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Topic 1 Whole numbers








Numbers, operations and relationships




Key concepts and skills



	Describe the real number system by recognising, defining and distinguishing properties of natural numbers, whole numbers, integers, rational numbers and irrational numbers.


	Calculate using all four operations on whole numbers; estimating and using your calculator where appropriate.


	Use a range of techniques to perform and check written and mental calculations of whole numbers, including long division, adding, subtracting and multiplying in columns, estimating, rounding off and compensating, and using a calculator.


	Use prime factorisation of numbers to find the LCM and the HCF.


	Solve problems in contexts involving ratio and rate, and direct and inverse proportion.


	Solve problems that involve whole numbers, percentages and decimal fractions in financial contexts, such as profit, loss, discount and VAT, budgets, accounts, loans, simple interest, hire purchase, exchange rates, commission, rentals and compound interest.










Unit 1 The properties of numbers




Rational numbers


Numbers can be classified into different groups or sets according to their properties.



The set of natural numbers, ℕ, includes the counting numbers:

ℕ = {1; 2; 3; 4; …}.







The set of whole numbers, ℕ0, includes the set of natural numbers and zero:







ℕ0 = {0; 1; 2; 3; 4; …}.







The set of integers, ℤ, includes the positive and negative numbers and zero:







ℤ = {…–4; –3; –2; –1; 0; 1; 2; 3; 4; …}.





When one integer is divided by another, the answer is not always an integer. For example, 1 ÷ 4 = 
14 = 0,25, which is not an integer.



To include a ÷ b, where a < b, the number system has been extended to include rational numbers.





A rational number is any number (positive or negative) that can be written in the form ab where a and b are integers, and b ≠ 0.



The set of rational numbers, ℚ, includes all the natural numbers, whole numbers, integers, common fractions and decimal fractions.





Examples of rational numbers are 35;−12;0,47;5;−8;934;153,27;0,6..



Worked examples


Classify the following numbers fully as natural numbers, whole numbers, integers and/or rational numbers: integers and/or rational numbers:


	5


	112






Solutions



	5 is a natural number, a whole number, an integer and a rational number.


	112=32 is a rational number.








Exercise 1.1



	Write down the following numbers in the form ab:


	7


	234


	–13


	0,5


	−612





	Classify the following numbers fully as natural numbers, whole numbers, integers and/or rational numbers:


	114


	–198


	3 456


	1,26


	0


	−258


	25


	578


	–3,589


	0,3.











Irrational numbers


You know that 9=3 and that 8⁢3=2. But when you calculate 2 and 3 with a calculator, you see that 2=1,41421356… and 3=1,7320508… Both of these numbers are non-recurring decimals and cannot be written in the form ab. They are called irrational numbers.



The set of irrational numbers, ℚ′, contains all numbers that cannot be expressed in the form ab.





Examples of irrational numbers are 8,−20 and 153.



Remember


Pi (π) is an irrational number. If you use 227 or 3,14 you are using a rational number as an approximation for π.




Worked examples


Classify the following numbers:


	16


	6






Solutions



	16 = 4 is a natural number, whole number, integer, rational number and real number.


	6 = 2,449… is an irrational number and a real number.








Exercise 1.2



	Study the following list of numbers:

234;25;−3,56;12;0,5.;−273;203;19;1163


	Write down all the rational numbers in the list.


	Write down all the irrational numbers in the list.





	Classify the following numbers fully as natural numbers, whole numbers, integers, rational numbers, irrational numbers and/or real numbers.


	614


	–56


	64


	17,526


	π


	227


	20


	0,2.3.


	83


	103












Unit 2 Calculations and calculation techniques


When you are calculating answers, make sure you have checked whether you are allowed to use a calculator or not. Remember to show all your work when you do calculations without using a calculator. Then you can use a calculator to check your answers.



Worked example


Complete the table for each of the calculations by following these steps:


	Step 1: Find or estimate the answer to each calculation by compensating or by rounding off the numbers to the nearest 5, 10, 100 or 1 000.


	Step 2: Write down the estimated (or compensated) answer for each calculation.


	Step 3: Check your estimation using your calculator and write down the answer.





	447 + 228


	98 × 21







	Calculation
	Compensating/Rounding off
	Estimated answer
	Calculated answer





	447 + 228
	 
	 
	 



	98 × 21
	 
	 
	 







Solutions





	Calculation
	Compensating/Rounding off
	Estimated answer
	Calculated answer





	447 + 228
	450 + 225
	675
	675



	98 × 21
	100 × 20
	2 000
	2 058









Exercise 1.3



	Write the following in columns and calculate without using a calculator:


	1.1 823 453 + 756 021 + 905 378


	1.2 5 304 637 – 2 951 874





	Multiply the following without using your calculator:


	2.1 68 × 23


	2.2 573 × 201





	Calculate the following using long division:


	3.1 896 ÷ 7


	3.2 2 769 ÷ 71





	Complete the table for each of the calculations by following these steps:


	Step 1: Find or estimate the answer to each calculation by compensating or by rounding off the numbers to the nearest 5, 10, 100 or 1 000.


	Step 2: Write down the estimated (or compensated) answer for each calculation.


	Step 3: Check your estimation using your calculator and write down the answer.




	Calculation
	Compensating/Rounding off
	Estimated answer
	Calculated answer





	 
	 
	 
	 



	 
	 
	 
	 



	 
	 
	 
	 



	 
	 
	 
	 









	4.1 798 + 303


	4.2 3 858 – 2 127


	4.3 534 × 59


	4.4 1 004 ÷ 24





	Use a calculator to calculate the following. Round off your answer to 2 decimal places where necessary.


	5.1 4 789 + 12 507 – 5 364


	5.2 6 458 + 733 × 407 ÷ 37


	5.3 (156 732 – 176 892) × (5 836 + 1 002)


	5.4 35 670 + 21 8433 458−2 018


	5.5 8 053 ×75916 375÷385











Unit 3 Multiples, factors and prime factorisation




Prime factorisation of numbers


A factor of a number is a number that divides into the first number without leaving a remainder. For example, 4 is a factor of 12 because 12 ÷ 4 = 3.

The factors of 12 are 1, 2, 3, 4, 6 and 12. You write F12 = {1; 2; 3; 4; 6; 12}.

A prime number is a natural number whose only factors are itself and 1.

The prime numbers are 2; 3; 5; 7; 11; 13; 17; 19; 23; 29; 31; ...

A prime factor of a number is a factor of the number that is also a prime number. The prime factors of 12 are 2 and 3, because 2 and 3 are factors and also prime numbers.



Remember


1 is not a prime number because it has only one factor, which is 1.

2 is the only even prime number.




Worked example


Write 180 as the product of its prime factors, giving your answer in exponential form.



Solution








Exercise 1.4


Write each number as the product of its prime factors in exponential form:


	18


	24


	30


	45


	70


	100


	121


	190


	270


	900


	1 323


	4 114








LCM and HCF


The lowest common multiple (LCM) of two or more numbers is the lowest number that you can divide both numbers into. For example, the LCM of 3 and 4 is 12. The LCM of 3 and 6 is 6, because 6 is the lowest number that you can divide both 3 and 6 into.

The highest common factor (HCF) of two or more numbers is the highest number that you can divide exactly into those numbers. For example, the HCF of 4 and 6 is 2, because 2 is the highest number that you can divide into both 4 and 6. The HCF of 3 and 5 is 1, because 1 is the only number that you can divide into both 3 and 5.



Worked example


Write down the LCM and HCF of 6, 12 and 24 by inspection.



Solution


LCM = 24 because 24 is the lowest number that you can divide 6, 12 and 24 into.

HCF = 6 because 6 is the highest number that can you can divide into 6, 12 and 24.





Exercise 1.5


Write down the LCM and HCF of the following by inspection:


	2; 6


	3; 5


	8; 24


	7; 11


	50; 100


	3; 9; 27


	20; 40; 80


	130; 260; 390








Finding the LCM and HCF of numbers using factorisation




To find the LCM of a group of numbers you multiply the highest power of each prime factor that occurs in the given numbers.

To find the HCF of a group of numbers you multiply the prime factors that are common to the given numbers.






To find the LCM and HCF of a group of numbers you must first write the numbers as the products of their prime factors.




Worked example


Find the LCM and HCF of 24, 30 and 36 using factorisation.



Solution


First factorise and write in exponential form:

24=23×3

30 = 2 × 3 × 5

36=22×32| To find the LCM: 23 has the highest power of 2;    32 has the highest power of 3; there is only one 5.

LCM =23×32×5=360

HCF = 2×3=6| To find the HCF: only one 2 is common to all; only one 3 is common to all; 5 is not common to all.





Exercise 1.6


Write each number as the product of its prime factors and determine the LCM and HCF of the numbers.


	10; 15


	12; 18


	24; 30


	20; 35


	48; 60


	100; 140


	4; 8; 12


	20; 25; 50


	36; 54; 60


	72; 88; 99


	150; 250; 375


	147; 175; 245









Unit 4 Problem solving




Ratio and rate


A ratio is a comparison between two numbers or quantities measured in the same units. For example, if the breadth of a rugby field is 50 m and its length is 120 m, the ratio between the breadth and the length is 50 : 120.

You should always write ratios in their simplest form, so write 50 : 120 as 5 : 12. You can also write the ratio as a fraction: 512.

A rate is a comparison between two quantities that are measured in different units. For example, speed is a rate that compares distance (measured in kilometres) and time (measured in hours). If a car travels 345 km in 3 hours, its speed is 345 km3 h=115 km/h.



Remember


speed=distancetime

distance = speed × time

time=distancespeed




Worked examples



	1.1 Increase 180 in the ratio 5 : 4.


	1.2 Decrease 24 in the ratio 5 : 6.





	A car travelling at a constant speed travels 30 km in 15 minutes. How far will it travel in 2 hours 12 minutes, if it continues at the same constant speed?






Solutions



	1.1 180 × 54 = 225. The answer is 225.


	1.2 24 × 56 = 20. The answer is 20.





	Change all times to minutes:

2 hours 12 minutes = 120 + 12 = 132 minutes

Initial speed (rate) = distancetime=30 km15 min=2 km/min

∴ total distance = speed × time = 2 km/min × 132 min = 264 km








Exercise 1.7



	Simplify the following ratios:


	18 : 20


	45 : 60


	154 : 132





	Increase 70 in the ratio 3 : 2.


	Decrease 117 in the ratio 10 : 13.


	Divide 210 in the ratio 3 : 5 : 7.


	Michelle and Themba are travelling from Cape Town to Johannesburg by car. They travel 30 km in 18 minutes and continue at a constant speed. How far will they have travelled in 1 hour 24 minutes?


	Katso is a truck driver. He travels at an average speed of 80 km/h and covers a certain distance in 3 hours 20 minutes. At what average speed should he travel to cover the same distance in 2 hours 40 minutes?


	Mr Jacobs travels for 2 hours by car and covers a distance of 220 km. How long (in hours and minutes) will it take Mr Jacobs to cover a distance of 352 km at the same average speed?








Direct and inverse proportion


When two quantities are in direct proportion they increase or decrease in the same ratio. Their quotient is always the same. For example, the time taken to paint a fence is in direct proportion to its length. If one fence is three times longer than another similar fence, it will take three times longer to paint it.

A quantity x is directly proportional to a quantity y if xy is a constant.



A directly proportional relationship is represented by a straight line graph.





If one quantity increases and another quantity decreases in the same ratio, they are in inverse proportion. Their product is always the same. For example, the time taken to paint a fence is inversely proportional to the number of painters involved. Five painters will paint the fence in 15 of the time that one painter will take. A quantity x is inversely proportional to a quantity y if x × y = a constant.



An inversely proportional relationship is represented by a non-linear curve.






Worked examples



	Three bags of potatoes cost R36,99. Calculate how much 7 bags will cost.


	Calculate how long it would take 10 painters to paint a building if 6 painters would take 15 days to paint it.


	Draw two separate graphs to illustrate direct and inverse proportion, in these two situations.






Solutions



	The quantities are in direct proportion, and 7 > 3, so the cost must increase. R36,99 × 73 = R86,31. This is the cost of 7 bags.


	The quantities are in inverse proportion and 10 painters will complete the task in a shorter period of time than 6 painters. 15 × 610 = 9.

It will take 9 days.


	








Note: These are discrete graphs because the potatoes are sold in whole bags, and you can’t have half a painter! The dotted lines are there to show you the direct and inverse proportion.








Exercise 1.8



	Calculate xy and x × y for the first three columns of each table and say whether the quantities are in direct or inverse proportion. Then complete each table.


	


	



Remember


A non-linear curve is one that is not a straight line.






	Zandi pays R19,96 for 4 bars of chocolate. How much will she pay for 9 bars?


	Four survivors in a lifeboat have enough water for 12 days. Calculate how long the water would have lasted if there had been 6 people on the lifeboat.


	A large truck uses 16,5 litres of diesel per 100 kilometres. Calculate how much diesel the truck will need to travel 1 284 km.


	It takes 7 gardeners 8 hours to plant 1 680 seedlings on a piece of land. Calculate (in hours and minutes) how long it would take 12 gardeners to plant the seedlings.


	


	Complete the table, showing a directly proportional relationship, using the fact that a quantity x is directly proportional to a quantity y if xy is a constant.




	Show the relationship between x and y in the table by plotting the points on a system of axes.


	Join the points and complete the following:

The directly proportional relationship is represented by a            graph.





	


	Complete the table, showing an inversely proportional relationship, using the fact that a quantity x is inversely proportional to a quantity y if x × y is a constant.




	x
	1
	2
	3
	6



	y
	6
	3
	 
	 






	Show the relationship between x and y in the table by plotting the points on a system of axes.


	Join the points to form a curve and complete the following: The inversely proportional relationship is represented by a            curve.











Financial mathematics




Profit, loss, discount, VAT, budgets and accounts


Value-added tax (VAT) is paid every time consumers buy goods or pay for services. In South Africa, VAT is 14%.



Worked examples



	Lebo bought a table for R200 and sold it for R240. Calculate his percentage profit.


	Lebo bought another table for R200, but this time he sold it at a 15% loss. What price did he sell it for?






Solutions



	Lebo’s profit was R40.

Percentage profit = 40200×100%=20%


	15% of R200 = 15100×200=R30

He sold it for R(200 – 30) = R170.








Exercise 1.9



	The owner of a second-hand shop bought a stove for R2 999. He paid R580 for replacing some of the parts and then sold the stove for R4 495. Calculate the profit he made on the deal.


	Mr Koopman is a car dealer. He bought a car for R93 000. He then sold the car at a loss of 5%. Calculate the selling price of the car.


	Zandile buys a pair of jeans on a sale at a discount of 20%. She pays R159,20 for the jeans. Calculate the original price of the jeans.


	Roxanne owns a TV store. She buys a TV set for R800. She adds a mark-up of 22% and then has to add VAT. What price will she sell it for?


	The selling price of a schoolbag is R179. Calculate the amount of VAT that is included in this price (round off to 2 decimals).


