N W;) are. Hence we may assume that W is irreducible.
Moreover, C'is a finite union of its irreducible components, and these are closed in C;
they are therefore constructible. We may therefore assume that C also is irreducible;
C is then an irreducible closed subvariety of W.

We shall prove the theorem by induction on the dimension of W. If dim(W) = 0,
then the statement is obvious because W is a point. If C' # W, then dim(C) <
dim (W), and because C'is constructible in C, we see that ¢(C') is constructible (by

induction). We may therefore assume that C' = W. But then C contains a nonempty
open subset of W, and so the case just proved shows that ¢(C') contains an nonempty
open subset U of its closure. Replace V' be the closure of ¢(C'), and write

e(C)=UUp(Cne ' (V-U)).

Then ¢! (V —U) is a proper closed subset of W (the complement of V — U is dense
in V and ¢ is dominating). As CNy~(V —U) is constructible in ¢~} (V — U), the set
©(CNp=Y(V =U)) is constructible in V' by induction, which completes the proof. [

The fibres of morphisms. We wish to examine the fibres of a regular map ¢: W —
V. Clearly, we can replace V' by the closure of ¢(W) in V' and so assume ¢ to be
dominating.

THEOREM 8.6. Let ¢o: W — V be a dominating regular map of irreducible vari-
eties. Then

(a) dim(W) > dim(V');
(b) if P € p(W), then

dim(p ™' (P)) > dim(W) — dim(V)

for every P € V| with equality holding exactly on a nonempty open subset U of
V.
(c) The sets

V= {P eV | dim(g™(P)) 2 i}
are closed o(W).

ExXAMPLE 8.7. Consider the subvariety W C V x A™ defined by r linear equations
Zainj =0, ay€k[V], i=1...,r
j=1
and let ¢ be the projection W — V. For P € V, p~1(P) is the set of solutions of
Zaij(P)Xj =0, ay(P)ek, i=1...,r
j=1

and so its dimension is m — rank(a;;(P)). Since the rank of the matrix (a;;(P)) drops
on closed subsets, the dimension of the fibre jumps on closed subsets.
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PROOF. (a) Because the map is dominating, there is a homomorphism k(V) —
k(W), and obviously tr degipk(V) < tr degik(WW) (an algebraically independent sub-
set of k(V') remains algebraically independent in k(17)).

(b) In proving the first part of (b), we may replace V' by any open neighbourhood
of P. In particular, we can assume V to be affine. Let m be the dimension of
V. From (7.11) we know that there exist regular functions fi,..., f,, such that
P is an irreducible component of V(fi,..., fm). After replacing V by a smaller
neighbourhood of P, we can suppose that P = V(fi,...,fm). Then o !(P) is
the zero set of the regular functions fi o ¢,..., fm o ¢, and so (if nonempty) has
codimension < m in W (see 7.7). Hence

dim ' (P) > dim W — m = dim(W) — dim(V).

In proving the second part of (b), we can replace both W and V' with open affine
subsets. Since ¢ is dominating, k[V] — k[W] is injective, and we may regard it as an
inclusion (we identify a function  on V' with xop on W). Then k(V') C k(W). Write
k[V] = kl[z1,...,zn] and E[W] = kly1, ... ,yn], and suppose V and W have dimen-
sions m and n respectively. Then k(W) has transcendence degree n—m over k(V'), and
we may suppose that y1, ..., y,—m are algebraically independent over k[xy, ... , 2],
and that the remaining y; are algebraic over k[x1,... ,Zm, Y1, ... ,Yn—m]. There are
therefore relations

F’i(xla"'7xmay17"'7yn—mayi):07 Z:n_m+177N (*)

with F;(X1,..., X0, Y1,..., Yo m, Y:) a nonzero polynomial. We write y; for the
restriction of y; to ¢ ™' (P). Then

kKl (P)] =Kl -, gx].

The equations (*) give an algebraic relation among the functions z1,...,y; on W.
When we restrict them to ¢~*(P), they become equations:

Fi(x1(P),...,2m(P), U1, yUn-m,¥i) =0, i=n—m+1,... N. (*%).
If these are nontrivial algebraic relations, i.e., if none of the polynomials
Fi(x1(P),... ,2m(P),Y1,... , Yo, Vi)

is identically zero, then the transcendence degree of k(%1,...,yn) over k will be
<n-—m.

Thus, regard Fi(z1,...,%m, Y1, ..., Yn_m,Yi) as a polynomial in the Y’s with co-
efficients polynomials in the z’s. Let V; be the closed subvariety of V' defined by the
simultaneous vanishing of the coefficients of this polynomial—it is a proper closed
subset of V. Let U = V — UV,—it is a nonempty open subset of V. If P € U, then
none of the polynomials F;(z1(P),...,zm(P),Y1,... ,Yo_m,Y;) is identically zero,
and so for P € U, the dimension of ¢~1(P) is < n — m, and hence = n — m by (a).

Finally, if for a particular point P, dim ¢~!(P) = n — m, then one can modify the

above argument to show that the same is true for all points in an open neighbourhood
of P.
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(c) We prove this by induction on the dimension of V—it is obviously true if
dim V' = 0. We know from (b) that there is an open subset U of V' such that
dimy ' (P)=n—-m < PeU.
Let Z be the complement of U in V; thus Z2 = V,_,,41. Let Z1,...,Z, be the

irreducible components of Z. On applying the induction to the restriction of ¢ to the
map ¢~ *(Z;) — Z; for each j, we obtain the result. O

PROPOSITION 8.8. Let ¢o: W — V be a regular surjective closed mapping of vari-
eties (e.g., W complete or o finite). If V is irreducible and all the fibres = *(P) are
irreducible of dimension n, then W is irreducible of dimension dim(V') + n.

PROOF. Let Z be a closed irreducible subset of W, and consider the map ¢|Z: Z —
V; it has fibres (p|Z)~1(P) = ¢~ (P) N Z. There are three possibilities.

(a) ¢(Z) # V. Then ¢(Z) is a proper closed subset of V.
(b) p(Z) =V, dim(Z) < n + dim(V). Then (b) of (8.6) shows that there is a
nonempty open subset U of V' such that for P € U,

dim(p~ " (P)N Z) = dim(Z) — dim(V) < n;
thus for P e U, o= (P) € Z.
(c) o(Z) =V, dim(Z) > n+ dim(V'). Then (b) of (8.6) shows that
dim(p~'(P)N Z) > dim(Z) — dim(V) > n
for all P; thus p='(P) C Z for all P € V, and so Z = W; moreover dim Z = n.

Now let Z1, ..., Z, be the irreducible components of W. I claim that (iii) holds for
at least one of the Z;. Otherwise, there will be an open subset U of V' such that for P
inU, o~ Y(P) € Z; for any i, but ¢~ '(P) is irreducible and o' (P) = U(¢ 1 (P)U Z;),
and so this is impossible. O

The fibres of finite maps. Let ¢: W — V be a finite dominating morphism of
irreducible varieties. Then dim(W) = dim(V'), and so k(W) is a finite field extension
of k(V). Its degree is called the degree of the map .

LEMMA 8.9. An integral domain A is integrally closed if and only if Aw is integrally
closed for all mazximal ideals m of A.

PROOF. =: If A is integrally closed, then so is S~!A for any multiplicative subset

S (not containing 0), because if
'+ b P40, =0, ¢ €STA,
then there is an s € S such that s¢; € A for all 4, and then
(sb)™ + (se1)(sb)" 1 + -+ 4+ s"¢c, = 0,

demonstrates that sb € A, whence b € S™1A.

<: If ¢ is integral over A, it is integral over each A,,, hence in each A, and
A =NAy (if ¢ € NAy, then the set of a € A such that ac € A is an ideal in A, not
contained in any maximal ideal, and therefore equal to A itself). 0

Thus the following conditions on an irreducible variety V' are equivalent:

(a) for all P € V, Op is integrally closed;
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(b) for all irreducible open affines U of V', k[U] is integrally closed;
(c) there is a covering V' = UV of V' by open affines such that k[V;] is integrally
closed for all 7.

An irreducible variety V satisfying these conditions is said to be normal. We also
call a disjoint union of such varieties normal. Thus a variety V is normal if and only
if Op is an integrally closed integral domain for all P € V.

THEOREM 8.10. Let p: W — V be a finite surjective reqular map of irreducible
varieties, and assume that V' is normal.

(a) Forall P €V, #¢o1(P) < deg(p).
(b) The set of points P of V such that #¢~*(P) = deg() is an open subset of V,
and it is nonempty if k(W) is separable over k(V).

Before proving the theorem, we give examples to show that we need W to be
separated and V to be normal in (a), and that we need k(W) to be separable over
k(V') for the second part of (b).

ExaMPLE 8.11. (a) Consider the map
{A' with origin doubled } — A'.

The degree is one and that map is one-to-one except at the origin where it is two-to-
one.

(b) Let C be the curve Y? = X3 + X2 and let ¢: A' — C be the map ¢t —
(t* — 1,t(t* — 1)). The map corresponds to the inclusion k[x,y] — k[T] and is of
degree one. The map is one-to-one except that the points ¢ = £1 both map to 0.
The ring k[x,y] is not integrally closed; in fact k[7T] is its integral closure in its field

of fractions.
(c) Consider the Frobenius map ¢: A" — A", (ai,...,a,) — (daf,...,a?), where
p = chark. This map has degree p" but it is one-to-one. The field extension corre-

sponding to the map is
k(Xy,...,X,) Dk(XT,...,XP)
which is purely inseparable.

LEMMA 8.12. Let )y, ... ,Q, be distinct points on an affine variety V. Then there
1s a reqular function f on V' taking distinct values at the Q);.

PROOF. We can embed V as closed subvariety of A", and then it suffices to prove
the statement with V' = A" — almost any linear form will do. O

PROOF. (of Theorem 8.10). In proving (a) of the theorem, we may assume that
V and W are affine, and so the map corresponds to a finite map of k-algebras,
k[V] — k[W]. Let o= 1(P) = {Q, ... ,Q,}. According to the lemma, there exists an
f € k[W] taking distinct values at the Q;. Let

FT)=T"+a,T" '+ +an

be the minimum polynomial of f over k(V). It has degree m < [k(W) : k(V)] = deg ¢,
and it has coefficients in k[V] because V' is normal (see 1.33). Now F(f) = 0 implies
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F(f(Qi) =0, ie.,
FQ)™ +ai(P) - f(Q)™ '+ + am(P) = 0.

Therefore the f(Q;) are all roots of a single polynomial of degree m, and so r < m <

deg(¢p).

In order to prove the first part of (b), we show that, if there is a point P € V
such that ¢~1(P) has deg(y) elements, then the same is true for all points in an open
neighbourhood of P. Choose f as in the last paragraph corresponding to such a P.
Then the polynomial

T 4+ ay(P)-T" ' 4+ an(P)=0 (%)
has r = deg ¢ distinct roots, and so m = r. Consider the discriminant disc F' of F'.
Because (*) has distinct roots, disc(F)(P) # 0, and so disc(F') is nonzero on an open
neighbourhood U of P. The factorization
T—f
KV] = KVIIT]/(F) = kW]
gives a factorization

W — Specm(k[V][T]/(F)) — V.