	Mrs Mkhize receives a monthly salary of R12 550. Her budget shows that her total liabilities (what she will need to pay out) for the coming month will be R11 797. What percentage of her monthly salary will she be able to put into her savings account?








Simple interest and loans


If you deposit money in a bank it will earn interest. If you borrow money from a bank or business you will be charged interest. The amount deposited is called the principal amount. One kind of interest is simple interest (SI). Simple interest gives the same amount every year.



Remember


The abbreviation p.a. means per annum or per year.


The formula for calculating simple interest is SI = P.r.n100 where P is the principal amount, r is the rate in % p.a. and n is the time in years.

The formula can also be written as:



SI = P.i.n where i = r100






Worked example



	R800 is invested for 3 years at 5% p.a. Find the simple interest earned.


	How long will it take R4 000 invested at a simple interest rate of 7% per annum to grow to R6 240?






Solutions



	After one year the SI will be 5% × R800 = R40.

After 3 years the interest will be 3 × R40 = R120.

OR use the SI formula: SI = 800×5×3100 = R120

OR use the “pin” formula:

i=r100=5100=0,05

so SI = 800 × 0,05 × 3 = R120.


	SI = R6 240 – R4 000 = R2 240

i=r100=7100=0,07

SI = P.i.n

2 240=4 000×0,07×n2 240=280nn=2 240280=8 years









Hire purchase


When people buy goods on hire purchase they pay a deposit and monthly instalments over a period of time. Buying goods on hire purchase is more expensive than paying in cash.



Worked example


A customer buys a stove on hire purchase. The cash price of the stove is R2 379,50. She pays a deposit of R240 and 12 monthly instalments of R208. Calculate the total amount she pays for the stove, and how much more she pays than the cash price.



Solutions


Amount she pays = R240 + 12 × R208 = R2 736,00

Amount she pays more than the cash price=R2 736,00−R2 379,50=R356,50





Exercise 1.10



	Use a formula to calculate the simple interest in each of the following cases:


	R500 invested at 7% p.a. for 2 years


	R7 500 loaned at 612% p.a. for 3 years


	R10 000 invested at 6% p.a. for 512 years





	R5 800 is invested at a simple interest rate of 8,25% p.a. Calculate the final amount available after 4 years.


	R900 invested at a rate of r% per annum simple interest for a period of 3 years gives R162 interest. Calculate the value of r.


	How long will it take R3 000, invested at a simple interest rate of 7% per annum, to grow to R4 680?


	Gatsha’s father buys a TV on hire purchase. The price on the TV is R7 999 and he pays a deposit of R800. The simple interest rate is 11% p.a. Calculate his monthly instalment if the hire purchase agreement says that he must pay back the money in 3 years’ time. (Round off to the nearest cent.)


	Joe Radebe buys a television set which is marked R3 200,00 on hire purchase. He pays a 10% deposit. The shop added R460 to the outstanding balance as finance cost.

Calculate:


	the amount of the monthly instalments over 6 months.


	the total amount he pays for the TV.





	A bicycle is marked R2 790,59. The store offers a cash discount of 15%. On a hire purchase you pay 20% deposit. The shop adds R320 to the outstanding balance as finance cost. Calculate:


	the total amount a customer will pay on a hire purchase over 6 months.


	the discount a customer will receive for paying in cash.


	the cash price of the bicycle.


	the difference between the cost on hire purchase and the cash price.











Compound interest


Usually a bank does not work with simple interest rates. It gives interest on the total amount in the account: the principal amount plus the interest earned. This kind of interest is called compound interest.



Worked example


R800 is invested for 3 years at a compound interest rate of 5% p.a. Calculate the final amount and the interest earned.



Solution


Calculate year by year. i = 5100 = 0,05




	Year
	Amount at beginning of year (R)
	Interest earned at end of year (R)
	Amount at end of year (R)





	1
	800
	800 × 0,05 × 1 = 40
	800 + 40 = 840



	2
	840
	840 × 0,05 × 1 = 42
	840 + 42 = 882



	3
	882
	882 × 0,05 × 1 = 44,10
	882 + 44,10 = 926,10





The final amount is R926,10.

The compound interest earned is R926,10 – R800 = R126,10.





Exercise 1.11



	R1 000 is invested for 2 years at a compound interest rate of 7% p.a. Calculate the compound interest earned after 2 years.


	Thabiso borrowed R1 250 from the bank at a compound interest rate of 8% p.a. Calculate how much he owes the bank at the end of 3 years.







Using a formula to calculate compound interest


The formula that is used to calculate compound interest is:

A=P(1+r100)n or A=P(1+i)n where A is the final amount, P is the principal amount, r is the rate in % p.a., n is the time in years and i = r100.



Worked example


Calculate the final amount if R2 000 is invested for 3 years at a compound interest rate of 6,5% p.a. Round off the answer to 2 decimal places.



Solution


i=6,5100=0,065

A=P(1+i)n=2 000(1+0,065)3=R2 415,89925 = R2 415,90





Exercise 1.12



	Use a formula to calculate the final amount in each of the following cases:


	R500 invested at a compound interest rate of 6% p.a. for 2 years


	R3 500 loaned at a compound interest rate of 8% p.a. for 3 years





	R5 000 is invested for 5 years at a compound interest rate of 7% p.a. Calculate the final amount and the compound interest earned. Round off the answer to 2 decimal places.


	Calculate the compound interest owed on a loan of R4 450 at 6,5% p.a. for 6 years. Round off the answer to 2 decimal places.


	Calculate the difference between the compound interest and the simple interest on R200 000 at 6% p.a. after 3 years.









Exchange rates


The value of the money of different countries is often different. An exchange rate is the price at which money of one country can be bought with money of another country. You can find the current exchange rates from the radio, TV, newspapers and banks.



Worked example


The exchange rate between the South African rand (ZAR) and the Japanese yen (JPY) is ZAR1 = 11,55 JPY. Calculate (a) the amount in yen you can buy for R7 500,49 and (b) the amount in rand you can buy for 258 320,85 yen.



Solution



	R7 500,49 = 7 500,49 × 11,55 = 86 630,66 yen


	258 320,85 yen = 258 320,85 ÷ 11,55 = R22 365,44









Commission


Commission is money that is paid to a seller for sales or services rendered.



Worked example


Jenny has a holiday job selling plants. She earns commission of 12% on what she sells. In one month she gets R380 commission. What was the value of her sales (to the nearest cent)?



Solution


The ratio of commission : sales = 12 : 100

Sales = 380 × 10012 = R3 166,67






Rentals


Rental is money paid or received for the rent of property or goods.



Worked example


A family rents a house at R5 870,00 per month. Calculate the amount they pay in rent over 6 months.



Solution


Amount paid = R5 870,00 × 6 = R35 220,00





Exercise 1.13



	The exchange rate between the Euro and the South African rand is €1 = R10,20. Calculate:


	how many rands you can buy for €1 250


	how many euro you can buy for R4 000.





	A tourist from Spain has €7 000 to spend. Calculate the amount in rand he will get at an exchange rate of €1 = R11,41.


	A South African woman plans to visit the United States of America. Calculate the amount in dollars she can buy for R63 500 if the exchange rate is 1 US$ = R7,04.


	A car is imported from England, where it costs £35 728,72. The exchange rate on the day of payment is £1 = R11,19. Calculate the price of the car in rand.


	An investor bought US dollars for R100 000 at an exchange rate of 1 US$ = R8,17. Seventeen months later he sells the US dollars at an exchange rate of 1 US$ = R6,93.


	Calculate the value of the initial investment in US$.


	Calculate the amount he received in rand when he sold the dollars.


	State whether the investor made a profit or a loss.


	Calculate the amount of the profit or loss.





	Use the conversion rate 10,6 Kenyan shillings is equal to 1 South African rand to convert:


	R30 into shillings


	530 shillings into rands.





	Mr Khan is a car salesperson and earns commission on what he sells. One month his sales figures are R375 000 and his commission is 112% of sales.

What amount will he receive as commission?


	The commission received by a sales agent on sales of R123 500 is R3 087,50. At what rate per cent does he receive commission?


	A motor rental company asks a standard fee of R400 per day for the rent of a car. The first 50 km is free of charge, but for each kilometre more than 50 km the additional cost is R1,50. Mr Kholwane rented a car for 3 days and drove 387 km during this time. Calculate the total amount he had to pay for renting the car.












Revision Test Topic 1




Know your basics



	Study the following list of numbers:

514;16;−6,783;17;253;0,6.;−1253;−1003


	1.1 Write down all the rational numbers in the list.


	1.2 Write down all the irrational numbers in the list. [4]




	Calculate the simple interest on R600 at 5% p.a. for 3 years. [4]







Check your understanding



	Classify the following numbers fully as natural numbers, whole numbers, integers, rational numbers, irrational numbers and/or real numbers:


	3.1 49


	3.2 −273


	3.3 30


	3.4 916 [8]





	Write each number as the product of its prime factors and determine the LCM and HCF of the following numbers:


	4.1 48; 72


	4.2 30; 42; 60


	4.3 120; 180; 450 [8]





	A car going at a constant speed travels 40 km in 24 minutes. How far will it go in 1 hour 18 minutes if it continues at the same speed? [3]


	The distance between two towns is 208 km. On a map the towns are 2 cm apart. The distance between two other towns is 936 km. How far apart will these two towns be on the map? [3]


	It takes 5 men 35 minutes to peel a quantity of potatoes. How long will it take 3 men to peel the same quantity of potatoes? (Give your answer in minutes and seconds.) [3]


	Joe pays R2 599 for a lawnmower. Calculate how much VAT is included in the cost. [4]


	R11 000 is invested at a simple interest rate of r % per annum for a period of 4 years. It yields R2 860. Calculate the value of r. [4]


	Calculate the final amount if R8 000 is invested for 3 years at a compound interest rate of 7,5% p.a. Round off the answer to 2 decimal places. [4]


	Calculate the compound interest on a loan of R3 350 at 8% p.a. for 5 years. Round off the answer to 2 decimal places. [4]







Challenge yourself



	Are the following statements true or false?


	12.1 All whole numbers are natural numbers.


	12.2 All integers are rational numbers.


	12.3 All irrational numbers are real numbers. [6]







TOTAL: [55]







Topic 2 Integers








Numbers, operations and relationships




Key concepts and skills



	Perform calculations involving all four operations with integers.


	Perform calculations with all four operations with numbers that involve squares, cubes, square roots and cube roots of integers.


	Revise the commutative, associative and distributive properties of addition and multiplication for integers.


	Revise additive and multiplicative inverses for integers.


	Solve problems in contexts involving multiple operations with integers.










Unit 1 Calculations with integers


In Grade 8 you added, subtracted, multiplied and divided integers. You will use this knowledge in Grade 9 when working with algebraic expressions.



Adding and subtracting integers




Remember


Every number has an additive inverse. For example, –15 is the additive inverse of 15 because 15 + (–15) = 0.




Worked examples


Calculate the following:


	16 + (–8) + 9 + (–15)


	–18 – (+13)


	4 – 26 + 5 – (–7)






Solutions



	16 + (–8) + 9 + (–15)

= 25 + (–23)

= 2


	




	
–18 – (+13)

= –18 + (–13)

= –31

	| Add the additive inverse of +13.






	




	
4 – 26 + 5 – (–7)

= 4 – 26 + 5 + (+7)

= 16 – 26 = –10

	| Add the additive inverse of –7.












Exercise 2.1


Calculate the following without using a calculator. Show all your work.


	13 + (–11)


	24 + (–27)


	–19 + (–6)


	9 – (+12)


	17 – (–8)


	–21 – (–28)


	13 + (–9) + (–7)


	–18 + (–28) + 30


	17 + (–9) – (–8)


	5 + 13 – 22 + 4


	–30 + 25 – 8


	42 – 26 – 13


	28 + 12 – 32


	–13 – 12 – 8


	–29 + 13 – 12 + 29 – 10


	25 – 30 + 18 – (–10)


	45 + 12 – (–18) – 23 – 17


	–28 – (–17) + 35 – (–13) – 47


	66 + 15 – 28 – 42 + 14 – 15


	–37 – 23 + 80 – 15 – 15 – 34 + 20








Multiplying and dividing integers




Remember


In Grade 8 you learnt about the sign rules for multiplication and division:




	a positive number × (or ÷) a positive number = a positive number


	a positive number × (or ÷) a negative number = a negative number


	a negative number × (or ÷) a positive number = a negative number


	a negative number × (or ÷) a negative number = a positive number











Worked examples


Calculate the following:


	8 × (–3)


	(–35) ÷ (–7)


	–6 × (–6) ÷ (–12)






Solutions



	8 × (–3) = –24


	(–35) ÷ (–7) = 5


	–6 × (–6) ÷ (–12) = 36 ÷ (–12) = –3








Remember


Add and subtract, and multiply and divide, from left to right.




Exercise 2.2


Calculate the following without using a calculator. Show all your working.


	10 × (–2)


	–7 × (–3)


	–9 × 5


	–8 ÷ 2


	42 ÷ (–6)


	(–56) ÷ (–8)


	6 × (–2) × 4


	–1 × 3 × (–4)


	–2 × (–5) × (–9)


	– 10 × 4 ÷ (–5)


	42 ÷ (–6) × 3


	(–63) ÷ (–3) ÷ (–7)


	3 × (–2) × (–1) × (–4) × (–1)


	(–2) × (–2) × (–2) × (–2) × (–2) × (–2)


	6 × (–8) ÷ 2 × (–1) ÷ (–3) × 5 ÷ 10








Calculations involving all four operations with integers


When a calculation includes more than one operation, you need to follow the “BODMAS” rule. Brackets first, followed by “other operations”, then division and multiplication before addition and subtraction.



Remember


“Other operations” refers to “of”, squaring, square roots and so on.




Worked examples


Calculate the following:


	(–6 + 4) × (–5)


	–6 + 4 × (–5)


	(–16) ÷ (–4) + 3 × (–2) – 7






Solutions



	(–6 + 4) × (–5)

= –2 × (–5)

= 10


	–6 + 4 × (–5)

= –6 + (–20)

= –26


	(–16) ÷ (–4) + 3 × (–2) – 7

= 4 + (–6) – 7

= –9








Exercise 2.3


Calculate the following without using a calculator. Show all your work.


	(–7 + 5) × 4


	–7 + 5 × 4


	(–6 – 3) × (–2)


	–6 – 3 × (–2)


	(21 – 6) ÷ (–3)


	21 – 6 ÷ (–3)


	–7 × 3 + 13


	–24 ÷ (–8) – 13


	26 – 9 × 3


	–22 + 27 ÷ (–3)


	–5 × (–8) + 7 × (–4)


	28 – (–24) × (–2) ÷ (–8)


	–22 – 42 ÷ (–7) × (–3)


	–12 × (–3) – 56 ÷ (–7) – 25








Calculations with squares, cubes, square roots and cube roots of integers


To determine the squares and cubes of integers you must remember the sign rules for multiplying integers. Squaring and finding a square root, and cubing and finding a cube root, are inverse operations.



Worked examples


Calculate the following:


	(−4)2


	(−4)3


	−22+(−3)3


	−9


	−83


	−273−36






Solutions



	(−4)2

= 16


	(−4)3

= –64


	−22+(−3)3

= –4 + (–27) = –31


	It is not possible to calculate −9, because –3 × –3 = +9.


	−83=−2| (Check: (−2)×(−2)×(−2)=−8)


	−273−36

= –3 – 6 = –9








Exercise 2.4


Calculate the following without using your calculator if possible:


	(−3)2


	−32


	(−3)3


	−33


	(−8)2


	(−5)3


	−72+(−2)3


	(−6)2+(−1)3


	(−5)2−92−(−4)3


	(−4)2×(−1)3


	−82÷(−2)3


	102−43÷(−2)2


	−64


	64


	643


	−643


	(−2)2−81


	−273+(−3)3


	−83×121


	−49÷−13


	−(6)2+−1253−(−4)3









Unit 2 The properties of integers




The commutative properties of addition and multiplication




Examples:4+(−6)=(−6)+44×(−6)=(−6)×4








The associative properties of addition and multiplication




Examples:[(−6)+4]+(−1)=(−6)+[4+(−1)][(−6)×4]×(−1)=(−6)×[4×(−1)]








The distributive property of multiplication over addition and subtraction




Examples:−3×[(−2)+5]=(−3)×(−2)+(−3)×5−3×[(−2)−5]=(−3)×(−2)−(−3)×5








The additive inverse of an integer




You have already learnt that two numbers are additive inverses of each other if their sum is zero. For example, the additive inverse of –5 is 5 because –5 + 5 = 0.








The multiplicative inverse of an integer




Two numbers are multiplicative inverses of each other if their product is 1. For example, the multiplicative inverse of –2 is –12 because (–2) × (–12) = 1. 0 does not have a multiplicative inverse.







Exercise 2.5



	Say whether the following mathematical statements are true or false:


	–4 + 0 = –4


	–8 × 1 = 8


	–6 + 6 = 0


	–6 × 16 = 1


	–12 × 0 = –12


	–5 × (−15) = 1


	5 + (–8) = (–8) + 5


	5 – (–8) = (–8) – 5


	6 ÷ (–2) = (–2) ÷ 6


	6 × (–2) = (–2) × 6


	[(–7) + 5] + (–2) = (–7) + [5 + (–2)]


	[(–4) × 3] × (–5) = (–4) × [3 × (–5)]


	[(–12) ÷ 6] ÷ (–2) = (–12) ÷ [6 ÷ (–2)]


	–2 × [(–3) + 4] = (–2) × (–3) + (–2) × 4


	–5 × [(–2) – 1] = (–5) × (–2) – (–5) × 1





	Write down the additive inverses of the following:


	3


	–4


	8


	–50


	125


	–300





	Write down the multiplicative inverses of the following:


	5


	–8


	–34












Unit 3 Problem solving




Negative numbers


When it is very cold and the temperature is below freezing, negative numbers are used to indicate the temperature. If a person owes money to the bank, the person is in debit and the account is overdrawn. These debits are shown as negative numbers.



Worked example


Miss Makhura had R3 875 in her bank account. She wrote a cheque for R2 850 and then another cheque for R1 980. What is the balance of her account now?



Solution


The balance is R3 875 – R2 850 – R1 980 = –R955.

She has an overdrawn account.





Exercise 2.6 Solve problems



	The table shows the minimum and maximum average daily temperatures of 6 towns in South Africa on 1 July 2012.




	Which town has the biggest difference between its maximum and minimum temperatures?


	Which town has the highest average temperature, and which has the lowest?


	Calculate the difference between the overall highest and lowest average temperatures.





	Mbuso has R5 785 in his bank account. He arranges with the bank to pay his rent of R800 from the account by the end of every month. Calculate the balance of the account after 8 months.


	Trudy is on diet. The table shows her progress after 8 weeks.




	Did Trudy lose any weight over the 8 weeks? If “yes”, how much weight did she lose?


	Calculate Trudy’s present weight if she weighed 62 kg when she started on the diet.





	The list shows the minimum temperatures (in °C) for Upington over 7 days: –6; –4; 0; 2; –3; –1; –2. Calculate the average minimum temperature in Upington for the week.











Revision Test Topic 2




Know your basics



	Calculate the following without using a calculator:


	1.1 –8 + 4


	1.2 –8 – 4


	1.3 8 – (–4)


	1.4 –8 × 4


	1.5 –8 × (–4)


	1.6 –8 ÷ 4 [12]





	On a cold winter’s day the temperature was –2 °C in Sutherland, which is the coldest town in South Africa. What was the night temperature if the mercury dropped by 6 °C during the night? [2]



Remember


We say “the mercury dropped” when we mean the temperature decreased.








Check your understanding



	Calculate the following without using a calculator. Show all your work.


	3.1 8 – 15 + 7


	3.2 –6 – (–4)


	3.3 9 – 12 + 6 – 7


	3.4 –13 + 7 – (–10)


	3.5 4 × (–3) × 5


	3.6 –6 × 4 ÷ (–8)


	3.7 (–8 + 3) × (–6)


	3.8 –8 + 3 × (–6)


	3.9 (–32) ÷ (–4) + 5 × (–2) – 9


	3.10 –20 + (–2) × (–6) – 44 ÷ 11 [20]





	Calculate the following without using a calculator:


	4.1 (−5)2


	4.2 −52


	4.3 (−3)3


	4.4 −62+(−2)3


	4.5 (−1)3−(−4)2


	4.6 −82+(−5)2−(−4)3


	4.7 −49


	4.8 −273


	4.9 −81


	4.10 −83+16


	4.11 36−−1253


	4.12 −643+64


	4.13 (−1)2+1


	4.14 −72+13


	4.15 −1253−(−5)3 [36]





	Write down the name of the property that is used in each of the following statements:


	5.1 (–9) × (–6) = (– 6) × (–9)


	5.2 [(–2) + 3] + (–4) = (–2) + [3 + (–4)] [4]










Challenge yourself



	The formula C = 59 (F – 32) is used to convert temperatures from degrees Fahrenheit to degrees Celsius. Convert the following to degrees Celsius (to 1 decimal place):


	6.1 40 °F


	6.2 20 °F


	6.3 0 °F [9]





	Calculate the following without using a calculator:


	7.1 (−12)2−169


	7.2 −102+−10003


	7.3 −1 000 0003−1 000 000 [9]





	Calculate the sum of the additive inverse and the multiplicative inverse of 2. [4]




TOTAL: [96]







Topic 3 Common fractions








Numbers, operations and relationships




Key concepts and skills



	Work with all four operations with common fractions and mixed numbers.


	Work with all four operations with numbers that involve the squares, cubes, square roots and cube roots of common fractions.


	Convert mixed numbers to improper fractions in order to perform calculations.


	Use your knowledge of multiples and factors to write fractions in their simplest form before or after calculations.


	Use your knowledge of equivalent fractions to add and subtract common fractions.


	Use your knowledge of reciprocal relationships to divide common fractions.


	Solve problems in contexts involving common fractions, mixed numbers and percentages.


	Revise equivalent forms of common fractions where one denominator is a multiple of another, common fraction and decimal fraction forms of the same number, and common fraction, decimal fraction and percentage forms of the same number.










Unit 1 Calculations and problem solving


In Topic 1 you learnt that all common fractions are rational numbers. In this unit you will revise how to do calculations with common fractions.



Addition and subtraction




Worked examples


Calculate the following:


	314+112


	135−318


	213+414−1112






Solutions



	314+112=134+32/ Convert the mixed numbers to improper fractions.=134+64/ Change 32 to the equivalent fraction 64.=194=434/Convert to the improper fraction to a mixed number.


	135−318=85−258/ Convert the mixed numbers to improper fractions.=6440−12540/ Determine the LCM of 5 and 8 (40).=−6140=−12140


	213+414−1112=73+174−1312=2812+5112−1312 or 28+51−13120000| LCM is 12.=6612=1120000000| Simplify by dividing the numerator and denominator by 6.=512








Exercise 3.1


Calculate the following without using a calculator. Show all your work.


	58+38


	710+1110


	47−37


	235−115


	12+13


	12−13


	214+118


	214−118


	313+214


	212+113


	225+134


	138−212


	314−425


	278−323


	213+318+1124


	234+118−213−1724


	135−438+112


	315−256−3712








Multiplication of common fractions


When you multiply fractions, first simplify the fractions by dividing the numerators and denominators by their common factors.



Worked examples


Calculate the following:


	45 of 25


	34×13


	38×116


	312×115×137






Solutions



	45 of 25=45×251| Write 25 as a fraction with denominator 1.=41×51| Divide the numerator and denominator by common factor 5.=20| Multiply denominators and multiply numerators.


	34×13=14×11| Divide the numerator and denominator by 3.=14


	38×116=38×76|  Convert the improper fraction to a mixed number.=18×72| Divide the numerator and denominator by common factor 3.=14


	312×115×137=72×65×107=12×65×101| Divide by common factor 7.=12×61×21| Divide 5 and 10 by common factor 5.=11×61×11 or 11×31×21| Divide by common factor 2.=6








Exercise 3.2


Calculate the following and write your answers in their simplest form:


	13 of 12


	34 of 24


	12×14


	25×13


	56×123


	78 of 135


	234×117


	229×1310


	412×513


	338×179


	3250×1916


	321100×18107


	112×123×45


	34×135×119


	514×127×119


	335×318×215








Division of common fractions


The reciprocal or multiplicative inverse of a number can be used when you are dividing by a fraction. In Grade 8 you learnt that when you divide a fraction by another fraction, you can replace the division sign with a multiplication sign and multiply by the reciprocal.

For example 34÷14=34×41=3.



Remember


Two numbers are multiplicative inverses (or reciprocals) of each other if their product is 1. For example, the reciprocal of –3 is – 13 because –3 × – 13 = 1.




Worked examples


Calculate the following:


	6÷13


	23÷56


	114÷178÷223






Solutions



	




	6 ÷ 13

=61×31

 =18


	
 

| 3 is the reciprocal of 13, so change ÷ 13 to × 31.








	23÷56=23×65| 65 is the reciprocal of 56,so change ÷56 to× 65.=21×25| Divide the numerator and denominator by 3.=45


	114÷178÷223=54÷158÷83| First convert the mixed numbers to improper fractions.=54×815×38| Change to multiplying by the reciprocals.=14×13×31| Divide the numerators and the denominators by 5 and 8.=14| Divide the numerator and denominator by 3.








Exercise 3.3


Calculate the following:


	5÷12


	8÷23


	10÷114


	13÷25


	78÷134


	112÷115


	223÷179


	334÷312


	535÷1115


	3920÷2310


	134÷119÷145


	612÷313÷235








Calculations involving multiple operations




Worked example


Calculate the following:

114+313×135| Remember the order of operations: BODMAS.



Solution


114+313×135=54+103×85=54+23×81| Do the multiplication first; divide the numerator and denominator by 5.=54+163=1512+6412| LCM of 4 and 3 is 12.=7912=6712





Exercise 3.4


Calculate the following without using a calculator:


	112×113÷212


	114÷312×245


	34+212×23


	(34+212)×23


	114−58÷114


	(114−58)÷114


	115×212+234×45


	218÷58−214÷916








Calculations with squares, cubes, square roots and cube roots


You calculated the squares, cubes, square roots and cube roots of integers in Topic 2. You can also determine the squares, cubes, square roots and cube roots of common fractions.



Worked examples


Calculate the following:


	(112)2


	(34)3


	(13)2−(−13)3


	614


	−1273


	916×183






Solutions



	(112)2=32×64=194=434


	(34)3=34×34×34=2764


	(13)2−(−13)3=19−(−127)=327+127=427


	614=254=52/ Because 52×52=254=212


	−1273=−13/ Because −13×(−13)×(−13)=−127


	916×183=34×12=38








Exercise 3.5


Calculate the following:


	(34)2


	−(34)2


	(−34)2


	(23)3


	−(23)3


	(−23)3


	(212)2


	−(14)3


	(−113)3


	(14)2+(14)3


	(−13)2+(−13)3


	(12)2×(12)3


	(123)2−(23)3


	−(34)2−(−14)3


	(−110)3÷(310)2


	916


	−125


	549


	8273


	−641253


	3383


	49+−1273


	−183−214


	1643÷(−12)3








Solving problems




Worked example


Musa spends 634 hours a week on his Mathematics homework, 312 hours a week on Natural Sciences homework and 218 hours a week on Technology homework. How many hours does he spend on Social Sciences homework each week if he spends 1712 hours a week on homework for the four subjects?



Solution


Add the 3 given times:

634+312+218=274+72+178=548+288+178=998

Subtract this from the total number of hours he spends on homework:

1712−998=352−998=1408−998=418

Musa spends 518 hours per week on Social Sciences homework.





Exercise 3.6



	A school building occupies 13 of the school grounds, 38 of the grounds is used for sports fields and 16 is used for playing and recreation. What fraction of the grounds is left for growing flowers and shrubs?


	Ndonsa walked for 34 km, then he ran for 512 km at a slow pace, then he ran fast for 113 km. What distance did he cover altogether?


	Khwezi’s height is 123 metres and Linda’s height is 1310 metres. How much taller is Khwezi than Linda?


	Mr Hassiem has been driving for 514 hours. If the estimated time for his complete journey is 725 hours, how much longer should he still drive?


	Five children each drank 14 of a litre of fruit juice on Monday. On Tuesday three of them each drank 12 litre and on Wednesday four of them each drank 13 of a litre of fruit juice. How many litres did they drink altogether?


	How many pieces of rope 134 m long can be cut from a roll that is 8414 m in length? How much will be left over?


	Joe lives 513 km from his school. He walks 179 km and rides in the bus for the remaining distance. What percentage of the distance to school is covered by bus?









Unit 2 Equivalence




Equivalent forms of common fractions


The common fractions 34, 912 and 1520 are equivalent forms because their denominators are multiples of each other.



You can simplify common fractions by dividing the numerator and the denominator by the common factor, for example: 2442=47 because 24 ÷ 6 = 4 and 42 ÷ 6 = 7.








Equivalence between common fraction, decimal fraction and percentage forms of the same number


You can convert common fractions to decimal fractions and vice versa. For example, 14 = 0,25 and 0,5 = 12.



To convert a fraction to a decimal, make the denominator a multiple of 10.

To convert a fraction to a percentage, you multiply it by 100%.







Worked examples



	Write 25 as a decimal fraction.


	Write 0,35 as a common fraction.


	Convert 34 to a percentage.


	Convert 65% to a decimal fraction.