Each point P’ € U has exactly m inverse images under the second map, and the
first map is finite and dominating, and therefore surjective (recall that a finite map
is closed). This proves that ¢ ~'(P’) has at least deg(y) points for P’ € U, and part
(a) of the theorem then implies that it has exactly deg(y) points.

We now show that if the field extension is separable, then there exists a point such
that #¢ ' (P) has deg ¢ elements. Because k(W) is separable over k(V), there exists
a f € k[W] such that k(V)[f] = k(W). Its minimum polynomial F' has degree deg(y)
and its discriminant is a nonzero element of k[V]. The diagram

W — Specm(A[T]/(F)) =V
shows that #¢p~!(P) > deg(p) for P a point such that disc(f)(P) # 0. O

When k(W) is separable over k(V), then ¢ is said to be separable.

REMARK 8.13. Let ¢: W — V be as in the theorem, and let V; = {P € V |
#o ' (P) < i}. Let d = deg p. Part (b) of the theorem states that V,_; is closed, and
is a proper subset when ¢ is separable. I don’t know under what hypotheses all the
sets V; will closed (and V; will be a proper subset of V;_1). The obvious induction
argument fails because V;_;may not be normal.

Lines on surfaces. As an application of some of the above results, we consider the
problem of describing the set of lines on a surface of degree m in P2. To avoid possible
problems, we assume for the rest of this chapter that k£ has characteristic zero.

We first need a way of describing lines in P?. Recall that we can associate with
each projective variety V' C P" an affine cone over V in k"1, This allows us to think
of points in P? as being one-dimensional subspaces in k%, and lines in P? as being
two-dimensional subspaces in k*. To such a subspace W C k*, we can attach a one-
dimensional subspace /\2 W in /\2 k* ~ kS, that is, to each line L in P?, we can attach
point p(L) in P°. Not every point in P° should be of the form p(L)—heuristically,
the lines in P3 should form a four-dimensional set. (Fix two planes in P3; giving a
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line in P corresponds to choosing a point on each of the planes.) We shall show that
there is natural one-to-one correspondence between the set of lines in P? and the set
of points on a certain hyperspace II C P°. Rather than using exterior algebras, I shall
usually give the old-fashioned proofs.

Let L be a line in P? and let x = (2o : 71 : 22 : z3) and y = (Yo : 41 : Y2 : y3) be
distinct points on L. Then

df

r; Xj
p(L) = (p01 2 Po2  Po3 P12 - P13 :p23) € ]P>5’ pij = J

Yi Yy
depends only on L. The p;; are called the Pliicker coordinates of L, after Pliicker
(1801-1868).

In terms of exterior algebras, write e, e1, ea, ez for the canonical basis for k?,
so that x, regarded as a point of k% is > we;, and y = > y;e;; then /\2 k* is a 6-
dimensional vector space with basis e;ne;, 0 <i < j <3, and zay = > pjje;ne; with
pi;j given by the above formula.

Y

We define p;; for all 7, j, 0 < 4,5 < 3 by the same formula — thus p;; = —pji.

LEMMA 8.14. The line L can be recovered from p(L) as follows:

L= {(Z ajipoj - Zajplj : ZCLjPQj : Zajpgj) ’ (ao capag ag) S ]P)g}
J J J J

PROOF. Let L be the cone over L in k*—it is a two-dimensional subspace of k*—
and let x = (g, z1, 2, x3) and ¥y = (Yo, Y1, Y2, y3) be two linearly independent vectors
in L. Then

L={f(y)x— f(x)y | f:k* = k linear}.
Write f = > a,;X;; then

FO)x = fX)y = aipo;, > api, Y agpaj, Y a;ps;).
O

LEMMA 8.15. The point p(L) lies on the quadric 11 C P° defined by the equation
Xo1X23 — Xo2X13 + Xo3X12 = 0.

Proo¥r. This can be verified by direct calculation, or by using that

o X1 T2 T3

0—=| % Y Y2 U3
o I1 X2 X3

Yo Y1 Y2 Y3

(expansion in terms of 2 X 2 minors). 0

= 2(po1p23 — Po2p13 + PosPi2)

LEMMA 8.16. FEvery point of 11 is of the form p(L) for a unique line L.
PROOF. Assume po3 # 0; then the line through the points (0 : po1 : poz : po3) and

(pos : p13 : pes = 0) has Pliicker coordinates

(—p01p03 : —Po2pPos3 - —p(2)3 : Po1P23 — Po2P13 - —Po3P13 - —p03p23)
N ——
—Po3P12

= (p01 2 Po2 “Po3 - P12 - P13 3p23)-
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A similar construction works when one of the other coordinates is nonzero, and this
way we get inverse maps. O
Thus we have a canonical one-to-one correspondence
{lines in P*} « {points on IT};
that is, we have identified the set of lines in P* with the points of an algebraic variety.

We may now use the methods of algebraic geometry to study the set. [This is a
special case of the Grassmanians mentioned on p108.]

We next consider the set of homogeneous polynomials of degree m in 4 variables,

% %
F(X()a Xl: X27 X3) = E a’io’i1i2i3X()O c. X33.
i0+i1+iz+iz=m

We don’t distinguish two polynomials if one is a nonzero multiple of the other.

LEMMA 8.17. The set of homogeneous polynomials of degree m in 4 variables is a
vector space of dimension (3}™)

PROOF. See a previous footnote page 89. O

Let v = (34m) = (m+1)(m;2)(m+3) — 1; then we have a surjective map

P” — {surfaces of degree m in P*},

(. oo Qgigdgig - - ) — V(F), F= Z aioiligisXéoXilX;QXés.

The map is not quite injective—for example, X?Y and XY? define the same surface—
but nevertheless, we can (somewhat loosely) think of the points of P” as being (pos-
sible degenerate) surfaces of degree m in P2,

Let T, C II X P¥ C P° X P¥ be the set of pairs (L, F') consisting of a line L in P?
lying on the surface F'(Xy, X1, X2, X3) = 0.

THEOREM 8.18. The set Iy, is a closed irreducible subset of I1 x PV, it is therefore

a projective variety. The dimension of Iy, is m(m%)(m%) + 3.

EXAMPLE 8.19. For m = 1, I,, is the set of pairs consisting of a plane in P? and
a line on the plane. The theorem says that the dimension of I'; is 5. Since there are
oo planes in P3, and each has oo? lines on it, this seems to be correct.

Proor. We first show that I',, is closed. Let
p(L) = (por : po2:--.) F= ZaioiligigXéO e X
From (8.14) we see that L lies on the surface F'(Xo, X1, X2, X3) = 0 if and only if
F(O> bipoj + Y by bipay 1> bips;) =0, all (bo,... ,bs) € k™.
Expand this out as a polynomial in the b;’s with coefficients polynomials in the @;y, iy,

and p;;’s. Then F(...) = 0 for all b € k* if and only if the coefficients of the polynomial
are all zero. But each coefficient is of the form

P( <o Qigivinisy - - - s P01, PO2 - - - )
with P homogeneous separately in the a’s and p’s, and so the set is closed in II x P
(cf. the discussion in 5.32).
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It remains to compute the dimension of I';,,. We shall apply Proposition 8.8 to the
projection map

(L, F) r,, CIxP
! Lo
L 11

For L € TI, p~!(L) consists of the homomogeneous polynomials of degree m such
that L C V(F') (taken up to nonzero scalars). After a change of coordinates, we can
assume that L is the line

X() = 0

X1 - 0,

i.e., L ={(0,0,%,%)}. Then L lies on F(Xy, X1, X2, X3) = 0 if and only if X, or X;
occurs in each nonzero monomial term in F', i.e.,

F e (L) <= aipyiyini; = 0 whenever ig = 0 = iy.

Thus ¢ '(L) is a linear subspace of P”; in particular, it is irreducible. We now
compute its dimension. Recall that F' has v + 1 coeflicients altogether; the number
with ig = 0 =4y is m + 1, and so ¢! (L) has dimension

(m+1)(m+2)(m+3) m(m+ 1)(m +5)

—1- 1) = 1
We can now deduce from (8.8) that I',, is irreducible and that
1 5
dim(T',,) = dim(IT) + dim(p~ (L)) = 47T 6)(m 5 g
as claimed. -

Now consider the other projection

(L, F) T, CIIxP
| LY
F P¥

By definition
Y HF) = {L| L lieson V(F)}.

ExaMpPLE 8.20. Let m = 1. Then v = 3 and dimI'y = 5. The projection
¢: Ty — P2 is surjective (every plane contains at least one line), and (8.6) tells us
that dim¢~!(F) > 2. In fact of course, the lines on any plane form a 2-dimensional
family, and so ™' (F) = 2 for all F.

THEOREM 8.21. When m > 3, the surfaces of degree m containing no line corre-
spond to an open subset of PV.

Proor. We have

m(m—|—16)(m—|—5) . (m+1)(m;2)(m+3)

Therefore, if m > 3, then dim I';;, < dim P, and so ¢(I',,,) is a proper closed subvariety
of P”. This proves the claim. O

dimI',, — dimP” =

+1=4—(m+1).
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We now look at the case m = 2. Here dimI',, = 10, and v = 9, which suggests
that 1 should be surjective and that its fibres should all have dimension > 1. We
shall see that this is correct.

A quadric is said to be nondegenerate if it is defined by an irreducible polynomial
of degree 2. After a change of variables, any nondegenerate quadric will be defined
by an equation

XW =YZ.
This is just the image of the Segre mapping (see 5.21)
(ao . al), (bo . bl) — (aobo . a061 . a160 . albl) . ]P)l X ]P)l — ]P)g.

There are two obvious families of lines on P! x P!, namely, the horizontal family and
the vertical family; each is parametrized by P!, and so is called a pencil of lines. They
map to two families of lines on the quadric:

t()X == th d toX == tly
oY =t W toZ =t W.

Since a degenerate quadric is a surface or a union of two surfaces, we see that every
quadric surface contains a line, that is, that 1 : ['y — P is surjective. Thus (8.6) tells
us that all the fibres have dimension > 1, and the set where the dimension is > 1 is
a proper closed subset. In fact the dimension of the fibre is > 1 exactly on the set of
reducible F’s, which we know to be closed (see the solution to Homework 9, Problem
1).

It follows from the above discussion that if F' is nondegenerate, then ¢~ (F) is
isomorphic to the disjoint union of two lines, 1~ (F) ~ P'UP"'. Classically, one defines
a regulus to be a nondegenerate quadric surface together with a choice of a pencil of
lines. One can show that the set of reguli is, in a natural way, an algebraic variety
R, and that, over the set of nondegenerate quadrics, ¢ factors into the composite of
two regular maps:

[y — ™ H(S) = pairs, (F,L) with L on F};

|
R = set of reguli;
|
P - S = set of nondegenerate quadrics.

The fibres of the top map are connected, and of dimension 1 (they are all isomorphic
to P!), and the second map is finite and two-to-one. Factorizations of this type occur
quite generally (see the Stein factorization theorem (8.25) below).

We now look at the case m = 3. Here dimI's = 19; v = 19 : we have a map
w: Fg — ]P)lg.
THEOREM 8.22. The set of cubic surfaces containing exactly 27 lines corresponds

to an open subset of P19, the remaining surfaces either contain an infinite number of
lines or a monzero finite number < 27.

ExXAMPLE 8.23. (a) Consider the Fermat surface
Xg+ X7+ X5+ X3 =0.
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Let ¢ be a primitive cube root of one. There are the following lines on the surface,
0<i,j <2
X0+CfX1:O X0+CfX2:O X0+CfX3:O
Xo+ (/X5 =0 X1+ ¢ X5=0 X1+ X, =0
There are three sets, each with nine lines, for a total of 27 lines.
(b) Consider the surface

X1 X0 X5 = X7

In this case, there are exactly three lines. To see this, look first in the affine space
where X, # 0—here we can take the equation to be X;X,X3 = 1. A line in A% can
be written in parametric form X; = a;t + b;, but a direct inspection shows that no
such line lies on the surface. Now look where Xy = 0, that is, in the plane at infinity.
The intersection of the surface with this plane is given by X; X» X35 = 0 (homogeneous
coordinates), which is the union of three lines, namely,

X1:0,X2:0,X3:0
Therefore, the surface contains exactly three lines.
(c) Consider the surface

X+ X3=0.
Here there is a pencil of lines:
toXl = thO
t()XQ = —tho.

(In the affine space where Xy # 0, the equation is X3 + Y3 = 0, which contains the
line X =t¢,Y = —t, all t.)

We now discuss the proof of Theorem 8.22). If ¢: I's — P! were not surjective,
then 1 (T's) would be a proper closed subvariety of P! and the nonempty fibres
would all have dimension > 1 (by 8.6), which contradicts two of the above examples.
Therefore the map is surjective??, and there is an open subset U of P where the
fibres have dimension 0; outside U, the fibres have dimension > 0.

Given that every cubic surface has at least one line, it is not hard to show that
there is an open subset U’ where the cubics have exactly 27 lines (see Reid, 1988,
ppl06-110); in fact, U’ can be taken to be the set of nonsingular cubics. According
to (6.24), the restriction of ¥ to ¥y ~!(U) is finite, and so we can apply (8.10) to see
that all cubics in U — U’ have fewer than 27 lines.

REMARK 8.24. The twenty-seven lines on a cubic surface were discovered in 1849
by Salmon and Cayley, and have been much studied—see A. Henderson, The T'wenty-
Seven Lines Upon the Cubic Surface, Cambridge University Press, 1911. For example,
it is known that the group of permutations of the set of 27 lines preserving intersections
(that is, such that LNL' # () <= o(L)No(L’) # 0) is isomorphic to the Weyl group
of the root system of a simple Lie algebra of type Eg, and hence has 25920 elements.

It is known that there is a set of 6 skew lines on a nonsingular cubic surface V. Let
L and L’ be two skew lines. Then “in general” a line joining a point on L to a point

22 According to Miles Reid (1988, p126) every adult algebraic geometer knows this proof that
every cubic contains a line.
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on L’ will meet the surface in exactly one further point. In this way one obtains an
invertible regular map from an open subset of P! x P! to an open subset of V, and
hence V is birationally equivalent to P2.

Stein factorization. The following important theorem shows that the fibres of a
proper map are disconnected only because the fibres of finite maps are disconnected.

THEOREM 8.25. Let o: W — V' be a proper morphism of varieties. It is possible
to factor ¢ into W 5 W' BV with ¢, proper with connected fibres and s finite.

PRrooOF. This is usually proved at the same time as Zariski’s main theorem (if W
and V' are irreducible, and V is affine, then W' is the affine variety with k[WW'] the
integral closure of k[V] in k(WW)). O
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9. ALGEBRAIC GEOMETRY OVER AN ARBITRARY FIELD

We now explain how to extend the theory in the preceding sections to a nonal-
gebraically closed base field. Fix a field k, and let ¥ be an algebraic closure of
k.

Sheaves. We shall need a more abstract notion of a ringed space and of a sheaf.

A presheaf F on a topological space V' is a map assigning to each open subset U
of V a set F(U) and to each inclusion U D U’ a “restriction” map

a—a|llU': F(U)— FU;

the restriction map F(U) — F(U) is required to be the identity map, and if U” D
U’ D U, then the composite of the restriction maps F(U) — F(U’) and F(U') —
F(U") is required to be the restriction map F(U) — F(U”). In other words, a
presheaf is a contravariant functor to the category of sets from the category whose
objects are the open subsets of V and whose morphisms are the inclusions . A
homomorphism of presheaves a: F — F' is a family of maps

a(U): F(U) — F(U)
commuting with the restriction maps.

A presheaf F is a sheaf if for every open covering {U;} of an open subset U of V
and family of elements a; € F(U;) agreeing on overlaps (that is, such that a;|U;NU; =
a;|U; NU; for all 4, j), there is a unique element a € F(U) such that a; = a|U; for all
1. A homomorphism of sheaves on V is a homomorphism of presheaves.

If the sets F(U) are abelian groups and the restriction maps are homomorphisms,
then the sheaf is a sheaf of abelian groups. Similarly one defines a sheaf of rings, a
sheaf of k-algebras, and a sheaf of modules over a sheaf of rings.

For v € V| the stalk of a sheaf F (or presheaf) at v is
F,=lim F(U) (limit over open neighbourhoods of v).

A ringed space is a pair (V, Q) consisting of topological space V together with a
sheaf of rings. If the stalk O, of O at v is a local ring for all v € V', then (V,O) is
called a locally ringed space. A morphism (V,0) — (V',0’) of ringed spaces is a pair
(p, 1) with ¢ a continuous map V — V' and 1 a family of maps

Y(U'): O'(U") — O(¢~1(U")), U’ open in V,

commuting with the restriction maps. Such a pair defines homomorphism of rings
Uy : O:D w — O, for all v € V. A morphism of locally ringed spaces is a morphism of
ringed space such that 1, is a local homomorphism for all v.

Extending scalars. Recall that a ring A is reduced if it has no nonzero nilpotents.
If A is reduced, then A ®j, k! need not be reduced. Consider for example the algebra
A=Ek[X,Y]/(X? +YP+ a) where p = char(k) and a ¢ kP. Then A is reduced (even
an integral domain) because X? 4+ Y? + a is irreducible in k[ X, Y], but

Ay k" = KX Y]/(XP+Y? +a) = KX, Y]/(X +Y +a)?), o =aq,

which is not reduced because = +y + a # 0 but (z +y + «)? = 0.
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The next proposition shows that problems of this kind arise only because of insep-
arability; in particular, they don’t occur if k is perfect.

Recall that the characteristic exponent of a field is p if k has characteristic p # 0,
and it is 1 is k has characteristic zero. For p equal to the characteristic exponent of
k, let

kv = {a € k| oP € k}.
It is a subfield of k£ , and kv = k if and only if k is perfect.

PROPOSITION 9.1. Let A be a reduced finitely generated k-algebra. The following
statements are equivalent:

(a) ARy kv is reduced;
(b) A®y k™ is reduced;
(¢) A®y K is reduced for all fields K D k.

ProoF. Clearly c=-b==a. The implication a =c follows from Zariski and
Samuel 1958, II1.15, Theorem 39 (localize A at a minimal prime to get a field). O

Even when A is an integral domain and A ®; k* is reduced, the latter need not be
an integral domain. Suppose, for example, that A is a finite separable field extension
of k. Then A ~ k[X]/(f(X)) with f(X) an irreducible separable polynomial. Hence

Ay b~ KX /(X)) = k(X = a;)) = TLEY/(X — ay)

(by the Chinese remainder theorem). This shows that if A contains a finite separable
field extension of k, then A ®; k* can’t be an integral domain. The next proposition
gives a converse.

PROPOSITION 9.2. Let A be a finitely generated k-algebra, and assume that A is
an integral domain, and that A ®j k® is reduced. Then A®y k™ is an integral domain
if and only if k is algebraically closed in A (i.e., if a € A is algebraic over k, then
a€k).

Proor. Ibid. III.15. O

After these preliminaries, it is possible rewrite all of the preceding sections with k
not necessarily algebraically closed. I indicate briefly how this is done.

Affine algebraic varieties. An affine k-algebra A is a finitely generated k-algebra
A such that A ®; k* is reduced. Since A C A @ k¥, A itself is then reduced.
Proposition 9.1 has the following consequence.

COROLLARY 9.3. Let A be a reduced finitely generated k-algebra.
(a) If k is perfect, then A is an affine k-algebra.
(b) If A is an affine k-algebra, then A®y K is reduced for all fields K containing k.

Let A be a finitely generated k-algebra. The choice of a set {z1, ..., x,} of generators
for A, determines isomorphisms

A% Ky, o] 2 KX o Xl /(frs o o),
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and
A kM 2 BN X0, o X0l (L s fn)-

Thus A is an affine algebra if the elements fi, ..., f, of k[ X7, ..., X, generate a radical
ideal when regarded as elements of k*[X, ..., X;,]. From the above remarks, we see
that this condition implies that they generate a radical ideal in k[ X1, ..., X,,|, and the
converse implication holds when k is perfect.

Let A be an affine k-algebra. Define specm(A) to be the set of maximal ideals in A,
and endow it with the topology having as basis the sets D(f), D(f) = {m | f ¢ m}.
There is a unique sheaf of k-algebras O on specm(A) such that O(D(f)) = Ay for all
f (recall that Ay is the ring obtained from A by inverting f). Here O is a sheaf in the
above abstract sense — the elements of O(U) are not functions on U with values in k,
although we may wish to think of them as if they were. If f € A and m, € specm(A),

then we can define f(v) to be the image of f in the x(v) 4 A/m,, and it does make
sense to speak of the zero set of f in V. The ringed space

Specm(A) = (specm(A), O)
is called an affine variety over k. The stalk at m € V is the local ring A, and so
Specm(A) is a locally ringed space.
If £ = k*, and
A=klzy, .. xn] = k[ X1, .., Xo)/(f1, s frn),
then the Nullstellensatz allows us to identify specm(A) with the set V'(fi, ..., fi) of
common zeros of the f;, via
(X1 — a1y ey Ty — Q) — (a1, ..., Qp).
Moreover, in this case, the elements of O(U) can be identified with k-valued functions
on U.

A morphism of affine algebraic varieties over k is defined to be a morphism
(V,Oy) — (W, Ow) of ringed spaces of k-algebras — it is automatically a morphism
of locally ringed spaces.

A homomorphism of k-algebras A — B defines a morphism of affine k-varieties,
Specm B — Specm A
in a natural way, and this gives a bijection:
Homy_q4(A, B) = Homy (W, V), V =Specm A, W = Specm B.
Therefore A — Specm(A) is an equivalence of from the category of affine k-algebras

to that of affine algebraic varieties over k; its quasi-inverse is V' — k[V/] a4 I'(V,Oy).