Solutions



	25=410| Multiply the denominator and numerator by 2.=0,4


	0,35=0,351=35100=720


	34×100%=75%


	65%=65100=0,65








Exercise 3.7



	Copy and complete the following:


	14=□8


	67=54□


	104117=□9





	Write the following as decimal fractions:


	34


	4750


	178





	Write the following as common fractions in their simplest form:


	0,6


	0,55


	2,065





	Convert the following to percentages:


	1320


	113


	458


	0,8


	1,25


	3,125





	Convert these percentages to common fractions:


	6623%


	125%


	750%





	Convert these percentages to decimal fractions:


	60%


	7212%


	285%














Revision Test Topic 3




Know your basics



	Calculate the following:


	1.1 23+12


	1.2 23−12


	1.3 23×12


	1.4 23÷12


	1.5 (14)2


	1.6 (13)3


	1.7 449


	1.8 641253


	1.9 1100 [18]










Check your understanding



	Calculate the following without using your calculator:


	2.1 214+113


	2.2 312−234


	2.3 315×178


	2.4 2710÷145


	2.5 212+334+1712


	2.6 518−214−356


	2.7 415×137÷115


	2.8 278+212×710 [24]





	Calculate the following:


	3.1 (12)2+(12)3


	3.2 (113)2−(23)3


	3.3 (−114)2×(−45)3


	3.4 (−112)3÷(34)2


	3.5 49100+−183


	3.6 −1273−179


	3.7 −49×271253


	3.8 −8273÷1625 [24]





	Asha spent 34 hours doing Mathematics homework, 213 hours doing an assignment for Life Orientation and 1 15 hours writing an English essay.

How much time did she spend on her homework altogether? Give the answer in hours and minutes. [4]


	A can of cooldrink holds 1750 litres of liquid. How many cans can be filled from 3 400 litres of cooldrink? [4]


	Write 158 as a decimal fraction. [2]


	Convert 1,23 to a percentage. [2]


	Convert 345% to an improper fraction. [2]







Challenge yourself



	What is 12 of the sum of 534 and 258? [4]


	Find the product of the reciprocals of 315 and 2536. [4]


	How many times can 1310 be subtracted from 1912? [4]




TOTAL: [92]







Topic 4 Decimal fractions








Numbers, operations and relationships




Key concepts and skills



	Perform multiple operations with decimal fractions, using a calculator where appropriate.


	Perform multiple operations with numbers that involve the squares, cubes, square roots and cube roots of decimal fractions.


	Use knowledge of place value to estimate the number of decimal places in a result before performing calculations.


	Use rounding off and a calculator to check results where appropriate.


	Solve problems in context involving decimal fractions.


	Revise equivalent forms of common fraction and decimal fraction forms of the same number, and of common fraction, decimal fraction and percentage forms of the same number.










Unit 1 Calculations


In Topic 1 you learnt that decimal fractions, such as 3,56 and –7,709, are rational numbers. In this unit, you will revise how to do calculations with decimal fractions.



Addition and subtraction


You must show all your work when doing calculations without using a calculator. You can always check your answer with a calculator. If the use of a calculator is allowed, you do not need to show your work.



Worked examples



	Calculate the following without using a calculator:

2,34 + 67,056 + 9,875


	Calculate the following using a calculator:

12,569 – 13,6






Solutions



	


	Enter the following key sequence on a calculator:



Write down the answer: –1,031








Exercise 4.1



	Calculate the following, showing your work:


	2,3 + 7,8


	8,3 – 6,9


	15,43 + 12,68 + 27,92


	23,57 – 7,82


	203,123 + 124,684 + 70,3


	65,42 + 37,6 – 70,86





	Use a calculator to calculate the following:


	87,35 + 45,7 + 23,98


	23,45 – 67,63


	64,07 + 9,56 + 29,32 + 88,75


	201,578 + 56,23 + 190,5 + 74,021


	769,3145 + 278,207 + 104,4827 – 967,631


	6 389,59831 – 4 603,49713 – 3 742,9704











Rounding off decimal fractions


When doing calculations with decimal fractions it is often necessary to round off the answer to a specified number of decimal places.



If you are asked to round off to 2 decimal places (hundredths), look at the third digit after the decimal comma. If the third digit after the decimal comma is 5 or more, you round up to the higher hundredth. If the third digit after the decimal comma is less than 5, you round down to the lower hundredth.







Worked examples


Round off the following to 2 decimal places:


	2,365


	35,7849






Remember


It is wrong to look at the 9 and round the 4 up to 5 and then use the 5 to round up.




Solutions



	2,37


	35,78








Exercise 4.2



	Round off the following to 1 decimal place:


	5,46


	37,22


	298,347





	Round off the following to 2 decimal places:


	30,373


	912,509


	1 503,2985





	Round off the following to 3 decimal places:


	8,03628


	29,11972


	623,29845











Multiplication of decimal fractions


When multiplying decimal fractions, it is important to work out the number of decimal places in the result before performing calculations.

For example:0,4×2=0,80,4×0,2=0,080,4×0,02=0,008



The number of decimal places in the answer is equal to the total number of decimal places in the multiplicand and the multiplier.





You can use rounding off to check your results where appropriate. You can also use a calculator to check your answer.



Worked example


Calculate 2,21 × 4,6 and use rounding off to check whether your answer is reasonable.



Solution


The number of decimal places is 3.







Exercise 4.3



	Work out the number of decimal places and then write down the answers:


	2,3 × 10


	15,387 × 100


	8,86549 × 1 000


	1,4 × 20


	7,04 × 300


	0,121 × 4 000


	24,5 × 0,1


	6,24 × 0,01


	59 023 × 0,0001


	5,2 × 0,5


	9,3 × 0,002


	30,22 × 0,00003





	Calculate without a calculator and use rounding off to check your answers:


	5,6 × 8,1


	20,3 × 3,2


	41,38 × 7,8





	Calculate without a calculator and use a calculator to check your answers:


	9,3 × 5,3


	1,04 × 7,2


	11,68 × 12,5





	Use a calculator to calculate the following. Round off your answers to 2 decimal places.


	24,47 × 3,73


	780,5 × 0,195


	6,2 × 0,00639


	57,74 × 290,2 × 83,825


	9 230,345 × 2,78113 × 0,900367











Division of decimal fractions




To divide one decimal fraction by another, you multiply both by the same power of 10 in order to convert the divisor to a whole number.





Cancel if you can.

For example: 4,8 ÷ 0,2 = (4,8 × 10) ÷ (0,2 × 10) = 48 ÷ 2 = 24

For more difficult calculations you may need to use a calculator.



Worked example


Calculate 10,29 ÷ 4,9 and use rounding off to check your answer.



Solution


10,29÷4,9=102,9÷49=2,1

Check: 10 ÷ 5 = 2





Exercise 4.4



	Write down the answers to the following without using a calculator:


	25,3 ÷ 10


	7,9 ÷ 100


	46,8 ÷ 2 000


	8,9 ÷ 0,1


	57,2 ÷ 0,01


	0,9336 ÷ 0,003





	Calculate the following without a calculator. Use rounding off to check your answers. (Cancel where you can.)


	7,77 ÷ 2,1


	24,36 ÷ 0,0012


	46,35 ÷ 4,5





	Calculate the following without a calculator and check your answers with a calculator:


	12,88 ÷ 5,6


	76,14 ÷ 4,7


	129,6 ÷ 6,4





	Use a calculator to calculate the following. Round off your answers to 2 decimal places.


	8,952 ÷ 2,4


	168,846 ÷ 3,21


	32,61746 ÷ 5,8


	6,734 ÷ 8,621


	89,07 ÷ 0,045


	0,67802 ÷ 0,0094











Multiple operations with decimal fractions




Remember


BODMAS

B-Brackets

O-Other operations

D-Division

M-Multiplication

A-Addition

S-Subtraction


Remember to follow the order of operations (BODMAS) when doing calculations that involve multiple operations. A scientific calculator follows the order of operations, so it is not usually necessary to use brackets when doing calculations using scientific calculators.



Remember


To calculate

2,3+4,57,7

using a calculator, you will need to use brackets. Keystrokes:






Worked examples


Calculate the following without using a calculator. Show all your work.


	2,5 + 0,4 ÷ 0,2


	24,7 × 0,1 – 0,12 ÷ 0,06






Solutions



	2,5 + 0,4 ÷ 0,2

= 2,5 + 4 ÷ 2

= 2,5 + 2 = 4,5


	24,7 × 0,1 – 0,12 ÷ 0,06

= 2, 47 × 1 – 12 ÷ 6

= 2,47 – 2 = 0,47








Exercise 4.5



	Calculate the following without using a calculator. Show all your work.


	5,2 – 3,2 + 1,5


	2,3 + 1,5 – 4


	2 × 0,2 + 0,4


	3 + 1,2 × 3


	1,5 + 0,6 ÷ 0,3


	5,3 – 73 × 0,1


	6,4 – 4,8 ÷ 2 + 3,8


	0,3 + 7,2 × 0,01 + 0,5 × 10


	2,3 × 0,1 + 0,06 ÷ 0,2


	45,6 × 0,1 – 0,25 ÷ 0,05





	Use a calculator to calculate the following. Round off your answers to 2 decimal places.


	3,8 + 5,2 × 2,1


	0,57 × 1,2 – 4,234


	12,3 + 4,5 ÷ 0,05 + 56,45


	0,0476 – 0,65 × 0,246 + 1,0897 ÷ 3,89


	3,07693 × 0,056 + 0,008956 ÷ 0,000321 – 5,897 × 9,865











Calculations with squares, cubes, square roots and cube roots


You can also determine the squares, cubes, square roots and cube roots of decimal fractions just as you did with common fractions in Topic 3.



Worked examples


Calculate the following without using a calculator:


	(0,3)2


	(−0,2)3


	(−0,4)2+(0,3)3


	0,09


	−0,00083


	1,44−0,0643






Solutions



	(0,3)2=0,3×0,3=0,09


	(−0,2)3=(−0,2)×(−0,2)×(−0,2)=−0,008



	(−0,4)2+(0,3)3=0,16+0,027=0,187



	0,09=0,3


	−0,0083=−0,2


	1,44−0,0643=1,2−0,4=0,8








Exercise 4.6



	Calculate without using a calculator:


	(0,1)2


	−(0,1)2


	(−0,1)2


	(0,1)3


	−(0,1)3


	(−0,1)3


	(0,02)2


	−(0,8)2


	(−1,3)2


	(0,03)3


	−(0,05)3


	(−0,04)3


	(0,5)2+(0,5)3


	(−0,4)2−(−0,3)3


	(−0,2)3× (0,2)2





	Calculate without using a calculator where possible:


	0,16


	0,25


	0,0036


	−0,0001


	0,0273


	−0,0643


	0,1253


	−0,0000013


	0,09+0,0083


	1,69−0,0013


	0,04×−0,0273


	0,64÷0,0643


	0,04+(0,5)2


	0,0144−(−0,2)2


	0,0273.+(0,2)3





	Use a calculator to calculate the following. Round off your answers to 2 decimal places.


	(1,6)2


	−(2,5)2


	(−4,7)2


	(1,2)3


	−(3,4)3


	(−5,6)3


	(10,6)2


	(0,78)2


	(−22,3)3


	0,0258


	45,79


	0,005323


	28,9753


	(0,28)2+0,356


	8,943−(1,257)3












Unit 2 Equivalence and problem solving




Common fraction, decimal fraction and percentage forms of the same number


In Topic 3, you learnt how to do conversions between fractions and percentages.



Remember


To convert a fraction to a percentage, multiply it by 100.




Worked examples



	Write 0,48 as a common fraction.


	Convert 0,27 to a percentage.






Solutions



	0,48=48100=1225


	0,27 × 100% = 27%








Exercise 4.7



	Copy and complete the table:




	Use a calculator to convert the common fractions to decimal fractions. Write your answers correct to 2 decimal places.


	47


	1319


	2534











Solving problems




Remember


Percentage increase or decrease is the amount of increase or decrease divided by the original price and multiplied by 100.

When solving problems involving percentages you may find it easier if you convert the percentages to decimal fractions.




Worked examples



	Joshua’s house is 3,2 km from his work. He drives to work and back 6 days a week. Calculate the distance he drives in one week.


	Calculate how much a pair of jeans will cost on a sale if the original price of R129,99 is reduced by 15%. (Round off to 2 decimal places.)


	Calculate the percentage increase if the price of a loaf of bread is increased from R7,99 to R8,99. (Round off to 1 decimal place.)






Solutions



	3,2 × 6 × 2 = 38,4 km (multiply by 2 for return journey)


	15% = 15100 = 0,15

R129,99 × 0,15 = R19,50

Sale price = R129,99 – R19,50 = R110,49

Alternative method: Sale price is (100 – 15)% of original price.

Sale price = R129,99 × 0,85 = R110,49


	Amount of increase = R1

Percentage increase = 17,99 × 100% = 12,5%








Exercise 4.8


Round off your answers to 2 decimal places.


	Sharlene and her mother went to the supermarket. They bought the following: milk R13,99; bread R9,29; margarine R26,49; apricot jam R14,99; baked beans R5,89 and apples R10,00. What change did they get from R100?


	The mass of a truck when loaded with sand is 2 875,35 kg. After unloading the sand it has a mass of 2 010,5 kg. What is the mass of the sand?


	Calculate, to the nearest cent, the total cost of 2,5 kg of sausage at R47,99 per kilogram and 3,25 kg of minced meat at R42,99 per kg.


	Mr Ndungane has a piece of land with an area of 150,25 m2. He wants to divide it into 12 plots of equal size. What will the size of each plot be?


	The price of electricity is increased by 11%. The electricity bill for a household averaged R356,85 per month over the past 6 months. What is the approximate amount expected for the next month?


	Calculate how much a DVD will cost if its original price of R149,99 is reduced by 20% at a sale.


	The price of milk is increased by 5,25%. What was the price per litre before the increase if the new price is R8,40?


	The price of a pair of shoes is decreased by 1212% to R153,99 at a sale. Calculate the original price before the discount.


	The price of petrol is decreased from R11,32 per litre to R10,47 per litre. Calculate the percentage decrease.


	A bed used to cost R599,99 but the new stock now costs R649,99. Calculate the percentage increase.











Revision Test Topic 4




Know your basics



	Calculate the following without using a calculator:


	1.1 1,4 + 2,8


	1.2 5,6 – 2,3


	1.3 2,2 × 0,1


	1.4 1,2 ÷ 0,3


	1.5 (0,6)2


	1.6 (0,2)3


	1.7 0,49


	1.8 0,0273 [16]










Check your understanding



	Calculate the following without using a calculator. Show all your work.


	2.1 1,32 + 2,45 + 5,63


	2.2 23,56 – 12,93


	2.3 3,5 × 1,2


	2.4 11,04 ÷ 4,6


	2.5 5,6 + 0,2 × 3


	2.6 2,9 – 0,08 ÷ 0,2 + 1,3 [12]





	Calculate the following without using a calculator:


	3.1 (0,05)2


	3.2 (−0,4)3


	3.3 −0,09


	3.4 −0,0000083


	3.5 (−1,2)2+(0,2)3


	3.6 0,16−0,1253 [12]





	Use a calculator to calculate the following. Round off your answers to 2 decimal places.


	4.1 3 786,3951 + 470,28


	4.2 0,03876 – 5,9763


	4.3 19,754 × 38,9705


	4.4 3,9862 ÷ 7,31058


	4.5 (0,3872)2


	4.6 (−5,6832)3


	4.7 38 976,40921


	4.8 0,853583 [16]





	Write 1,45 as a common fraction. [1]


	Convert 1234% to a decimal fraction. [1]


	Human hair grows at a rate of about 0,43 mm per day. Leonie decides to let her hair grow. How long, to the nearest day, would it take her hair to grow 15 cm? [2]


	The price of a stove is increased by 8% to R7 559. Calculate the original price before the increase correct to the nearest rand. [3]


	The price of a pair of boots is decreased from R399,99 to R329,99 at a sale. Calculate the percentage decrease (rounded off to 1 decimal place). [3]







Challenge yourself



	Use a calculator to calculate the following and round off your answer to 2 decimal places:

(1,25798)2+(−2,5074)3×−0,8743213−1,764932 [4]




TOTAL: [70]







Topic 5 Exponents








Numbers, operations and relationships




Key concepts and skills



	Compare and represent integers in exponential form.


	Compare and represent numbers in scientific notation.


	Extend scientific notation to include negative exponents.


	Revise the general laws of exponents:


am×an=am+nam÷an=am−n(am)n=am×n(a×t)n=antna0=1


	Extend the general laws of exponents to include integer exponents and a−m=1am.


	Perform calculations involving all four operations with numbers in exponential form, using the laws of exponents.


	Solve problems in contexts involving numbers in exponential form, including scientific notation.










Unit 1 The laws of exponents




Compare and represent numbers in exponential form


In Grade 8 you learnt that factors of numbers can be written in exponential form. For example, you can write 6 × 6 × 6 × 6 as 64. Exponential form can also be used for negative integers, for example (−3)×(−3)×(−3)×(−3)=(−3)4.



Remember


Remember that you read 64 as “6 to the power of 4”. The exponential form, ab, is read as “a to the power of b”, where a is called the base and b is called the exponent or index. The plural of “index” is “indices”.




Worked examples



	Write the following in exponential form:

(–2) × (–2) × (–2) × (–2) × (–2) × (–2)


	Fill in < or > :


	56□55


	(−3)3□(−2)3









Solutions



	(−2)6





	2.1 56>55


	2.2 (−3)3<(−2)3








Remember


Brackets matter! (−5)2≠−52




Exercise 5.1



	Write the following in exponential form:


	7 × 7 × 7 × 7


	(–3) × (–3) × (–3) × (–3) × (–3)





	Write the following in expanded form:


	54


	61


	(−4)6





	Write down the bases and exponents of the following:


	42


	80


	(−5)5





	Fill in >, = or < :


	41□4


	54□44


	(−2)4□(−2)3











The laws of exponents


The rules for combining quantities containing powers are called the laws of exponents.



The First Law of Exponents


You know that a2=a×a and a3=a×a×a

so a2×a3=(a×a)×(a×a×a)=a5.

We can write a2×a3=a2+3=a5.

This property of exponents is called the First Law of Exponents:



am×an=am+n| Where m and n are integers and a≠0.







Worked examples


Simplify the following:


	22×23


	x3×x4


	4a2b3×5a4b5






Solutions



	Add the exponents: 2 + 3 = 5

22×23=25=32| The base does not change. The answer is not 45.


	Add the exponents: 3 + 4 = 7

x3×x4=x7


	Multiply the coefficients: 4 × 5 = 20

and add the exponents with the same bases:

4a2b3×5a4b5=4×5×a2+ 4×b3 + 5=20a6b8








Exercise 5.2


Simplify the following:


	32×34


	23×24


	52×5


	48×42


	77×74


	m2×m3


	8p3×p


	x×7x4


	2y×y5


	4k2×2k5


	4m4×5m5


	3x5×5x3


	a3b4×ab2


	x2y3×xy


	2pq×5p2q2


	(−3a2b)×(4ab2)


	(−2x2y)×(−5x2y)


	(3m2n)×(−2mn3)








The Second Law of Exponents


If one number is divided by another number with the same base, we can work out the answer as in this example:

a5÷a2=a×a×a×a×aa×a=a×a×a| cancel two of the as.

So you can write a5÷a2=a5−2=a3.

This property of exponents is called the Second Law of Exponents:



am÷an=am−n| Where m and n are integers and a≠0.







Worked examples


Simplify the following:


	25÷23


	a7÷a4


	8x6y3÷2x2y






Solutions



	25÷23=25−3=22=4


	a7÷a4=a7−4=a3


	8x6y3÷2x2y=4x4y2| Divide the coefficients and subtract the exponents for the same bases.








Exercise 5.3


Simplify the following:


	34÷32


	76÷74


	169÷168


	a4÷a


	x7÷x5


	y12÷y9


	x100÷x50


	6y15÷3y5


	12a9÷4a4


	−8b12÷4b4


	x5y8÷x2y5


	15p6q8÷5p2q5


	36a3b4÷4a2b


	(2x4y3)÷(−xy2)


	(−2x5y4)÷(−6x3y2)








The Third Law of Exponents


You know that x3=x×x×x. So (a2)3=a2×a2×a2=a2 + 2 + 2=a6 and you can write (a2)3=a2×3=a6.

This property of exponents is called the Third Law of Exponents:



(am)n=amn| Where m and n are integers and a≠0.








The Fourth Law of Exponents


You know that (a3b2)4=a3b2×a3b2×a3b2×a3b2=a12b8.

So you can write: (a3b2)4=a3×4b2×4=a12b8

This property of exponents is called the Fourth Law of Exponents:



(a×t)n=antn| Where n is an integer.







Worked examples


Simplify the following:


	(23)2


	2(x3)4


	(2x2)3


	(a2b3)3






Solutions



	(23)2=23× 2=26=64


	2(x3)4=2x12| The coefficient 2 is not raised to the power of 4   because it isn't between the brackets.


	(2x2)3=23x2×3=23x6=8x6


	(a2b3)3=a2×3b3×3=a6b9








Exercise 5.4


Simplify the following:


	(22)3


	(34)2


	(53)2


	(x3)2


	(y4)3


	(z2)4


	2(a2)2


	3(b2)5


	5(m3)2


	12(x12)3


	15(y15)4


	(3a2)2


	(2b2)3


	(4x4)2


	(x2y)3


	(p2q3)3


	2(ab2)3


	(2xy2)2


	(3p2q3)4


	4(2m3n2)3








Zero as an exponent


You know that a3a3=a×a×aa×a×a=1.

If you apply the Second Law of Exponents: a3a3=a3−3=a0

So it follows that



a0=1 where a≠0.







Worked examples


Simplify the following:


	(18)0


	(3x2)0


	(3x2)0






Solutions



	(18)0=1


	(3x2)0=1


	(3x2)0=3×1=3








Exercise 5.5


Simplify the following:


	20


	(1000)0


	x0


	(2x)0


	2x0


	(4x2)0


	4(x2)0


	a0b


	(3x+y)0


	3m0n2


	−2ab0


	4+x0


	2(3+x)0


	2(3+x)0


	x05


	x2(3x2)0








Negative exponents


You know that a3a5=a×a×aa×a×a×a×a=1a2.

If you apply the Second Law of Exponents: a3a5=a3−5=a−2

Therefore a−2=1a2.

So it follows that



a−m=1am| Where m is an integar and a≠0.







Remember


For 3x2 we need x ≠ 0.




Worked examples


Simplify the following and write your answers with positive exponents:


	2−3


	33÷35


	3x−2


	(3x)−2






Solutions



	2−3=123=18


	33÷35=33−5=3−2=132=19


	3x−2=3x2| Here the exponent does not apply to the coefficient 3.


	(3x)−2=1(3x)2=19x2| Here the exponent does apply to the coefficient 3.








Exercise 5.6


Simplify the following and write your answers with positive exponents:


	3−2


	5−3


	(−4)−2


	(−3)−3


	(−2)−3


	73÷75


	57÷59


	x−1


	y−2


	2x−3


	(2x)−3


	−2x−3


	(−2x)−3


	4x−1y−2


	−5x3y−2


	2−2x0y−3










Unit 2 Calculations and simple equations




Calculations with numbers in exponential form


You can use prime factors to do calculations with numbers in exponential form.



Worked examples


Calculate the following:


	52×7−3×5−2×74


	2−2×63×3−1






Solutions



	52×7−3×5−2×74=52−2×7−3+4| Add the exponents with the same bases.=50×71=1×7=7


	2−2×63×3−1=2−2×(2×3)3×3−1| Factorise the 6 into prime factors.=2−2×23×33×3−1=21×32| Add the exponents with the same bases.=2×9=18








Exercise 5.7


Calculate the following:


	22×3×2−2×3−1


	53×7−2×5−3×74


	23×11−4×2−2×113


	2−1×62×3−2


	3−1×9×3−2


	2−3×122×3−1


	9−1×63×4−2


	9−2×2−2×12


	5−1÷5


	2−1×63÷32








Simplifying using the laws of exponents




Worked examples


Simplify the following:


	4(a3)−22a


	(−3x2)(−3x)−2






Solutions



	4(a3)−22a=4a−62a=42a1+6=2a7| Make the exponents positive by writing a−6 as 1a6.


	(−3x2)(−3x)−2=(−3x2)(−3x)2=−3x29x2=−13








Exercise 5.8


Simplify the following and write your answers with positive exponents where necessary:


	(a2)−2×(a3)2


	4(x)−3×(x2)4


	−2(b)−2×3(b3)2


	(a2)2(a3)0


	9(m2)−23m2


	−10(x2)−2−5(x3)0


	(3x2)(3x)−2


	(5x3)(5x)−3


	(−2x2)(−2x)−2


	(−3a3)(−3a)−3


	2x2(2x)2


	−9y2(−3y)2








Exponential equations


An exponential equation is an equation with the variable or unknown, x, in the exponent. For example, 2x=8 is an exponential equation.

The solution of an exponential equation is the value of the exponent x that will satisfy the equation. For the above example the solution is x = 3 because 23=8.



Worked examples


Solve the following equations by inspection:


	2x=16


	3x=9


	5x=15






Solutions



	16=24

so the equation becomes 2x=24

therefore x = 4.


	32=9

so the equation becomes 3x=32

therefore x = 2.


	15 is 5−1

so the equation becomes 5x=5−1

therefore x = –1.








Exercise 5.9



	Copy and complete the table:




	x
	–3
	–2
	–1
	0
	1
	2
	3
	4



	2x
	
	
	
	1
	
	
	
	



	3x
	
	
	
	
	
	
	27
	



	5x
	
	125
	
	
	
	
	
	






	Use the table in Question 1 to solve x:


	2x=4


	2x=32


	2x=12


	2x=18


	3x=1


	3x=27


	3x=13


	3x=19


	5x=5


	5x=625


	5x=125


	5x=1125





	Solve the following equations by inspection:


	2x=32


	4x=1


	7x=49


	9x=81


	11x=11


	12x=1


	13x=169


	10x=10 000


	2x=164


	3x=181


	7x=17


	10x=1100











Exponential equations with equal bases


If the bases in an equation are equal, then the exponents are also equal. This gives us a rule:



If ax=ab, then x = b.





You can use this rule to solve exponential equations.



Worked examples


Solve the following equations:


	3x+1=81


	5x−1=1


	32x+1=127






Solutions



	3x+1=813x+1=34| Make the bases equal.x+1=4| The bases are equal, therefore the exponents are equal.x=3


	5x−1=15x−1=50| Make the bases equal.x−1=0x=1


	32x+1=12732x+1=3−32x+1=−32x=−4x=−2








Exercise 5.10


Solve the following equations:


	2x=16


	3x=27


	5x=25


	7x=7


	9x=1


	11x=121


	2x=132


	3x=181


	5x=1125


	7x=149


	10x=110


	13x=1169


	2x+1=8


	3x−1=81


	7x+1=1


	5x−1=1625


	22x=4


	33x=127


	32x+1=243


	132x−1=1


	53x+1=125









Unit 3 Scientific notation




Compare and represent numbers in exponential form


In Grade 8 you learnt how to write large numbers in scientific notation. For example, 1 500=1,5×103. Remember that in scientific notation a number is written in the form a×10b, where a is 1 or greater than 1 but less than 10, and b is an integer.



Worked examples



	Write 260 000 in scientific notation.


	Write 7,42×104 in whole number format.


	Fill in > or < :

5×104□5×103






Solutions



	260 000=2,6×105


	7,42×104=7,42×10 000=74 200


	5×104=50 000 and 5×103=5 000

Therefore 5×104>5×103








Exercise 5.11



	Write the following in whole number format:


	2,63×104


	6,95×106


	4,57×109


	9,345×107


	3,508279×108


	2,49821067×1010





	Write the following numbers in scientific notation:


	24 700


	600 000


	853 000 000


	467 923 105 000


	790 583 410 000 000 000 000 000





	Fill in > or < :


	3×104□4×104


	8×109□8×108


	2,1×1010□1,2×1010











Scientific notation for very small numbers


You can also write very small numbers in scientific notation. We use negative exponents to write numbers that are less than 1 in scientific notation.

For example, 0,00004=4÷105, and this is written as 4×10−5 in scientific notation.



Worked examples



	Write 3,2×10−4 in decimal notation.


	Write 25 millionths in scientific notation.


	Write 32×10−5 in scientific notation.






Solutions



	3,2×10−4=3,2104=3,210 000=0,00032

Alternative method: move the decimal comma 4 places to the left: 3,2×10−4==0,00032


	25 millionths = 25×10−6=2,5×10×10−6| Write the 25 as 2,5×10=2,5×10−5


	32×10−5=3,2×101×10−5=3,2×10−4








Exercise 5.12



	Write the following numbers in decimal notation:


	4×10−3


	7,8×10−4


	5,03×10−6


	6,3×10−7


	4,389×10−8


	1,527893×10−10





	Write the following numbers in scientific notation:


	0,001


	0,0005


	0,000037


	0,000003489


	0,000000587601


	0,0000000000718


	8 thousandths


	45 millionths


	200 billionths


	45 million











Calculations with numbers in scientific notation




Worked examples


Calculate the following without using a calculator and give the answers in scientific notation:


	5×106×6×108


	3,2×10−6+2,5×10−5






Solutions



	5×106×6×108=5×6×106×108=30×1014=3×1015


	3,2×10−6+2,5×10−5

For adding (or subtracting) you must make the powers of 10 equal (choose the higher power; 10−5>10−6).

=0,32×10−5+2,5×10−5=2,82×10−5








Exercise 5.13


Calculate the following without using a calculator and give the answers in scientific notation. Show all your work.