If A=k[Xy,.. Xy]/a and B = k[Y1,...,Y,]/b, a homomorphism A — B is de-
termined by a family of polynomials, P;(Y,...,Y,), i = 1,...,m; the homomorphism
sends z; to P;(y1,...,yn); in order to define a homomorphism, the P, must be such
that

Fea= F(P,..,.P,) €b;

two families Py, ..., B, and @1, ..., Q),, determine the same map if and only if P, = Q);
mod b for all 7.
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Let A be an affine k-algebra, and let V' = Specm A. For any field K Dk, A ®y K

is an affine algebra over K, and hence we get a variety Vi a Specm(A ®j K) over
K. We say that Vi has been obtained from V by extension of scalars. Note that
if A= Fk[Xy,...,X.]/(f1,..; fm) then A®, K = K[Xq,..., X,]/(f1, ..., fm). The map
V +— Vxk is a functor from affine varieties over k to affine varieties over K.

Let Vo = Specm(Ap) be an affine variety over k, and let W = V(b) be a closed

subvariety of V' 4 Vogat. Then W arises by extension of scalars from a closed sub-
variety Wy of Vj if and only if the ideal b of Ay ®j k¥ is generated by elements Aj.
Except when k is perfect, this is stronger than saying W is the zero set of a family of
elements of A.

Algebraic varieties. A ringed space (V, Q) is a prevariety over k if there is a finite
covering (U;) of V' by open subsets such that (U;, O|U;) is an affine variety over k for
all i. A morphism of prevarieties over k is a morphism of ringed spaces of k-algebras.

A prevariety V over k is separated if for all pairs of morphisms of k-varieties a, (3 :
Z — V' the subset of Z on which « and 3 agree is closed. A wvariety is a separated
prevariety.

Products: Let A and B be finitely generated k-algebras. It is possible for A and B
to be reduced but for A ®; B fail to be reduced — consider for example,

A=KX,Y])(X? +Y? +a), B=kZ)/(Z"—a), a¢kP

However, if A and B are affine k-algebras, then A ®; B is again an affine k-algebra.
To see this, note that (by definition), A ®; k*' and B @ k*! are affine k-algebras, and
therefore so also is their tensor product over k* (3.16); but

(A @ k) @pa (k' @1 B) = (A @, k) @ k) @1 B = (A ®), B) @y, k™.

Thus we can define the product of two affine algebraic varieties, V' = Specm A and
W = Specm B, over k by

V x W = Specm(A ®j, B).

It has the universal property expected of products, and the definition extends in a
natural way to (pre)varieties.

Just as in (3.18), the diagonal A is locally closed in V' x V| and it is closed if and
only if V' is separated.

Extension of scalars: Let V' be a variety over k, and let K be a field containing
k. There is a natural way of defining a variety Vi, said to be obtained from V' by
extension of scalars: if V' is a union of open affines, V = UU;, then Vx = UU; x and
the U; x are patched together the same way as the U;. The dimension of a variety
doesn’t change under extension of scalars.

When V is a variety over k¥ obtained from a variety V; over k by extension of
scalars, we sometimes call Vj a model for V over k. More precisely, a model of V' over
k is a variety Vy over k together with an isomorphism ¢: Vj jur — V.

Of course, V need not have a model over k& — for example, an elliptic curve

E:Y*Z=X3+aXZ?4+b273
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) df  1728(4a)®

— T16(4a3+27b2)
lies in k. Moreover, when V' has a model over k, it will usually have a large number
of them, no two of which are isomorphic over k. Consider, for example, the quadric
surface in P2over Q%

over k¥ will have a model over k C k! if and only if its j-invariant j(E

ViXPHY2+ 224+ W2 =0.
The models over V over Q are defined by equations
aX?4+bY? +cZ2+dW? =0, a,b, ¢, d € Q.

(Classifying the models of V over Q is equivalent to classifying quadratic forms over
@ in 4 variables. This has been done, but it requires serious number theory. In

particular, there are infinitely many (see Chapter VIII of my notes on Class Field
Theory).

EXERCISE 9.4. Show directly that, up to isomorphism, the curve X2 +Y? = 1
over C has exactly two models over R.

The points on a variety. Let V be a variety over k. A point of V' with coor-
dinates in k, or a point of V' rational over k, is a morphism Specmk — V. For
example, if V' is affine, say V' = Specm(A), then a point of V' with coordinates in
k is a k-homomorphism A — k. If A = k[Xy,...,X,.|/(f1,..., fm), then to give a
k-homomorphism A — k is the same as to give an n-tuple (a, ..., a,) such that

filar,...;a,) =0, i=1,...,m.
In other words, of V' is the affine variety over k defined by the equations
filX1,...,X,) =0, i=1,...,m
then a point of V' with coordinates in k is a solution to this system of equations in k.

We write V (k) for the points of V' with coordinates in k.

We extend this notion to obtain the set of points V(R) of a variety V' with coordi-
nates in any k-algebra R. For example, when V' = Specm(A), we set

V(R) = Homy_ay(A, R).
Again, if
A=k[Xy, ... X0/ (f1, -y fin),
then
V(R) = {(ay,...,an) € R" | fi(a,...,an) =0,i=1,2,....m}.

What is the relation between the elements of V' and the elements of V' (k)? Suppose
V is affine, say V' = Specm(A). Let v € V. Then v corresponds to a maximal ideal m,,
in A (actually, it ¢s a maximal ideal), and we write x(v) for the residue field O, /m,,.
Then k(v) is a finite extension of k, and we call the degree of k(v) over k the degree
of v. Let K be a field algebraic over k. To give a point of V' with coordinates in K is
to give a homomorphism of k-algebras A — K. The kernel of such a homomorphism
is a maximal ideal m, in A, and the homomorphisms A — k with kernel m, are in
one-to-one correspondence with the k-homomorphisms x(v) — K. In particular, we
see that there is a natural one-to-one correspondence between the points of V' with
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coordinates in k and the points v of V with x(v) = k, i.e., with the points v of V' of
degree 1. This statement holds also for nonaffine algebraic varieties.

Assume now that k is perfect. The k*-rational points of V with image v € V are
in one-to-one correspondence with the k-homomorphisms (v) — k* — therefore,
there are exactly deg(v) of them, and they form a single orbit under the action of
Gal(k* /k). Thus there is a natural bijection from V to the set of orbits for Gal(k*/k)
acting on V (k™).

Local Study. Let V =V (a) C A", and let a = (f1, ..., f;). The singular locus Vsing
of V' is defined by the vanishing of the (n — d) x (n — d) minors of the matrix

Oh Of ... O

83}1 83}2 8337‘

f2

0,
Jac(fl:f?,--'afr>: fl

of, of:

83}1 83’37‘

We say that v is nonsingular if some (n — d) x (n — d) minor doesn’t vanish at v.
We say V' is nonsingular all its singular locus is empty. If V' is nonsingular, then it is
regular, but not conversely. Obviously V' is nonsingular <= V,.a is nonsingular.

Note that Vi, is compatible with extension of scalars. Therefore (Theorem 4.21)
it is a proper subvariety of V.

Projective varieties; complete varieties. It is possible to associate projective
varieties to certain graded rings over k. An algebraic variety over k is complete if for
all varieties W, the projection map V' x W — W is closed, and this property persists
under extension of scalars to k. A projective variety is complete.

Finite maps. The Noether normalization theorem needs a different proof when the
field is finite.
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10. DIVISORS AND INTERSECTION THEORY
In this section, k is an arbitrary field.

Divisors. Recall that a normal ring is an integral domain that is integrally closed
in its field of fractions. A variety V' is normal if O, is a normal ring for all v € V.
Equivalent condition: for every open connected affine subset U of V, I'(U, Oy ) is a
normal ring.

REMARK 10.1. Let V be a projective variety, say defined by a homogeneous ring
R. If R is normal, then V is said to be projectively normal. A projectively normal
variety is normal, but the converse statement is false.

Assume now that V is normal and irreducible.

A prime divisor on V is an irreducible subvariety of V' of codimension 1. A divisor
on V is an element of the free abelian group Div(V') generated by the prime divisors.
Thus a divisor D can be written uniquely as a finite (formal) sum

D = ZniZi, n; € Z, Z; a prime divisor on V.

The support |D| of D is the union of the Z; corresponding to nonzero n;’s. A divisor
is said to be effective (or positive) if n; > 0 for all i. We get a partial ordering on the
divisors defining D > D’ to mean D — D" > 0.

Because V' is normal, there is associated with every prime divisor Z on V a discrete
valuation ring Oz. This can be defined, for example, by choosing an open affine
subvariety U of V such that UNZ # 0; then U N Z is a maximal proper closed subset
of U, and so the ideal p corresponding to it is minimal among the nonzero ideals of
R =T(U,0); so R, is a normal ring with exactly one nonzero prime ideal pR — it is
therefore a discrete valuation ring (Atiyah and MacDonald 9.2), which is defined to
be Oz. More intrinsically we can define O to be the set of rational functions on V
that are defined an open subset U of V with U N Z # ().

Let ordz be the valuation of k(V)* — Z with valuation ring Oz. The divisor of a
nonzero element f of k(1) is defined to be

div(f) = Zordz(f) - Z.

The sum is over all the prime divisors of V', but in fact ordz(f) = 0 for all but finitely
many Z’s. In proving this, we can assume that V' is affine (because it is a finite union
of affines), say V = Specm(R). Then k(V) is the field of fractions of R, and so we
can write f = g/h with g,h € R, and div(f) = div(g) — div(h). Therefore, we can
assume f € R. The zero set of f, V(f) either is empty or is a finite union of prime
divisors, V' =UZ; (see 7.2) and ordz(f) = 0 unless Z is one of the Z;.

The map
f=div(f): k(V)* — Div(V)

is a homomorphism. A divisor of the form div(f) is said to be principal, and two
divisors are said to be linearly equivalent, denoted D ~ D', if they differ by a principal
divisor.

When V is nonsingular, the Picard group Pic(V') of V is defined to be the group
of divisors on V' modulo principal divisors. (Later, we shall define Pic(V) for an
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arbitrary variety; when V is singular it will differ from the group of divisors modulo
principal divisors, even when V' is normal.)

ExXAMPLE 10.2. Let C be a nonsingular affine curve corresponding to the affine
k-algebra R. Because C' is nonsingular, R is a Dedekind domain. A prime divisor on
C can be identified with a nonzero prime divisor in R, a divisor on C' with a fractional
ideal, and Pic(C') with the ideal class group of R.