	3×102×5×103


	4,3×105×2×107


	5,2×109×3×108


	5×103+6×104


	7,4×105+8×106


	7,2×107−2×106


	2×10−2×4×10−3


	5,6×103×3×10−5


	4,17×10−6×5×10−7


	8×10−4+7×10−5


	6,5×10−6+2,4×10−8


	8×10−4−3×10−5








Calculations with numbers in scientific notation using a calculator




Worked example


Calculate the following using your scientific calculator:


	4,56×107×3,89×109


	1,94×102+3×10−2






Solutions



	Enter the following key sequence on your scientific calculator:



Write down the answer: 1,77384×1017


	

Answer: 194,03








Exercise 5.14


Calculate the following using your calculator and give the answers in scientific notation:


	7,66×105×2,74×107


	2,7×1010×5,4×1015


	9,8×10−4×3,1×10−7


	8,973×107+6,149×109


	5,72×10−5+2,64×10−7


	7,86×1012−2,41×1011









Unit 4 Problem solving


You might already have encountered very large and very small numbers in the natural sciences. It is difficult to read and interpret large and small numbers in decimal number format, so we often express them in scientific notation. For example, the wavelength of green light is 0,000 000 54 m and is written as 5,4×10−7 m in scientific notation.



Worked example


In one teaspoonful of water there are about 5,02×1023 water molecules. Calculate the number of water molecules in 5 teaspoons full of water and give your answer in scientific notation.



Solution


5×5,02×1023=25,1×1023=2,51×1024 molecules





Exercise 5.15



	The formula for calculating the volume of a cube is V = s × s × s, with s being the side length of the cube. Write the volume of a cube with the following side lengths in exponential form and calculate the answers.


	7 cm


	20 cm


	53 m





	A teaspoonful is 5 ml and a cupful is 250 ml. Use the information in the worked example above to calculate the number of water molecules in each of the following. Write the answers in scientific notation.


	one cupful of water


	2 litres of water





	The mass of a carbon atom is about 1,99×10−26 kg. Calculate the mass of each of the following and give your answer in exponential form:


	2 carbon atoms


	5 000 carbon atoms





	Light travels at approximately 300 000 000 m/s (metres per second).


	Write the speed of light in scientific notation.


	Calculate the distance (in metres) that light travels in one day. Give your answer in scientific notation.


	One light year is the distance light travels in one year. Calculate how far a light year is in km.



Remember


A light year is a distance and not a measurement of time.



	Write one light year in kilometres, in scientific notation.


	How far away, in kilometres, is a galaxy that is 22 light years away?


	Write your answer to Question 4.5 in scientific notation.













Revision Test Topic 5




Know your basics



	Use the laws of exponents to simplify the following:


	1.1 22×23


	1.2 x3×x5


	1.3 3y4×4y3


	1.4 55÷53


	1.5 x6÷x2


	1.6 a4b3÷a2b


	1.7 (23)4


	1.8 3(a2)5


	1.9 (2x4)2 [18]





	Simplify the following:


	2.1 50


	2.2 (4x)0


	2.3 3−4 [3]










Check your understanding



	Simplify the following and write your answers with positive exponents where necessary:


	3.1 (2x3)0


	3.2 2(x3)0


	3.3 115÷117


	3.4 5x−3


	3.5 −3x4y−3


	3.6 3−1a−2b [12]





	Calculate the following:


	4.1 53×112×5−2×11−2


	4.2 2−1×63×3−2 [6]





	Simplify the following and write your answers with positive exponents where necessary:


	5.1 (a3)−2×(a2)2


	5.2 (3x3)(3x)−3


	5.3 (−5y2)(−5y)−2 [9]





	Solve the following equations:


	6.1 2x=32


	6.2 3x=81


	6.3 5x=1


	6.4 2x=116


	6.5 7x=17


	6.6 5x=125


	6.7 2x−1=8


	6.8 5x+1=5


	6.9 32x−1=19 [18]





	Write the following numbers in scientific notation:


	7.1 245 thousand


	7.2 136 700 000 000 000


	7.3 30 millionths


	7.4 0,000 000 000 57 [8]





	Write the following numbers in decimal notation:


	8.1 7,85×105


	8.2 3,421×10−4 [4]





	Calculate the following without using your calculator and give the answer in scientific notation. Show all your work.


	9.1 1,5×105×5×104


	9.2 2,3×103+6,7×104


	9.3 4,3×10−7×3×10−4


	9.4 4,7×10−6+8,1×10−5 [12]










Challenge yourself



	Calculate the following without using your calculator. Give each answer in scientific notation and in decimal notation.


	10.1 8,4×1064×103


	10.2 1,8×10−63×10−3


	10.3 2,4×10−66×102 [12]







TOTAL: [102]





Formal Assessment: Assignment





	Total marks: 100
	Time: 1 12 hours






	Classify the following numbers as natural numbers, whole numbers, integers, rational numbers, irrational numbers and/or real numbers:


	49


	494


	149 (6)





	A car travels for 1 hour 30 minutes and covers a distance of 150 km. How long (in hours and minutes) will it take the car to cover a distance of 260 km at the same average speed? (4)


	Four packets of sugar cost R87,96. Calculate how much 7 packets of sugar will cost. (3)


	It takes 5 workers 48 minutes to pack apples into a crate. Calculate how long it will take 12 workers to do the same job. (3)


	How long will it take R5 000 invested at a simple interest rate of 8% per annum to grow to R7 000? (4)


	Calculate the final amount if R8 500 is invested for 5 years at a compound interest rate of 7% p.a. (Round off your answer to the nearest cent.) (4)


	Calculate the following without using a calculator:


	17 – 9 + 3 – 5 (2)


	–22 – (–16) (2)


	9 × (–4) ÷ (–3) (2)


	–10 + 7 × (–2) (2)


	–20 ÷ 5 + (–6) × (–7) (3)





	Calculate the following without using a calculator:


	−32+(−3)3 (3)


	144−−1253 (3)





	Calculate the following without using a calculator. Show your work.


	134+278−412 (4)


	215×137÷713 (4)


	(114)2+(−12)3 (4)


	1916×−81253 (3)





	Mr Moodley drives 1234 km to work every day. The first 325 km of the journey is on a gravel road and the rest is on a tarred road. What distance does he travel on the tarred road? (4)


	Write 1,28 as a common fraction. (2)


	Convert 38 to a percentage. (2)


	Calculate the following without using your calculator. Show your work.


	(0,3)3−(0,1)2 (3)


	−0,25÷0,0643 (4)





	Calculate the percentage increase if the price of paraffin is increased from R9,71 per litre to R10,48 per litre. Round off your answer to 2 decimal places. (4)


	Simplify the following and write your answers with positive exponents:


	−5(x4)0 (1)


	3−1a2b−5 (2)


	(−4y2)(−4y)−2 (3)





	Calculate the following, showing your work:

4−1×62×3−1 (3)


	Solve the following equations:


	5x=125 (2)


	2x=164 (2)


	7x+1=1 (2)





	Write 73 millionths in scientific notation. (2)


	Calculate the following without using a calculator. Show all your work and give the answers in scientific notation.


	2,5×106×6×1010 (4)


	6,3×10−6+5,7×10−8 (4)







TOTAL: [100]






Topic 6 Patterns








Patterns, functions and algebra




Key concepts and skills



	Investigate and extend numeric and geometric patterns looking for relationships between numbers, not limited to sequences involving a constant difference or ratio.


	Investigate patterns represented in physical or diagram form, including patterns of the learners’ own creation.


	Investigate patterns represented in tables or algebraically.


	Describe and justify the general rules for observed relationships between numbers, either in the learners’ own words or in algebraic language.










Unit 1 Numeric patterns




A sequence or number pattern is formed according to a certain rule.





For example, the rule could be that you add a constant number to a term to get the next term: 2, 6, 10, 14 … Here the constant difference between consecutive terms (numbers) is 4. Another example is multiplying by a constant number to get the next term: 2, 6, 18, 54 … Here the constant ratio between consecutive terms is 3. If the rule is that you square each position number to get that specific term, then there is no constant difference and no constant ratio.



Patterns with a constant difference between terms




Worked example


The sequence 5, 8, 11 … is represented in the table. In the top row, n is the position of each term (1st, 2nd, 3rd …), and in the bottom row Tn is the actual term in that position.




	Write down the difference between consecutive terms.


	Complete the following:

1st term = 5

2nd term = 5 + 1 × …

3rd term = 5 + 2 × …

4th term = 5 + … × …

5th term = 5 + … × …

nth term = 5 + … × …


	Describe in words the rule you found.


	Calculate the value of the 50th term.


	What is the position of 62 in the sequence?


	It is stated that the nth term in the sequence is 3n + 2. Test to see whether this rule is correct.


	Simplify your answer for the nth term in Question 2 to show that the two rules are the same.






Solution



	3


	1st term = 5

2nd term = 5 + 1 × 3

3rd term = 5 + 2 × 3

4th term = 5 + 3 × 3

5th term = 5 + 4 × 3

nth term = 5 + (n – 1) × 3


	The rule is: Take on less than the position of the term, mulitply it by 3 and add 5.


	50th term = 5 + (50 – 1) × 3 = 5 + 49 × 3 = 152


	Solve the equation 5 + (n – 1)3 = 62.

3(n – 1) = 57

n – 1 = 19

n = 20

or

3n−3=573n=60n=20


	3(1) + 2 = 5;

3(2) + 2 = 8;

3(3) + 2 = 11;

3(4) + 2 = 14;

3(5) + 2 = 17

The rule appears to be true.


	5 + (n – 1)3

= 5 + 3n – 3

= 3n + 2. The rules are the same.








Exercise 6.1



	A sequence is represented in the table:




	Write down the difference between consecutive terms.


	Complete the following:

1st term = 7

2nd term = 7 + 1 × …

3rd term = 7 + … × …

4th term = 7 + … × …

5th term = 7 + … × …

nth term = 7 + … × (…)


	Describe in words the rule you found.


	Calculate the value of the 30th term.


	What is the position of 63 in the sequence?


	It is stated that the nth term in the sequence is 4n + 3. Test to see whether this rule is also true.


	Simplify your answer for the nth term in Question 1.2 to show that the two rules are the same.





	Consider the sequence 7; 12; 17; 22; 27; …


	Represent the sequence in a table similar to the table in Question 1.


	Write down the difference between consecutive terms.


	Complete the following:

1st term = 7

2nd term = 7 + 1 × …

3rd term = 7 + … × …

4th term = … + … × …

5th term = … + … × …

nth term = … + … × …


	Describe the rule you found.


	Calculate the value of the 21st term.


	What is the position of 102 in the sequence?


	It is stated that the nth term in the sequence is 7 + (n – 1)5. Test to see whether this rule is also true.


	Show algebraically that the two rules are the same.





	The following tables represent sequences. In the top row, n is the position of the term and in the bottom row Tn is the term in that position in the sequence. Copy and complete the tables.


	


	


	


	


	


	


	


	


	


	





	The rules of certain sequences are given in algebraic form. For each case, write down the constant difference between consecutive terms.


	Tn = 3n + 5


	Tn = –n + 4


	Tn = n + 5


	Tn = –2n + 3


	Tn = –0,5n + 2


	Tn=−114n+1










Some more patterns




Exercise 6.2



	Study the following number triangle:




	Write down the middle number of each row.


	What are the middle numbers for the 12th row and the 100th row?


	Copy the table into your workbook and complete it:




	Copy the table into your workbook and complete it. Look for a pattern.







	In an imaginary galaxy there is a solar system with an inhabited planet called Duranto.

The Durantans worked out that the distances of their planets from their sun formed a sequence. The table gives these distances, measured in zolons (the Duranto distance unit).




	Planet
	Distance
	Sequence breakdown





	Alcomac
	600
	450 + 150 = 600



	Borringer
	900
	600 + 300 = 900



	Carlep
	1 500
	900 + 600 = 1 500



	Duranto
	2 700
	1 500 + 1 200 = 2 700



	Expalicer
	 
	2 700 + … = …



	 
	 
	… + 4 800 = 9 900



	Ganypod
	19 500
	… +… =



	Hiffling
	 
	… +… =





In the sequence, you can see that 150; 300; 600; 1 200… respectively are added to the previous total.

Explain in your own words how this sequence is generated. Then complete the table. Invent a name for the missing planet.


	A rubber ball is dropped from a height of 1 280 cm. The height of each bounce is 34 of the height of the previous one. Copy and complete the following table in your workbook.












Unit 2 Geometric patterns


We find geometric patterns in many everyday objects such as tiles, beadwork, fabric designs and basket-weaving. The stages in which these designs are formed often reveal a number pattern.



Patterns with a constant difference




Worked example


Thandeka embroiders sequins on the border of an evening cape. The pattern is built up as illustrated in the figures below.


[image: ]


Stage 1






[image: ]


Stage 2






[image: ]


Stage 3






	Use the figures to determine how many sequins are added at each stage.


	Copy and complete the table:








Solutions



	Five sequins are added each time.


	

For 62 sequins you have to solve an equation:

5n + 2 = 62

5n = 60

n = 12








Exercise 6.3



	Nobelungu makes her best friend a bead pendant for her birthday. The diagrams below show how the pattern of beads is formed.


[image: ]


Stage 1






[image: ]


Stage 2






[image: ]


Stage 3






	1.1 How many beads are added at each stage?


	1.2 Copy and complete the following table:







	Reflective safety tape can be made up of small beads of reflective material placed close together. The length of a strip of a three-row tape is classified as shown.


[image: ]


Unit 1






[image: ]


Unit 2






[image: ]


Unit 3






	2.1 Answer the following questions:


	2.1.1 How many circles are added each time to form the next unit?


	2.1.2 Copy and complete the following table:







	2.2 Five-row units are also designed, as shown.


[image: ]


Unit 1






[image: ]


Unit 2






[image: ]


Unit 3






	2.2.1 How many circles are added each time to form the next unit?


	2.2.2 Copy and complete the following table:







	2.3 Wider, seven-row units are also designed.


	2.3.1 Draw the first three units.


	2.3.2 How many circles are added to form the next unit?


	2.3.3 Copy and complete the following table:










	Patterns with squares are built with matches, as shown.


[image: ]


Shape 1






[image: ]


Shape 2






[image: ]


Shape 3





Copy the table in your workbook and complete it:




	Mrs Majola teaches her craft students to make baskets with grass or raffia. The weaving pattern is formed in stages, as shown.


[image: ]


Stage 1






[image: ]


Stage 2






[image: ]


Stage 3





Each dark square has a side length of 1 cm and each of the smaller squares has a side length of 0,5 cm. Copy and complete the following table:




	Find a geometric pattern at home or elsewhere. Break the pattern up into stages. Draw the stages as well as a table showing how the number of objects in your pattern grows. Then find the rule for your pattern.







Other patterns




Did you know?


A Sierpiński carpet is named after a Polish mathematician called Wacław Sierpiński who lived about 100 years ago. The “carpet” is an example of what is called a fractal. A fractal is created if the same process repeats itself over and over in ever smaller similar forms.