Let U be an open subset of V', and let Z be a prime divisor of V. Then Z N U
is either empty or is a prime divisor of U. We define the restriction of a divisor
D=>%"nzZonV toU to be

D’U: Z nszU
ZNU#D

When V' is nonsingular, every divisor D is locally principal, i.e., every point P has
an open neighbourhood U such that the restriction of D to U is principal. It suffices
to prove this for a divisor Z. If P is not in the support of D, we can take f = 1. The
prime divisors passing through P are in one-to-one correspondence with the prime
ideals p of height 1 in Op, i.e., the minimal nonzero prime ideals. Our assumption
implies that Op is a regular local ring. It is a (fairly hard) theorem in commutative
algebra that a regular local ring is a unique factorization domain. It is a (fairly easy)
theorem that a Noetherian integral domain is a unique factorization domain if every
prime ideal of height 1 is principal (Nagata 1962, 13.1). Thus p is principal in O,,
and this implies that it is principal in I'(U, Oy ) for some open affine set U containing
P (see also 7.13).

If D|y = div(f), then we call f a local equation for D on U.

Intersection theory. Fix a nonsingular variety V' of dimension n over a field k,
assumed to be perfect. Let W; and W5 be irreducible closed subsets of V', and let
Z be an irreducible component of W; N W5. Then intersection theory attaches a
multiplicity to Z. We shall only do this in an easy case.

Divisors. Let V' be a nonsingular variety of dimension n, and let Dy,...,D, be
effective divisors on V. We say that Dy, ..., D, intersect properly at P € |[Di|N...N
| D, if P is an isolated point of the intersection. In this case, we define

(D1 Dn)p:dlkaP/(fla 7f7’b>

where f; is a local equation for D; near P. The hypothesis on P implies that this is
finite.

EXAMPLE 10.3. In all the examples, the ambient variety is a surface.

(a) Let Z; be the affine plane curve Y2 — X3, let Z, be the curve Y = X2 and let
P =(0,0). Then

(Zy+ Zo)p = dim k[ X, Y] (xy)/(Y — X*,Y? — X?) = dim k[ X] /(X" — X?) = 3.

(b) If Z; and Zy are prime divisors, then (Z; - Z2)p = 1 if and only if f;, fo are local
uniformizing parameters at P. Equivalently, (Z; - Z2)p = 1 if and only if Z; and Z,
are transversal at P, that is, T, (P) N1y, (P) = {0}.
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(c) Let Dy be the x-axis, and let Dy be the cuspidal cubic Y? — X3. For P = (0,0),
(Dl . Dg)p = 3.

(d) In general, (Z; - Zs)p is the “order of contact” of the curves Z; and Z,.

We say that Dy, ..., D, intersect properly if they do so at every point of intersection
of their supports; equivalently, if |Dy| N ... N |D,| is a finite set. We then define the
intersection number

(Di-...oDy)= > (Di+...-Dy)p.
Pe|Di|N...N| Dy

EXAMPLE 10.4. Let C be a curve. If D = )" n;P;, then the intersection number
(D) = 3" nlk(P) : k]
By definition, this is the degree of D.

Consider a regular map a: W — V of connected nonsingular varieties, and let D
be a divisor on V whose support does not contain the image of W. There is then a
unique divisor a*D on W with the following property: if D has local equation f on
the open subset U of V, then a*D has local equation f o« on o *U. (Use 7.2 to
see that this does define a divisor on W if the image of « is disjoint from |D|, then
a*D =0.)

EXAMPLE 10.5. Let C' be a curve on a surface V, and let a: C' — C be the
normalization of C'. For any divisor D on V,

(C- D) =dega™D.
LEMMA 10.6 (Additivity). Let D1, ..., Dy, D be divisors on V. If (Dy-...- Dy)p
and (Dy -...- D)p are both defined, then so also is (Dy - ... - D, + D)p, and
(Dy-...-Dy+D)p=(D1+...-Dy)p+(Dy-... D)p.

PROOF. One writes some exact sequences. See Shafarevich 1994, 1V.1.2. O

Note that in intersection theory, unlike every other part of mathematics, we add
first, and then multiply.

Since every divisor is the difference of two effective divisors, Lemma 10.1 allows us
to extend the definition of (D -...- D,) to all divisors intersecting properly (not just
effective divisors).

LEMMA 10.7 (Invariance under linear equivalence). Assume V' is complete.  If
D,, ~ D), then

(Dy-...-Dy)=(Dy-...-D)).
Proo¥r. By additivity, it suffices to show that (D;-...-D,) = 0if D, is a principal
divisor. For n = 1, this is just the statement that a function has as many poles as

zeros (counted with multiplicities). Suppose n = 2. By additivity, we may assume
that D; is a curve, and then the assertion follows from Example 10.5 because

D principal = oD principal.

The general case may be reduced to this last case (with some difficulty). See
Shafarevich 1994, 1V.1.3. O
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LEMMA 10.8. For any n divisors Dy, ..., D, on an n-dimensional variety, there
exists n divisors Dy, ... , D! intersect properly.

PROOF. See Shafarevich 1994, 1V.1.4. O

We can use the last two lemmas to define (D; - ...- D,) for any divisors on a
complete nonsingular variety V: choose Dj, ..., D/ asin the lemma, and set

(Dy-...-Dy) = (D, -...-D.).

EXAMPLE 10.9. Let C' be a smooth complete curve over C, and let ao: C' — C be
a regular map. Then the Lefschetz trace formula states that

(A-Ty,) = Tr(a|H(C,Q)~Tr(a| H' (C,Q)+Tr(a| H*(C, Q).

In particular, we see that (A - A) = 2 — 2¢g, which may be negative, even though A
is an effective divisor.

Let a: W — V be a finite map of irreducible varieties. Then k(W) is a finite
extension of k(V'), and the degree of this extension is called the degree of a. If k(W)
is separable over k(V') and k is algebraically closed, then there is an open subset U
of V such that o~ (u) consists exactly d = deg a points for all u € U. In fact, a™*(u)
always consists of exactly deg « points if one counts multiplicities. Number theorists
will recognize this as the formula ) e;f; = d. Here the f; are 1 (if we take k to be
algebraically closed), and e; is the multiplicity of the i*" point lying over the given
point.

A finite map a: W — V is flat if every point P of V has an open neighbourhood
U such that T'(a™'U, Oy ) is a free T'(U, Oy )-module — it is then free of rank deg a.

THEOREM 10.10. Let ao: W — V' be a finite map between nonsingular varieties.
For any divisors Dy, ..., D, onV intersecting properly at a point P of V,

Z (@*Dy-...-a*Dy,) =dega-(Dy-...- Dy)p.
a(Q)=p

PRrOOF. After replacing V' by a sufficiently small open affine neighbourhood of P,
we may assume that o corresponds to a map of rings A — B and that B is free of rank
d = deg o as an A-module. Moreover, we may assume that Dy,..., D, are principal
with equations fi,..., f, on V, and that P is the only point in |Di| N ... N |Dy,l.
Then mp is the only ideal of A containing a = (f1,..., fn). Set S = A\ mp; then

ST'A/STla= S (A/a) = A/a
because A/a is already local. Hence
(Dy-...-Dp)p=dimA/(f1,..., fn).
Similarly,
(&*Dy-...-a*Dp)p=dimB/(fioa,..., fnoa).
But B is a free A-module of rank d, and
A/(fis  f)®AB=B/(fioa,..., f.oq).
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Therefore, as A-modules, and hence as k-vector spaces,
Bf(fioa,... faoa) = (A/(fi--, fu))*
which proves the formula. O

ExXAMPLE 10.11. Assume k is algebraically closed of characteristic p # 0. Let
a: A' — A'! be the Frobenius map ¢+ ¢P. It corresponds to the map k[X] — k[X],
X +— XP, on rings. Let D be the divisor ¢. It has equation X — ¢ on A!, and o*D
has the equation X? — ¢ = (X — v)P. Thus o*D = p(7), and so

deg(a"D) = p = p - deg(D).

The general case. Let V' be a nonsingular connected variety. A cycle of codimension
ron V is an element of the free abelian group C" (V') generated by the prime cycles
of codimension r.

Let Z; and Zs be prime cycles on any nonsingular variety V', and let W be an
irreducible component of Z; N Z,. We know that

dim Z; +dim Z; < dim V +dim W,

and we say Z; and Z, intersect properly at W if equality holds.

Define Oy, to be the set of rational functions on V' that are defined on some open
subset U of V with UNW # () — it is a local ring. Assume that Z; and Z, intersect
properly at W, and let p; and py be the ideals in Oy corresponding to Z; and Z,
(so p; = (f1, fa, ..., fr) if the f; define Z; in some open subset of V' meeting W). The
example of divisors on a surface suggests that we should set

(Z1 - Zo)w = dimy, Oy, /(p1, p2),

but examples show this is not a good definition. Note that

Ovw/(p1,p2) = Ovw/p1 oy, Oviw /P2

It turns out that we also need to consider the higher Tor terms. Set

dimV

X2(O/p1,0/p2) = > (=1) dimy(Tor{’(O/p1,0/p2)

=0
where O = Oy. It is an integer > 0, and = 0 if Z; and Zy do not intersect
properly at W. When they do intersect properly, we define (Z; - Zo)y = mW,
m = x2(O/p1,0/ps). When Z; and Z are divisors on a surface, the higher Tor’s
vanish, and so this definition agrees with the previous one.

Now assume that V' is projective. It is possible to define a notion of rational equiv-
alence for cycles of codimension r: let W be an irreducible subvariety of codimension
r—1,and let f € k(W)*; then div(f) is a cycle of codimension r on V' (since W may
not be normal, the definition of div(f) requires care), and we let C"(V')’ be the sub-
group of C"(V') generated by such cycles as W ranges over all irreducible subvarieties
of codimension r — 1 and f ranges over all elements of k(1W)*. Two cycles are said
to be rationally equivalent if they differ by an element of C"(V')’, and the quotient of
C™(V) by C"(V)" is called the Chow group CH"(V'). A discussion similar to that in
the case of a surface leads to well-defined pairings

CH' (V) x CH*(V) — CH™ (V).
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In general, we know very little about the Chow groups of varieties — for example,
there has been little success at algebraic cycles on varieties other than the obvious
one (divisors, intersections of divisors,...).

We can restate our definition of the degree of a variety in P" as follows: a closed
subvariety V' of P" of dimension d has degree (V' - H) for any linear subspace of P" of

codimension d. (All linear subspaces of P"of codimension r are rationally equivalent,
and so (V' - H) is independent of the choice of H.)

REMARK 10.12. (Bezout’s theorem). A divisor D on P" is linearly equivalent of
0H, where 0 is the degree of D and H is any hyperplane. Therefore

(Dy---- D) =816,

where 4, is the degree of D;. For example, if C; and Cy are curves in P? defined by
irreducible polynomials F} and F5 of degrees 9; and 2 respectively, then C7 and Cs
intersect in 6199 points (counting multiplicities).

References:
Shafarevich 1994, 1V.1, IV.2.

Fulton, W., Introduction to Intersection Theory in Algebraic Geometry, (AMS
Publication; CBMS regional conference series #54.) This is a pleasant introduction.

Fulton, W., Intersection Theory. Springer, 1984. The ultimate source for every-
thing to do with intersection theory.

Serre: Algebre Locale, Multiplicités, Springer Lecture Notes, 11, 1957/58 (third
edition 1975). This is where the definition in terms of Tor’s was first suggested.
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11. COHERENT SHEAVES; INVERTIBLE SHEAVES.

Coherent Sheaves. Let V = Specm A be an affine variety over k, and let M be a
finitely generated A-module. There is a unique sheaf of Oy-modules M on V' such
that, for all f € A,

I'(D(f),M)=M; (=A;®aM).

The sheaf M is said to be coherent. A homomorphism M — N of A-modules defines a
homomorphism M — N of Oy-modules, and M +— M is a fully faithful functor from

the category of finitely generated A-modules to the category of coherent Oy-modules,
with quasi-inverse M +— I'(V, M).

Now consider a variety V. An Oy-module M is said to be coherent if, for every
open affine subset U of V', M|U is coherent. It suffices to check this condition for the
sets in an open affine covering of V.

For example, OF; is a coherent Oy-module. An Oy-module M is said to be locally
free of rank n if it is locally isomorphic to OF, i.e., if every point P € V' has an open
neighbourhood such that M|U ~ O},. A locally free Oy-module is coherent.

Let v € V, and let M be a coherent Oy-module. We define a x(v)-module M (v) as
follows: after replacing V' with an open neighbourhood of v, we can assume that it is
affine; hence we may suppose that V' = Specm(A), that v corresponds to a maximal
ideal m in A (so that xk(v) = A/m), and M corresponds to the A-module M; we then
define

M(v) =M R4 k(v) = M/mM.

It is a finitely generated vector space over k(v). Don’t confuse M(v) with the stalk
M, of M which, with the above notations, is My = M ®4 An. Thus M(v) =
M,/ mM, = k(v) ®a,, Mpn. Nakayama’s Lemma shows that

M) =0= M, =0.
The support of a coherent sheaf M is
Supp(M) ={v e V | M(v) # 0} ={v e V | M, # 0}.

Suppose V' is affine, and that M corresponds to the A-module M. Let a be the
annihilator of M:

a={feA| fM =0}

Then M/mM # 0 <= m D a (for otherwise A/mA contains a nonzero element
annihilating M/mM), and so

Supp(M) = V(a).

Thus the support of a coherent module is a closed subset of V.

Note that if M is locally free of rank n, then M (v) is a vector space of dimension
n for all v. There is a converse of this.

PROPOSITION 11.1. If M is a coherent Oy -module such that M(v) has constant
dimension n for allv € V', then M 1is a locally free of rank n.
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ProoF. We may assume that V' is affine, and that M corresponds to the finitely
generated A-module M. Fix a maximal ideal m of A, and let z1,... ,x,be elements
of M whose images in M/mM form a basis for it over x(v). Consider the map

v A" =M, (ai,...,a,) — Zaixi.

The cokernel is a finitely generated A-module whose support does not contain
v. Therefore there is an element f € A, f ¢ m, such that v defines a surjection
A} — My. Atfter replacing A with Ay we may assume that v itself is surjective.
For every maximal ideal n of A, the map (A/n)" — M/nM is surjective, and hence
(because of the condition on the dimension of M(v)) bijective. Therefore, the kernel
of 7 is contained in n™ (meaning n X --- x n) for all maximal ideals n in A, and the
next lemma shows that this implies that the kernel is zero. 0

LEMMA 11.2. Let A be an affine k-algebra. Then

Nm = 0 (intersection of all mazimal ideals in A).

PROOF. Suppose first that k is algebraically closed. Recall (1.9) that if a is a radical
ideal in k[X1, ..., X,], then IV (a) = a. When we use the one-to-one correspondence
between points of V(a) and the maximal ideals of k[ X1, ... , X,] containing a, we see
that this says that a function that is in every maximal ideal containing a is, in fact,
in a. On applying this statement to the ring A = k[Xy,...,X,]/a, we obtain the
lemma.

Now drop the assumption that k is algebraically closed, and consider a maximal
ideal m of A ® k? . Then

A/mNA— A k™ =k,
Therefore A/m N A is an integral domain. Since it is finite-dimensional over k, it
is a field, and so m N A is a maximal ideal in A. Thus if f € A is in all maximal

ideals of A, then its image in A® k ® is in all maximal ideals of A, then its image in
A®k® is in all maximal ideals of A ® k2, and so is zero. O

For two coherent Oy-modules M and N, there is a unique coherent Oy-module
M ®o, N such that
F(UaM Qoy, N) = F(UaM) Qr(w,0v) F(U7 N)

for all open affines U C V. The reader should be careful not to assume that this
formula holds for nonaffine open subsets U (see example 11.4 below). For a such a
U, one writes U = UU; with the U; open affines, and defines I'(U, M ®o,, N) to be
the kernel of

[[rW, Mo, N) = [ LU, M @0, N).
i i.j
Define Hom (M, N) to be the sheaf on V' such that
I'(U, Hom(M,N)) = Homo, (M, N)

(homomorphisms of Op-modules) for all open U in V. It is easy to see that this is a
sheaf. If the restrictions of M and N to some open affine U correspond to A-modules
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M and N, then
(U, Hom(M,N)) = Homyu (M, N),
and so Hom(M,N) is again a coherent Oy-module.

Invertible sheaves. An invertible sheaf on V is a locally free Oy-module £ of rank
1. The tensor product of two invertible sheaves is again an invertible sheaf. In this
way, we get a product structure on the set of isomorphism classes of invertible sheaves:

£]- £ =L L]

The product structure is associative and commutative (because tensor products are
associative and commutative, up to a canonical isomorphism), and [Oy] is an identity
element. Define

LY =Hom(L,Oy).

Clearly, LV is free of rank 1 over any open set where L is free of rank 1, and so £V is
again an invertible sheaf. Moreover, the canonical map

£v®£_>OV7 (fax)'_)f(x>

is an isomorphism (because it is obviously an isomorphism over any open subset where
L is free). Thus

[£Y][£] = [Ov].
For this reason, we often write £~ for £V.

From these remarks, we see that the set of isomorphism classes of invertible sheaves
on V is a group — it is called the Picard group, Pic(V'), of V.

We say that an invertible sheaf £ is trivial if it is isomorphic to Oy — then L
represents the zero element in Pic(V).

PROPOSITION 11.3. An invertible sheaf L on a complete variety V' is trivial if and
only if both it and its dual have nonzero global sections, i.e.,

D(V, L) # 04 D(V, LY).

PrROOF. We may assume that V' is irreducible. Note first that, for any Oy -module
M on any variety V', the map
Hom(Oy, M) - T(V,M), a— «a(l)
is an isomorphism.

Next recall that the only regular functions on a complete variety are the constant
functions (see 5.28 in the case that k is algebraically closed), i.e., I'(V,Oy) = ¥
where k' is the algebraic closure of k in k(V'). Hence Hom(Oy,Oy) = k', and so a
homomorphism Oy — Oy is either 0 or an isomorphism.

We now prove the proposition. The sections define nonzero homomorphisms
Sliov—>£, SQiOV—>£v.
We can take the dual of the second homomorphism, and so obtain nonzero homo-

morphisms

v
82

Oy = L 2 Oy.
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The composite is nonzero, and hence an isomorphism, which shows that sj is
surjective, and this implies that it is an isomorphism (for any ring A, a surjective
homomorphism of A-modules A — A is bijective because 1 must map to a unit). O

Invertible sheaves and divisors. Now assume that V' is nonsingular. For a divisor
D on V| the vector space L(D) is defined to be

L(D) ={f e k(V)*|div(f)+ D > 0}.
We make this definition local: define £(D) to be the sheaf on V' such that, for any
open set U,
LU, L(D)) ={f €k(V)|div(f)+ D >0on U} U{0}.

The condition “div(f)+D > 0on U” means that, if D = > nzZ, then ordz(f)+nz >
0 for all Z with ZNU # 0. Thus, I'(U, L(D)) is a T'(U, Oy )-module, and if U C U,
then T'(U’, L(D)) C T'(U, L(D)). We define the restriction map to be this inclusion.
In this way, £(D) becomes a sheaf of Oy-modules.

Suppose D is principal on an open subset U, say D|U = div(g), g € k(V)*. Then
LU, L(D)) ={f € k(V)* | div(fg) > 0on U} U{0}.
Therefore,
I'(U,L(D)) = T(U,Ov), [+ fg,

is an isomorphism. These isomorphisms clearly commute with the restriction maps
for U' € U, and so we obtain an isomorphism L£(D)|U — Op. Since every D is
locally principal, this shows that £(D) is locally isomorphic to Oy, i.e., that it is an
invertible sheaf. If D itself is principal, then £(D) is trivial.

Next we note that the canonical map
LD)@ L) = LD +D), feg—fg

is an isomorphism on any open set where D and D’are principal, and hence it is an
isomorphism globally. Therefore, we have a homomorphism

Div(V) — Pic(V), D~ [L(D)],
which is zero on the principal divisors.

EXAMPLE 11.4. Let V be an elliptic curve, and let P be the point at infinity. Let
D be the divisor D = P. Then I'(V, L(D)) = k, the ring of constant functions, but
I'(V, £(2D)) contains a nonconstant function x. Therefore,

I'(V.L(2D)) # T(V, L(D)) @ I(V, L(D)),

— in other words, I'(V, L(D) @ L(D)) # I'(U, L(D) ® L(D)).

PROPOSITION 11.5. For an irreducible nonsingular variety, the map D w— [L(D)]
defines an isomorphism

Div(V)/PrinDiv(V') — Pic(V).

PRrROOF. (Injectivity). If s is an isomorphism Oy — L(D), then g = s(1) is an

element of k(V)* such that
(a) div(g) + D > 0 (on the whole of V);
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(b) if div(f) + D > 0 on U, that is, if f € T'(U, £L(D)), then f = h(g|U) for some
he T(U,0).

Statement (a) says that D > div(—g) (on the whole of V). Suppose U is such that
D|U admits a local equation f = 0. When we apply (b) to —f , then we see that
div(—f) < div(g) on U, so that D|U + div(g) > 0. Since the U’s cover V', together
with (a) this implies that D = div(—g).

(Surjectivity). Define

rw.x) - {

k(V)* if U is open an nonempty
0 if U is empty.

Because V is irreducible, K becomes a sheaf with the obvious restriction maps. On
any open subset U where L|U =~ Oy, we have L|U ® K ~ K. Since these open sets
form a covering of V', V is irreducible, and the restriction maps are all the identity
map, this implies that £ ® K =~ K on the whole of V. Choose such an isomorphism,
and identify £ with a subsheaf of K. On any U where £ ~ Oy, L|U = gOy as a
subsheaf of I, where g is the image of 1 € I'(U, Oy). Define D to be the divisor such
that, on a U, ¢! is a local equation for D. O

EXAMPLE 11.6. Suppose V is affine, say V' = Specm A. We know that coherent
Oy-modules correspond to finitely generated A-modules, but what do the locally free
sheaves of rank n correspond to? They correspond to finitely generated projective A-
modules (Bourbaki, Commutative Algebra, 11.5.2). The invertible sheaves correspond
to finitely generated projective A-modules of rank 1. Suppose for example that V' is
a curve, so that A is a Dedekind domain. This gives a new interpretation of the ideal
class group: it is the group of isomorphism classes of finitely generated projective
A-modules of rank one (i.e., such that M ®4 K is a vector space of dimension one).