Worked example


A big square is divided into 9 equal-sized smaller squares, as shown in Stage 1. Then each of those 9 squares is divided into 9 even smaller equal-sized squares (Stage 2). Each of those smaller squares is again divided into 9 equal-sized squares, and so on.

The central square is then removed from each cluster of 9 squares, giving a pattern known as a Sierpiński carpet.

The side length of the largest square is one unit.


[image: ]


Stage 1






[image: ]


Stage 2





Copy and complete the following table:




	Stage number
	1
	2
	3
	4
	n



	Number of new squares removed at this stage
	1=80
	 
	 
	 
	 



	Side length of each new square removed
	13
	 
	 
	 
	 



	Area of each new square removed at this stage
	19
	 
	 
	 
	 







Solutions





	Stage number
	1
	2
	3
	4
	n



	Number of new squares removed at this stage
	1=80
	81
	82
	83
	8n−1



	Side length of each new square removed
	13
	132
	133
	134
	13n



	Area of each new square removed at this stage
	19
	192
	193
	194
	19n









Exercise 6.4



	Study the figures below. Then copy the table in your book and complete it.


[image: ]


Stage 1






[image: ]


Stage 2






[image: ]


Stage 3








	Stage number
	1
	2
	3
	4
	5
	6
	7
	n



	Total number of dots
	2
	6
	 
	 
	 
	 
	 
	 



	Total number of dots written as stage number ×           
	1 × 2
	2 × 3
	 
	 
	 
	 
	 
	 



	Number of green dots
	1
	3
	 
	 
	 
	 
	 
	 






	Ramps of different heights for people using wheelchairs must be manufactured. The sides of these ramps are decorated with triangular tiles as illustrated.
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Number of tiles = 4
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Number of tiles = 16
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Number of tiles = 36





Copy and complete the following table:




	Height (h)
	1
	2
	3
	4
	 
	n



	Number of tiles on one side of the ramp
	4×12
	 
	 
	 
	400
	 






	Each side of an equilateral triangle is bisected and an inverted triangle is drawn in the middle of the original triangle, as shown. This inner triangle is now removed (shown as being shaded). In each of the three remaining (unshaded) equilateral triangles, the sides are again bisected and a new, smaller inverted triangle is drawn. Each of these three new inner triangles is now removed. This process is repeated. The first three stages are shown. The original triangle has an area of 1 unit. Copy and complete the table for this new Sierpiński fractal.
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Stage 1
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Stage 2
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Stage 3








	Stage number
	1
	2
	3
	4
	n



	Number of new triangles removed
	1=30
	 
	 
	 
	 



	Area of each new triangle removed
	14
	 
	 
	 
	 
















Revision Test Topic 6




Know your basics



	In the top row of the tables below, n is the position of a term, and in the bottom row Tn represents the term in that position in a sequence. Copy and complete the following tables: [8]


	
1.1 



	n
	1
	2
	3
	4
	10
	 
	n



	Tn
	1
	–1
	–3
	–5
	 
	–23
	 






	
1.2 



	n
	1
	2
	3
	4
	10
	 
	n



	Tn
	0,3
	0,5
	0,7
	0,9
	 
	4,1
	 









	The sequence 1; …; 25; … is given. Fill in the missing numbers:


	2.1 so that there is a constant difference between consecutive numbers.


	2.2 so that you multiply by a constant number to get the next number. [6]










Check your understanding



	John has a cellphone contract. He pays a basic fee per month and an amount per minute of call time. The table below illustrates how he pays.




	Number of minutes
	0
	1
	2
	3
	10
	 
	n



	Total cost (R)
	100
	101,50
	103
	104,50
	 
	130
	 






	3.1 How much does John pay per minute?


	3.2 What is the basic fee he pays per month?


	3.3 Copy and complete the table. [10]





	Andries paves his backyard with square tiles of two different colours, as shown.
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Stage 1
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Stage 2






[image: ]


Stage 3
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Stage 4





Copy and complete the following table:




	Stage number (n)
	1
	2
	3
	4
	 
	20
	n



	Number of shaded tiles
	1
	 
	 
	 
	 
	 
	 



	Number of unshaded tiles
	0
	 
	 
	 
	121
	 
	 





[14]







Challenge yourself



	Chess is a ancient board game that is played on a board with 64 squares. It was invented by an Indian mathematician. When the inventor showed his invention to the country’s king, the king decided to reward him for his invention. As his reward, the inventor asked the king to receive 1 grain of wheat for the first square on the chessboard, 2 grains for the 2nd square, 4 grains for the 3rd square and so on, doubling each time.


	5.1 Copy and complete the following table:




	No. of squares
	1
	2
	3
	4
	5
	6
	64



	No. of grains of wheat
	1=20
	2 =21
	4 =22
	 
	 
	 
	 



	Total no. of wheat grains
	1=22−1
	3 =21−1
	7 =
	 
	 
	 
	 






	5.2 Assuming that there are 3 500 grains of wheat in a kilogram of wheat, calculate how many kilograms of wheat he would have got. Give you answer in scientific notation, correct to 2 decimal places.


	5.3 How many tonnes of wheat would he have got? (1 000 kg = 1 tonne) [12]







TOTAL: [50]







Topic 7 Functions and relationships








Patterns, functions and algebra




Key concepts and skills



	Determine rules through which input values give output values for patterns or relationships, using flow diagrams, tables, formulae and equivalent forms.


	Determine, interpret and justify the equivalence of different descriptions of the same relationship or rule when this rule is presented verbally, in flow diagrams, in tables or by formulae.










Unit 1 Input and output values




Flow diagrams, tables, formulae and equations


In Grade 8 you worked with input and output values. You will use this knowledge to find input and output values in flow diagrams, tables and formulae while practising working with integers and fractions.



Worked examples



	If the input values are the integers from –3 to –1, find the corresponding output values using the formula y = –2x + 6.


	The output values for the formula y = 2x + 4 are the integers from 0 to 2. Find the input values.


	Copy and complete the flow diagram:








Solutions



	Substitute the three input values (x) into y = –2x + 6:

y = –2(–3) + 6 = 6 + 6 = 12

y = –2(–2) + 6 = 4 + 6 = 10

y = –2(–1) + 6 = 2 + 6 = 8


	Substitute the three output values (y) into y = 2x + 4 and solve the equations:

Put 2x+4=02x=−4x=−2 (so the input was −2.)Put 2x+4=12x=−3x=−112Put 2x+4=22x=−2x=−1


	(i) Substitute the input values (x) into y = 3x – 4:

y = 3(–4) –4 = –12 – 4 = –16

y = 3(–3) –4 = –9 – 4 = –13

y = 3(–2) – 4 = –6 – 4 = –10

y = 3(–1) – 4 = –3 – 4 = –7

(ii) Put 3x−4=113x=15 and x=5








Exercise 7.1



	Answer the following questions:


	1.1 If the input values are the integers from –2 to 2, find the output values using the formula



y=−2(x+1)2.







	1.2 If the values for r are 12; 14; 18 and 116, find the output values (C and A) using the following formulae:


	1.2.1



C = 2πr






	1.2.2



A = πr2(use  π= 227)







	1.3 If the input values are the integers from –2 to 3, find the output values using the formula



y= −2x2.







	1.4 If the input values are –12; –34; –23; – 58, find the output values using the formula



y= 1−x2.









	Answer the following:


	2.1 If the output values are the integers from –4 to –1, find the input values for



y = –3x + 5.






	2.2 If the output values are the integers from 12 to 14, find the input values for



y = – 12x + 2.







	2.3 Find the input values for



y = 3x – 1





if the output values are 8, 26 and 80.


	2.4 If the output values are the integers from –2 to 1, find the input values for



y = –3(x + 1) – 3.








	In each of these cases calculate the missing output values, and then write an equation and find the missing input value.



Remember


If x2 =144 then x = 12 or x = –12.



	3.1




	x
	0
	1
	2
	3
	 



	y= 2x +1
	 
	 
	 
	 
	129






	3.2




	3.3




	x
	–4
	–3
	–2
	–1



	y=−3x2
	 
	 
	 
	 
	-75






	3.4




	3.5




	x
	–4
	–3
	–2
	–1



	y = –4x + 8
	 
	 
	 
	 
	-24






	3.6












Finding rules


In this section you will find rules and formulae to describe the relationship between input and output values in flow diagrams and tables.



Worked examples



	Look at the table of numbers below:




	x
	–2
	–1
	0
	1
	2
	12
	b



	y
	9
	5
	1
	–3
	–7
	a
	–79






	Describe in words the relationship between the numbers in the top row of the table (input values) and the numbers in the bottom row (output values).


	Describe the same relationship algebraically by completing y = …


	Use your rule from Question 1.2 to calculate the values of a and b in the table.





	In the flow diagram below, find the algebraic rule that relates the input and output values and then find the missing input value.









Solutions



	1.1 There is a constant difference of –4 in the output values. The rule is that each value in the top row is multiplied by –4 and then 1 is added. (Check with all the numbers.)


	1.2 There is a constant difference of –4 in the output values.

Therefore the rule is y = –4x + k.

To find k,put x=−2 and y = 9:9=−4(−2)+kk=9−8=1

The rule is y = –4x + 1. (Check with at least one other pair of numbers.)


	1.3 a = –4(12) + 1 = –48 + 1 = –47

To find b,put−4b+1=−79−4b=−80b=20





	There is a constant ratio of 5 in the output values. We therefore have powers of 5. The rule is y=  k× 5x.

To find k, put x = 1 and y = 5 (these are the easiest to use):

5 = k× 51

k = 1

The rule is y=5x. (Check; for example 5−2 = 125 and  50 =1.








Remember


If there is a constant difference, d, then the formula is y = dx + K.

If there is a constant ratio, r, then the formula is y=Arx.

Sometimes the rule involves squaring or cubing the input.




Exercise 7.2



	The tables give relationships between input values (x) and output values (y). Express these relationships in words, and then in algebraic form: y =…

Then find the values of a and b.


	




	x
	1
	2
	3
	4
	5
	12
	b



	y
	2
	3
	4
	5
	6
	a
	20






	




	x
	1
	2
	3
	4
	5
	18
	b



	y
	3
	6
	9
	12
	15
	a
	–6






	




	x
	1
	2
	3
	4
	5
	11
	b



	y
	1
	3
	5
	7
	9
	a
	33






	




	x
	1
	2
	3
	4
	5
	10
	b



	y
	1
	0
	–1
	–2
	–3
	a
	–28






	




	x
	1
	2
	3
	4
	5
	18
	b



	y
	–1
	–4
	–7
	–10
	–13
	a
	–61






	




	x
	–1
	0
	1
	2
	3
	10
	b



	y
	1
	0
	1
	4
	9
	a
	144






	




	x
	–3
	–2
	–1
	0
	2
	5
	b



	y
	–27
	–8
	–1
	0
	8
	a
	1 000






	




	x
	–3
	–2
	–1
	0
	2
	4
	b



	y
	−127
	−18
	–1
	0
	18
	a
	11 000






	




	x
	–2
	–1
	0
	2
	3
	5
	b



	y
	14
	12
	1
	4
	8
	a
	128






	




	x
	–3
	–2
	–1
	0
	3
	–4
	b



	y
	227
	29
	23
	2
	54
	a
	486









	For each of the flow diagrams, find the rule relating the input and output values. Then find the missing input value.


	


	


	


	












Unit 2 Equivalent forms


A relationship can be described in words, shown in a table or a flow diagram, or given algebraically. It can also be shown visually as a graph. In this unit you will look at the different forms of a relationship as well as equivalence.



Worked example


The Grade 9 class is going on a field trip and needs to hire a bus for the outing. There is a basic fee of R100, no matter how many learners are on the bus, and a R5 fee for each person travelling in the bus.

Let the cost of the trip be represented by y and the number of people on the bus by x.


	Design a flow diagram to show how the cost can be calculated.


	Write a formula in the form y = … to calculate the cost of hiring the bus for any number of passengers.


	If the maximum amount of money available is R250, determine the maximum number of people that can be included on the trip.


	Joanie says that she can calculate the cost of the trip by adding 20 to the number of people and then multiplying that answer by 5. Design a flow diagram to illustrate this calculation.


	Write a formula for Joanie’s calculation.


	Test to see if the two formulae are equivalent by completing the table.




	x (number of passengers)
	0
	1
	2
	3
	4



	y = …
	 
	 
	 
	 
	 



	y = …
	 
	 
	 
	 
	 






	Use your table to draw a graph of the situation.






Solution



	


	y = 5x + 100


	Put 5x + 100 = 250

5x = 150

x = 30 people


	


	y = (x + 20) × 5


	




	x (number of passengers)
	0
	1
	2
	3
	4



	y = 5x + 100
	100
	105
	110
	115
	120



	y = 5(x + 20)
	100
	105
	110
	115
	120





They are the same.


	

The points on the graph should not be joined. This is because each point represents the cost for a number of passengers, and you cannot have a fraction of a person!








Exercise 7.3



	Answer the following:


	Write down the formulae represented by the following two flow diagrams:




	Describe in your own words how the output value, y, is determined for each of the flow diagrams above.


	Use your formulae for both diagrams to determine the input values if the output value is 12.


	Copy and complete the table by filling in your two formulae. Then determine the output values for each of them.




	x
	–3
	–2
	–1
	0
	1



	y = …
	 
	 
	 
	 
	 



	y = …
	 
	 
	 
	 
	 






	What can you deduce about the two formulae?





	The formula C = 59 (F – 32) converts temperature measured in degrees Fahrenheit into degrees Celsius.




	Describe in your own words how temperature measured in degrees Fahrenheit is converted to temperature measured in degrees Celsius.


	Design a flow diagram to illustrate how the conversion is done.


	How many degrees Fahrenheit is –25 °C?


	Copy and complete the table.




	F
	–13
	–4
	5
	50





	C=59(F−32)
	 
	 
	 



	C=59×F−1609
	 
	 
	 



	C=59×F−160
	 
	 
	 






	Which of the formulae given in the table are equivalent?





	The formula to determine a term, Tn, in any position in a certain sequence is given as Tn = 4 + 5(n – 1). The following formulae are also given: Tn = 5n +3, Tn = n – 1 and Tn = 5n – 1.


	Copy and complete the table below to test which of these formulae are equivalent to the original formula and can therefore be taken as correct.




	Position of term (n)
	1
	2
	3
	4





	Tn = 4 + 5(n – 1)
	 
	 
	 
	 



	Tn = 5n + 3
	 
	 
	 
	 



	Tn = n – 1
	 
	 
	 
	 



	Tn = 5n – 1
	 
	 
	 
	 






	Use your table to draw a graph of the number sequence on squared paper. Let the horizontal axis be the position of the term and the vertical axis the value of the term. Use only the values of the correct formulae. Can the points on the graph be joined? Explain.


	Determine the position of 39 in the sequence by writing an equation and solving it.





	A plumber says that he calculates his fees as follows: R250 to call at your house and then R500 per hour or part of an hour. Anne says that she calculates the fees by multiplying the number of hours by 2, adding 1, and then multiplying the answer by 250.