This can be proved directly. First show that every (fractional) ideal is a projective
A-module — it is obviously finitely generated of rank one; then show that two ideals
are isomorphic as A-modules if and only if they differ by a principal divisor; finally,
show that every finitely generated projective A-module of rank 1 is isomorphic to
a fractional ideal (by assumption M ®4 K ~ K; when we choose an identification
M ®s K = K, then M C M ®4 K becomes identified with a fractional ideal).
[Exercise: Prove the statements in this last paragraph.]

REMARK 11.7. Quite a lot is known about Pic(V'), the group of divisors modulo
linear equivalence, or of invertible sheaves up to isomorphism. For example, for any
complete nonsingular variety V', there is an abelian variety P canonically attached to
V', called the Picard variety of V, and an exact sequence

0 — P(k) — Pic(V) — NS(V) — 0

where NS(V) is a finitely generated group called the Néron-Severi group.

Much less is known about algebraic cycles of codimension > 1, and about locally
free sheaves of rank > 1 (and the two don’t correspond exactly, although the Chern
classes of locally free sheaves are algebraic cycles).

Direct images and inverse images of coherent sheaves. Consider a homomo-
morphism A — B of rings. From an A-module M, we get an B-module B ® 4 M,
which is finitely generated if M is finitely generated. Conversely, an B-module M
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can also be considered an A-module, but it usually won’t be finitely generated (unless
B is finitely generated as an A-module). Both these operations extend to maps of
varieties.

Consider a regular map a: W — V', and let F be a coherent sheaf of Oy-modules.
There is a unique coherent sheaf of Oy -modules o*F with the following property:
for any open affine subsets U’ and U of W and V respectively such that o(U’) C
U, a*F|U’ is the sheaf corresponding to the I'(U’, Ow)-module I'(U’, Ow) ®rw,o,)
LU, F).

Let F be a sheaf of Op-modules. For any open subset U of V, we define
L(U,a.F) = T(a U, F), regarded as a I'(U, Oy)-module via the map T'(U, Oy) —
[(a U, Ow). Then U +— T(U, . F) is a sheaf of Oy-modules. In general, ., F will
not be coherent, even when F is.

LEMMA 11.8. (a) For any regular maps U = V LW and coherent Ow -module
F on W, there is a canonical isomorphism

(Ba)*F = o (B*F).

(b) For any regular map ac: V- — W, o maps locally free sheaves of rankn to locally
free sheaves of rank n (hence also invertible sheaves to invertible sheaves). It

[

preserves tensor products, and, for an invertible sheaf L, a*(L™') = (a*L)7.

PRrROOF. (a) This follows from the fact that, given homomorphisms of rings A —
B—-T,T®Rp(B®asM)=T®®4s M.

(b) This again follows from well-known facts about tensor products of rings. [
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12. DIFFERENTIALS

In this section, we sketch the theory of differentials. We allow k to be an arbitrary
field.

Let A be a k-algebra, and let M be an A-module. Recall (from §4) that a k-
derivation is a k-linear map D : A — M such that
D(fg) = foDg+ go Df (Leibniz’s rule).

A pair (Q} /> d) comprising an A-module QY s and a k-derivation d : A — QY Ik 18
called the module of differential one-forms for A over k® if it is universal:

AL Lo

|
'Alk-linear
p '

M
EXAMPLE 12.1. Let A = k[Xj, ..., X,,]; then Q}Ll/k is the free A-module with basis
the symbols d X7, ...,dX,, and df = > 9f/0X; - dX,.

EXAMPLE 12.2. Let A = k[X,..., X,]/a; then Q} , is the free A-module with
basis the symbols d X7, ..., dX,, modulo the relations: df =0 for all f € a.

PROPOSITION 12.3. Let V' be a variety. For eachn > 0, there is a unique sheaf of
Ov-modules X, on V' such that Q, , (U) = A”Q}q/k whenever U = Specm A is an
open affine of V.

PRrROOF. Omitted. ]

The sheaf Q"}/k is called the sheaf of differential n-forms on V.

EXAMPLE 12.4. Let E be the affine curve
Y2 =X34+aX +0,

and assume X3 + aX + b has no repeated roots (so that E is nonsingular). Write z
and y for regular functions on F defined by X and Y. On the open set D(y) where
y # 0, let w; = dx/y, and on the open set D(3z% + a), let wy = 2dy/(32* + a). Since
y? =2 +axr+0,

2udy = (32* + a)dx.

and so w; and wy agree on . Since E = D(y) N D(3z% + a), we see that there
is a differential w on E whose restrictions to D(y) and D(3z? + a) are w; and ws
respectively. It is an easy exercise in working with projective coordinates to show
that w extends to a differential one-form on the whole projective curve

Y27 = X3+ aXZ® + 025

In fact, Q}J/k(C) is a one-dimensional vector space over k, with w as basis. More
generally, if C' is a complete nonsingular absolutely irreducible curve of genus g, then
Q}J/kC) is a vector space of dimension g over k. Note that w = dz/y = dz /(23 + azx +

b)%, which can’t be integrated in terms of elementary functions. Its integral is called
an elliptic integral (integrals of this form arise when one tries to find the arc length
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of an ellipse). The study of elliptic integrals was one of the starting points for the
study of algebraic curves.

PrRoOPOSITION 12.5. If V is nonsingular, then Q%//k s a locally free sheaf of rank
dim(V') (that is, every point P of V' has a neighbourhood U such that Q%//k]U R~

(OV ’ U)dim(V)) ]
PROOF. Omitted. U

Let C' be a complete nonsingular absolutely irreducible curve, and let w be a nonzero
element of Q}C(C)/k. We define the divisor (w) of w as follows: let P € C; if t is a
uniformizing parameter at P, then dt is a basis for Q,lc(c) ) as a k(C)-vector space,
and so we can write w = fdt, f € k(V)*; define ordp(w) = ordp(f), and (w) =
> ordp(w)P. Because k(C) has transcendence degree 1 over k, Q,lc(c)/k is a k(C)-

vector space of dimension one, and so the divisor (w) is independent of the choice of
w up to linear equivalence. By an abuse of language, one calls (w) for any nonzero
element of Q,lc(c)/k a canonical class K on C. For a divisor D on C, let ¢(D) =

dimy, (L(D)).

THEOREM 12.6 (Riemann-Roch). Let C' be a complete nonsingular absolutely ir-
reducible curve over k.

(a) The degree of a canonical divisor is 2g — 2.
(b) For any divisor D on C,

(D) —U(K — D) =1+ g —deg(D).

More generally, if V' is a smooth complete variety of dimension d, it is possible to
associate with the sheaf of differential d-forms on V' a canonical linear equivalence
class of divisors K. This divisor class determines a rational map to projective space,
called the canonical map.
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13. ALGEBRAIC VARIETIES OVER THE COMPLEX NUMBERS

It is not hard to show that there is a unique way to endow all algebraic varieties
over C with a topology such that:

(a) on A" = C™ it is just the usual complex topology;
(b) on closed subsets of A™ it is the induced toplogy;
(c) all morphisms of algebraic varieties are continuous;
(d) it is finer than the Zariski topology.

We call this new topology the complex topology on V. Note that (a), (b), and (c)
determine the topology uniquely for affine algebraic varieties ((c) implies that an iso-
morphism of algebraic varieties will be a homeomorphism for the complex topology),
and (d) then determines it for all varieties.

Of course, the complex topology is much finer than the Zariski topology — this
can be seen even on A'. In view of this, the next proposition is little surprising.

PROPOSITION 13.1. Let V' be an algebraic variety over C, and let C' be a con-
structible subset of V' (in the Zariski topology); then the closure of C in the Zariski
topology equals its closure in the complex topology.

PRrROOF. Omitted. ]

For example, if U is an open dense subset of a closed subset Z of V' (both for the
Zariski topology), then U is also dense in Z for the complex topology.

The next result helps explain why completeness is the analogue of compactness for
topological spaces.

PROPOSITION 13.2. Let V' be an algebraic variety over C; then V is complete (as
an algebraic variety) if and only if it is compact for the complex topology.

PROOF. Omitted. 0

In general, there are many more holomorphic (complex analytic) functions than
there are polynomial functions on a variety over C. For example, by using the ex-
ponential function it is possible to construct many holomorphic functions on C that
are not polynomials in z, but all these functions have nasty singularities at the point
at infinity on the Riemann sphere. In fact, the only meromorphic functions on the
Riemann sphere are the rational functions. This generalizes.

THEOREM 13.3. Let V' be a complete nonsingular variety over C. Then V is, in
a natural way, a complex manifold, and the field of meromorphic functions on'V (as
a complex manifold) is equal to the field of rational functions on V.

PRrROOF. Omitted. ]

This provides one way of constructing compact complex manifolds that are not
algebraic varieties: find such a manifold M of dimension n such that the transcendence
degree of the field of meromorphic functions on M is < n. For a torus C9/A of
dimension g > 1, this is typically the case. However, when the transcendence degree
of the field of meromorphic functions is equal to the dimension of manifold, then M
can be given the structure, not necessarily of an algebraic variety, but of something
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more general, namely, that of an algebraic space. Roughly speaking, an algebraic
space is an object that is locally an affine algebraic variety, where locally means for
the étale “topology” rather than the Zariski topology.

One way to show that a complex manifold is algebraic is to embed it into projective
space.

THEOREM 13.4. Any closed analytic submanifold of P™ is algebraic.

PRrROOF. Omitted. ]

COROLLARY 13.5. Any holomorphic map from one projective algebraic variety to
a second projective algebraic variety is algebraic.

PROOF. Let ¢: V — W be the map. Then the graph I, of ¢ is a closed subset of
V x W, and hence is algebraic according to the theorem. Since ¢ is the composite
of the isomorphism V — I', with the projection I', — W, and both are algebraic, ¢
itself is algebraic. O

Since, in general, it is hopeless to write down a set of equations for a variety (it is a
fairly hopeless task even for an abelian variety of dimension 3), the most powerful way
we have for constructing varieties is to first construct a complex manifold and then
prove that it has a natural structure as a algebraic variety. Sometimes one can then
show that it has a canonical model over some number field, and then it is possible
to reduce the equations defining it modulo a prime of the number field, and obtain a
variety in characteristic p.

For example, it is known that C9/A (A a lattic in CY%) has the structure of an
algebraic variety if and only if there is a skew-symmetric form ¢ on CY having certain
simple properties relative to A. The variety is then an abelian variety, and all abelian
varieties over C are of this form.
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14. FURTHER READING

In this course, we have associated an affine algebraic variety to any affine algebra
over a field k. For many reasons, for example, in order to be able to study the reduc-
tion of varieties to characteristic p # 0, Grothendieck realized that it is important to
attach a geometric object to every commutative ring. Unfortunately, A — specm A
is not functorial in this generality: if a: A — B is a homomorphism of rings, then
a~t(m) for m maximal need not be maximal — consider for example the inclusion
Z — Q. Thus he was forced to replace specm(A) with spec(A), the set of all prime
ideals in A. He then attaches an affine scheme Spec(A) to each ring A, and defines a
scheme to be a locally ringed space that admits an open covering by affine schemes.

There is a natural functor V +— V* from the category of varieties over k to the
category of absolutely reduced schemes of finite-type over k, which is an equivalence of
categories. To construct V* from V', one only has to add one point for each irreducible
closed subvariety of V. Then U — U* is a bijection from the set of open subsets of
V' to the set of open subsets of V*. Moreover, I'(U*, Oy~«) = I'(U, Oy ) for each open
subset U of V. Therefore the topologies and sheaves on V and V* are the same —
only the underlying sets differ.

Every aspiring algebraic and (especially) arithmetic geometer needs to learn the
basic theory of schemes, and for this I recommend reading Chapters II and III of
Hartshorne 1997.

Among the books listed below, I especially recommend Shafarevich 1994 — it is
very easy to read, and is generally more elementary than these notes, but covers more
ground (being much longer).

Commutative Algebra
Atiyah, M.F and MacDonald, I.G., Introduction to Commutative Algebra, Addison-

Wesley 1969. This is the most useful short text. It extracts the essence of a good
part of Bourbaki 1961-83.

Bourbaki, N., Algebre Commutative, Chap. 1-7, Hermann, 1961-65; Chap 8-9, Masson,
1983. Very clearly written, but it is a reference book, not a text book.

Eisenbud, D., Commutative Algebra, Springer, 1995. The emphasis is on motivation.

Nagata, M., Local Rings, Wiley, 1962. Contains much important material, but it is
concise to the point of being almost unreadable.

Reid, M., Undergraduate Commutative Algebra, Cambridge 1995. According to the au-
thor, it covers roughly the same material as Chapters 1-8 of Atiyah and MacDonald
1969, but is cheaper, has more pictures, and is considerably more opinionated. (How-
ever, Chapters 10 and 11 of Atiyah and MacDonald 1969 contain crucial material.)

Serre: Algebre Locale, Multiplicités, Lecture Notes in Math. 11, Springer, 1957/58
(third edition 1975).

Zariski, O., and Samuel, P.;, Commutative Algebra, Vol. T 1958, Vol II 1960, van Nos-
trand. Very detailed and well organized.

Elementary Algebraic Geometry

Reid, M., Undergraduate Algebraic Geometry. A brief, elementary introduction. The
final section contains an interesting, but idiosyncratic, account of algebraic geometry
in the twentieth century.
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Abhyankar, S., Algebraic Geometry for Scientists and Engineers, AMS, 1990. Mainly
curves, from a very explicit and down-to-earth point of view.

Computational Algebraic Geometry

Cox, D., Little, J., O’Shea, D., Ideals, Varieties, and Algorithms, Springer, 1992. This
gives an algorithmic approach to algebraic geometry, which makes everything very
down-to-earth and computational, but the cost is that the book doesn’t get very far
in 500pp.

Subvarieties of Projective Space

Shafarevich, I., Basic Algebraic Geometry, Book 1, Springer, 1994. Very easy to read.

Harris, Joe: Algebraic Geometry: A first course, Springer, 1992. The emphasis is on
examples.

Algebraic Geometry over the Complex Numbers

Griffiths, P., and Harris, J., Principles of Algebraic Geometry, Wiley, 1978. A com-
prehensive study of subvarieties of complex projective space using heavily analytic
methods.

Mumford, D., Algebraic Geometry I: Complex Projective Varieties. The approach is
mainly algebraic, but the complex topology is exploited at crucial points.

Shafarevich, 1., Basic Algebraic Geometry, Book 3, Springer, 1994.
Abstract Algebraic Varieties

Dieudonné, J., Cours de Géometrie Algébrique, 2, PUF, 1974. A brief introduction to
abstract algebraic varieties over algebraically closed fields.

Kempf, G., Algebraic Varieties, Cambridge, 1993. Similar approach to these notes, but
is more concisely written, and includes two sections on the cohomology of coherent
sheaves.

Kunz, E.; Introduction to Commutative Algebra and Algebraic Geometry, Birkhaiiser,
1985. Similar approach to these notes, but includes more commutative algebra and
has a long chapter discussing how many equations it takes to describe an algebraic
variety.

Mumford, D. Introduction to Algebraic Geometry, Harvard notes, 1966. Notes of a
course written (as I recall) by W. Waterhouse. Apart from the original treatise
(Grothendieck and Dieudonné 1960-67), this was the first place one could learn the
new approach to algebraic geometry. The first chapter is on varieties, and last two
on schemes.

Mumford, David: The Red Book of Varieties and Schemes, Lecture Notes in Math.
1358, Springer, 1988. Reprint of Mumford 1966.

Schemes

Eisenbud, D., and Harris, J., Schemes: the language of modern algebraic geometry,
Wadsworth, 1992. A brief elementary introduction to scheme theory.

Grothendieck, A., and Dieudonné, J., Eléments de Géométrie Algébrique. Publ. Math.
IHES 1960-1967. This was intended to cover everything in algebraic geometry in 13
massive books, that is, it was supposed to do for algebraic geometry what Euclid’s
“Elements” did for geometry. Unlike the earlier Elements, it was abandoned after 4
books. It is an extremely useful reference.



Algebraic Geometry: 14. Further Reading 155

Hartshorne, R., Algebraic Geometry, Springer 1977. Chapters IT and III give an excellent
account, of scheme theory and cohomology, so good in fact, that no one seems willing
to write a competitor. The first chapter on varieties is very sketchy.

litaka, S. Algebraic Geometry: an introduction to birational geometry of algebraic vari-
eties, Springer, 1982. Not as well-written as Hartshorne 1977, but it is more elemen-
tary, and it covers some topics that Hartshorne doesn’t.

Shafarevich, 1., Basic Algebraic Geometry, Book 2, Springer, 1994. A brief introduction
to schemes and abstract varieties.

History

Dieudonné, J., History of Algebraic Geometry, Wadsworth, 1985.

Of Historical Interest

Hodge, W., and Pedoe, D., Methods of Algebraic Geometry, Cambridge, 1947-54.

Lang, S., Introduction to Algebraic Geometry, Interscience, 1958. An introduction to
Weil 1946.

Weil, A., Foundations of Algebraic Geometry, AMS, 1946; Revised edition 1962. This is
where Weil laid the foundations for his work on abelian varieties and jacobian varieties
over arbitrary fields, and his proof of the analogue of the Riemann hypothesis for
curves and abelian varieties. Unfortunately, not only does its language differ from
the current language of algebraic geometry, but it is incompatible with it.

There is also a recent book by Kenji Ueno, which I haven’t seen.
J.S. Milne, Mathematics Department, University of Michigan, Ann Arbor, MI 48109.



affine algebra, 36, 132
affine subvariety, 44
algebra

finite, 5

finite-type, 5
algebraic group, 53
algebraic prevariety, 44
algebraic set, 14
algebraic space, 152

basic open subset, 22
Bezout’s Theorem, 98, 142
birationally equivalent, 72

category, 56
characteristic exponent, 132
Chinese Remainder Theorem, 102
Chow group, 141
complete intersection
ideal-theoretic, 114
local, 114
set-theoretic, 114
complex topology, 151
constructible set, 117
cusp, 61
cycle
algebraic, 141

degree
of a map, 122, 140
of a point, 135
total, 5
derivation, 75
Dickson’s Lemma, 10
differential, 62
dimension, 24, 25, 55
division algorithm, 7
divisor, 137
effective, 137
local equation for, 138
locally principal, 138
positive, 137
prime, 137
principal, 137
restriction of, 138
support of, 137
dominating map, 58

elliptic curve, 14, 81, 134
equivalence of categories, 38
etale, 65, 79

etale neighbourhood, 75

fibred product, 106
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field
algebraically closed, 3
field of rational functions, 24, 55
finite map, 101
Frobenius map, 41
functor, 57

Groebner basis, see also standard basis

Hilbert Basis Theorem, 10, 15
Hilbert Nullstellensatz, 17
strong, 19
Hilbert polynomial, 99
homogeneous coordinate ring, 86
homomorphism
of algebras, 5
of sheaves, 131
hypersurface, 24, 90
hypersurface section, 90

ideal, 4
homogeneous, 81
maximal, 4
monomial, 9
prime, 4
immersion, 47
closed, 47
open, 47
integral, 26
integral closure, 27
integrally closed, 28
intersect properly, 138, 139, 141
irreducible components, 23
irreducible topological space, 22

Krull dimension, 26

leading coefficient, 7

leading monomial, 7

leading term, 7

linearly equivalent, 137

local system of parameters, 74

manifold
complex, 44
differentiable, 44
topological, 44
monomial, 5
morphism
of affine algebraic varieties, 36
of ringed spaces, 35
multidegree, 7
multiplicative subset, 31
multiplicity
of a point, 61
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Nakayama’s Lemma, 69

node, 61

Noether Normalization Theorem, 104, 136
Noetherian, 21

nondegenerate quadric, 128

nonsingular, 59, 63, 71, 136

normal, 71

ordering
grevlex, 7
lex, 6

pencil of lines, 128
Picard group, 137, 145
Picard variety, 147
point
with coordinates in a ring, 56
point with coordinates in a ring, 76
polynomial
elementary symmetric, 26
homogeneous, 80
irreducible, 6
symmetric, 26
presheaf, 131
prevariety, 134
Prime Avoidance Lemma, 113
principal open subset, 22
product
of affine varieties, 52
of algebraic varieties, 52
projection with centre, 92
projective algebraic set, 80
projectively normal, 137
pure dimension, 25

quasi-compact, 21
quasi-inverse, 38

rational function, 35
rational variety, 73
rationally equivalent, 141
regular function, 33, 37, 44
regular map, 36, 45
resultant, 95
Riemann-Roch Theorem, 150
ring

coordinate, 21

Noetherian, 5

of regular functions, 21
ring of dual numbers, 75
ringed space, 30, 131

locally, 131

section of a sheaf, 30
Segre mapping, 91
semisimple

group, 77

Lie algebra, 77
separable map, 124
separated, 46, 134
sheaf, 131

coherent, 143

invertible, 145

locally free, 143

of algebras, 30

support of, 143
singular locus, 72, 136
smooth, 59, 63
stalk, 131
standard basis, 10

minimal, 11
Stein factorization, 130

tangent cone, 60, 78
geometric, 60, 78, 79
tangent space, 59, 62, 68

tensor product, 49

unirational variety, 73

variety, 134
abelian, 53, 97
affine algebraic, 36
algebraic, 46
complete, 93, 136
degree of,, 98
Grassmanian, 98
normal, 123, 137
projective, 80
quasi-projective, 80

Veronese mapping, 89

Yoneda Lemma, 58

Zariski topology, 16
Zariski’s Lemma, 17
Zariski’s Main Theorem, 105