	Design two flow diagrams. In the first one illustrate the plumber’s method of calculating his fee, and in the second one illustrate Anne’s method. Let the input value be represented by x and the output value by y.


	Copy and complete the table to test whether the two methods are actually equivalent. What do you conclude?




	x
	0
	1
	2
	3
	4



	y = …
	 
	 
	 
	 
	 



	y = …
	 
	 
	 
	 
	 






	The total cost is R2 500. Using both formulae, calculate the number of hours the plumber worked.





	The graph shows the total amount Sipho pays per month for using his cellphone.




	He pays a fixed amount per month for an SMS bundle. How much money does he spend on the SMS bundle each month?


	He can afford only a certain total amount per month and so he has a limited number of minutes of talking time. What is the maximum amount Sipho can afford per month? How many minutes’ talk time would that give him?


	How much does Sipho pay per minute for talk time?


	Describe, in your own words, how Sipho could calculate the amount he pays each month.


	Copy and complete the table.




	Number of minutes’ talk time (x)
	0
	20
	40
	60
	80
	90
	100



	Cost in rand: y = …
	 
	 
	 
	 
	 
	 
	 






	One month Sipho had to pay R185. Write an equation and solve it to find out how many minutes he talked that month.













Revision Test Topic 7




Know your basics



	


	1.1.1 Copy and complete the table if x is an integer from –2 to 3:




	x
	 
	 
	 
	 
	 
	 



	y= 2x +2
	 
	 
	 
	 
	 
	 






	1.1.2 Use the equation given to determine the input value if y = 34.


	1.2.1 Copy and complete the flow diagram if x is an integer from 1 to 5:




	1.2.2 Use the equation given to determine the value(s) of x if y = – 144. [17]










Check your understanding



	For each of the given tables:


	Describe in words the relationship between the x and y values.


	Write down a formula by completing the following: y =…


	Use your formula to calculate the values of a and b.





	
2.1 



	x
	0
	1
	2
	3
	a
	10



	y
	4
	2
	0
	–2
	–8
	b






	
2.2 



	x
	–3
	–2
	–1
	0
	a
	4



	y
	1125
	125
	15
	1
	125
	b





[12]










Challenge yourself



	Water leaks out of a container at a constant rate of 100 ml per minute. Before the container began to leak, it contained 3 litres of water.


	3.1 Explain, in your own words, how you would calculate the volume of water left.


	3.2 Design a flow diagram to illustrate your calculation.


	3.3 Use your flow diagram to write a formula. Let t represent the time in minutes and V the volume of water (in ml) left in the container.


	3.4 Design and complete a table to show the volume of water left after 0, 1, 2, 3, 4 and 5 minutes.


	3.5 Write an equation and find out when the container will be empty.


	3.6 Use your answers for Questions 3.4 and 3.5 to draw a graph of the situation. [23]







TOTAL: [52]







Topic 8 Algebraic expressions








Patterns, functions and algebra




Key concepts and skills



	Be familiar with conventions for writing algebraic expressions.


	Identify and classify like and unlike terms.


	Recognise and identify coefficients and exponents.


	Differentiate between monomials, binomials and trinomials.


	Use the commutative, associative and distributive laws for rational numbers and the laws of exponents to add and subtract like terms in algebraic expressions, to multiply integers and monomials by polynomials, and to divide polynomials by integers or monomials.


	Simplify algebraic expressions involving these operations.


	Determine squares, cubes, square roots and cube roots of algebraic terms.


	Determine the numerical value of algebraic expressions by substitution.


	Find the product of two binomials.










Unit 1 Algebraic language


In this unit you will revise the algebra done in Grade 8.

When you write algebraic expressions you must obey these rules:




	The multiplication sign is not used in algebraic expressions, for example 2 × a is written 2a and a × b × c is written abc.









	Write letters in alphabetical order as far as possible. Write abc rather than acb or cba.









	Always write the numbers (coefficients) before the letters (variables). Write x × 5 as 5x rather than x5, and 2 × a × 3 × b as 6ab and not ab6.











	Do not write the 1 when you have 1x. 1 × x is simply written as x.











	In algebraic language we do not usually use a division sign. Instead of writing x ÷ 5, we write x5 or 15x.











	a × a is written as a2 and read “a to the power of 2” or “a squared”. x × x × x is written x3 and read “x to the power of 3” or “x cubed”. y × y × y × y × y is written y5 and read “y to the power of 5”.

Do not write x1 for x.










Exercise 8.1


Write the following algebraic expressions in their simplest form:


	6 × b


	x × y × z


	a × c × b


	3 × n × m × p


	a × 7


	4 × x × 5


	y × 1


	d × 2 × c × 6 × b


	y ÷ 3


	3 × a ÷ b


	a × 2 × b ÷ c


	x × x ÷ y


	m × m × m × n × n


	5p × 4p × 1p


	2x × 3y × 4x


	15a × 2a ÷ 3b


	6ba × 4a × 5ab


	4a×b1÷c1







Identify like and unlike terms




A term is the product or quotient of numbers and/or variables.







Terms are always separated by plus (+) or minus (–) signs.







“Like” terms are terms which have the same variables with the same exponents. For example, –4a and 3a are like terms; –5ab and −5a2b are unlike terms.







Multiplication signs and division signs do not separate terms. For example, 5a2b2 is one term. Expressions in brackets, for example (4y + 3), count as one term.









Recognise and identify coefficients and exponents


The numerical coefficient of a term is the number by which the variable part is multiplied.

For example, the coefficient of 3x2 is 3, and the coefficient of −5xy2 is –5.







The exponent of a variable is the power to which the variable is raised.

For example, in the term 2x3y2 the exponent of x is 3 and the exponent of y is 2.







Remember


The exponent applies only to the number or variable immediately preceding it.




Exercise 8.2



	Write down the like and unlike terms in:


	2a; 3b; –5a; c; 6a; –4d; 9a


	4x2; −3x; x2; 5x3; −8x5; 10x2; 9x7; −12x2


	5a2b2; −3ab2; a2b; 4a2b2; −6a3b2; ab2;  8ab3





	Write down the numerical coefficient of:


	5y2


	–7ab


	−x2y3





	Write down the exponent of x in:


	5x


	−2x2y3


	7x4z5










Monomials, binomials and trinomials


Algebraic expressions are classified according to the number of terms they have. An expression with one term is called a monomial. An expression with two terms is a binomial, and one with three terms is a trinomial. Any expression with more than one term is a polynomial.



Remember


Binomials and trinomials are also polynomials!




Worked examples



	Determine the number of terms in each of the following expressions:

4x + 5y−7z−8;  2a(5b−c); 6x2+5x3−8x22x


	Classify each of the following as monomial, binomial, trinomial or polynomial:

−9x2; 6a2 + 8a−5;  5xy−7x(2y + 1)−9x + 20






Solutions



	4 terms; 1 term; 2 terms


	monomial; trinomial; polynomial








Exercise 8.3



	Determine the number of terms in the following expressions:


	4a + 5b – c


	2x4 + 5x3−8x2−3x + 7


	(5m2+8m)m


	4a3b + a2b2−9ab3 + 6(a + b)


	5x2−(4x + 7)


	2a – 4b +7c – 3d + 8e – 5f





	Classify the following expressions as a monomial, binomial, trinomial or polynomial:


	5a2 + 7a−1


	4x(3x2 + 2x−10) + 6x3


	−8m2n32mn


	14x + 18y – 20z + 30


	−7a2b3c5 + 9a3bc4


	2m(4m – 7) + m(–2m +6) – 5(3m + 1)












Unit 2 Expand and simplify algebraic expressions




Add and subtract like terms in algebraic expressions


Only like terms can be added and subtracted. It is not possible to add or subtract unlike terms.



Remember


a + b cannot be simplified.




Remember


a + a = 2a and not a2.




Worked examples



	Simplify 4a2−9a−3a2 + 2a.


	Add the following algebraic expressions:

5x + 4y – z – 7 and –4x + y – 2z + 6


	Subtract 4x2−3x−6 from 5x2−7x + 8






Solutions



	4a2−9a−3a2 + 2a=4a2−3a2− 9a + 2a| Group like terms.=a2− 7a| Add like terms.


	(5x + 4y−3z−7) + (−4x + y−2z + 6)=5x−4x + 4y + y− 3z−2z−7 + 6| Group like terms.=x + 5y− 5z− 1


	(5x2− 7x + 8)−(4x2− 3x + 6)5x2− 7x + 8−4x2 + 3x + 6| Multiply each term in the second bracket by −1.x2− 4x + 14








Remember


x2 + x2 = 2x2 and not 2x4.




Exercise 8.4



	Simplify the following:


	2x + 5x – 6x + x


	5a – 2a + 7a – 8a – 4a


	6x + 4y – 2x + 5y – 5x


	−6a2 + 4a−5a2− 7a + a2


	2x + 3xy – 2y + 8yx – 2x + 2y


	4x2− 5x + 8 + 10x− 12−6x2 + 3





	Add the following expressions:


	2a + 3b; 4a – 8b


	8x – 7y + 5; –9x – 2y – 1


	5x3 + 7x2− 3x + 6;−3x3 + 8x2−5x− 10


	−9 + 7y−3y2 + 5y3 + 4y4; −2− 6y−y2−6y3 + 8y4


	4a3 + 5a2b− 2ab2−6b3; −7a3−3a2b + 8ab2−3b3





	Subtract the second expression from the first:


	4m – 6n; –2m + 7n


	7a + 8b – 4c; 8a – 5b + 2c


	−6x3 + 2x2− 4x + 5;2x2−7x + 4x3−8


	8ab + 7ac – 3 + bc; –5ac + 9 – 2ab + 3bc


	−y4 + 7y3− y2 + 4y− 9;5y3− 9 + 6y4− 10y−4y2











Multiplication of algebraic expressions


In Grade 8 you found the product of a monomial and a polynomial by multiplying each term of the polynomial separately by the monomial:



a(b + c) = ab + ac and a(b – c) = ab – ac







Worked examples


Determine the following products:


	3a2b×(−5a3b2)


	–x(5x + 1)


	2x(x2−3x + 4)


	−a2(3a3 + 5a2− 3a− 2)






Solutions



	3a2b×(−5a3b2)=−15a5b3| Multiply coefficients and add exponents with the same bases.


	−x(5x + 1)=5x2−x


	2x(x2−3x + 4)=2x3−6x2 + 8x


	−a2(3a3 + 5a2−3a− 2)=−3a5−5a4 + 3a3 + 2a2








Exercise 8.5


Determine the following products:


	3a2×2a3


	2xy3×4x2y4


	5ab×(−a2b4)


	−4m3n2×(−3m4n3)


	2(4x + 3)


	5(2a – 3b)


	–3(6m – 3n)


	x(– 4x + 1)


	–y(5y + 4)


	4a(2a – 3b)


	6(x + 2y – 3z)


	−4(3a2 + a− 1)


	y(5y2− 3y + 2)


	3a(−a3 + 2a2− a)


	−2x(x2 + 5x + 1)


	b2(2b2−4b−3)


	5(a + 2b – 3c –d)


	−3(x3 + 2x2−x−1)


	m(2m4−3m3 + m2−5m)


	−2b(4b3−3b2 + 2b−1)








Division of algebraic expressions


In this section you will divide monomials and polynomials by monomials. Each term of the polynomial is divided separately by the monomial.



Worked examples


Simplify:


	−9x2y53xy2 for x≠0,y≠0| We have x≠0 and y≠0,because you cannot divide by 0.


	6x2+1x2 for x≠0


	8x4−6x3+2x2−4−2x2 for x≠0






Solutions



	−9x2y53xy2=−3xy3| Divide coefficients in the usual way, and subtract exponents with the same bases.


	6x2+1x2=6x2x2+1x2=6+1x2



You do not have to show the second step in Questions 2 and 3, but this step can help!






	8x4−6x3+2x2−4−2x2=8x4−2x2−6x3−2x2+2x2−2x2−4−2x2=−4x2+3x−1+2x2




Be careful of incorrect cancelling:

6x2+16≠x2+1





Exercise 8.6


Simplify the following. (Assume that no denominations are zero.)


	15x4y55xy2


	−24a3b6ab


	−42x5y4z3−7x3y4z2


	8a−44


	24a7+12a4−153


	24y3+12y2−18y−6−6


	2x2+3x−x


	9b2−1b2


	4x3−2x2−3x2x


	10p4+5p3−20p2−5p


	4y3+12y2−8y−44y


	5x4−10x3−20x2+155x2








Simplify algebraic expressions involving multiple operations




Remember


You cannot cancel if there is more than one term in either the numerator or the denominator.




Remember


The division line acts like a bracket. 2x−3y4 is one term.




Worked examples


Simplify:


	−3(x3−2x2 + x)−x2(2x−1)


	8y3+2y2−2y−y4−4y3y2 for y≠0


	2a4+(a2)(−6a3x)a2 for a≠0






Solutions



	−3(x3−2x2 + x)−x2(2x−1)=−3x3 + 6x2−3x−2x3 + x2| Multiply out first.=−5x3 + 7x2−3x| Add like terms.


	8y3+2y2−2y−y4−4y3y2=−4y2−y−(y2−4y)| Do division first; put in a bracket=−4y2−y−y2+4y=−5y2+3y


	2a4+(a2)(−6a3x)a22a4−6a5xa2| Simplify numerator first.2a2−6a3x








Exercise 8.7


Simplify:


	2(4a + 1) + 4(a – 3)


	3(4x2−x + 1)−(8x2 + 2x + 5)


	(b3−3b2−b) + b2(4b + 1)


	5(y4 + 2y3−4y2)−y3(3y−1)


	8x3−(x2)(−3x)x2; x≠0


	4a2+2a2(−3a2)−a2; a≠0


	10y−55+6y2+4y2y; y≠0


	8x4+4x3+6x2−2x2−9x3−3x23x; x≠0








Squares, cubes, square roots and cube roots of algebraic terms




Remember


If you have more than one term under a square root sign, you cannot take the square root of each term separately.

For example, 16+9=25=5, but 16+9 = 4 + 3 = 7.

They are not the same!




Worked examples


Simplify:


	−2(3x)2


	(−2x2)3


	25x2−16x2


	−64a9b63






Solutions



	−2(3x)2=−2×9x2| Brackets first: (3x)2 = 3x× 3x.=−18x2


	(−2x2)3=(−2x2)×(−2x2)×(−2x2)| You do not have to show the second step, but it can be helpful!=−8x6


	25x2−16x2| simplify inside the square root first.9x2|(not 5x−4x).=3x


	−64a9b63=−4a3b2Check: (−4a3b2)×(−4a3b2)×(−4a3b2)=−64a9b6








Note: 643=4 and −643=−4. You can find the cube root of a negative number. But it is not possible to find −64.







Exercise 8.8


Simplify if possible:


	(2a3)2


	2(−5x)2


	−3(2y4)2


	(3x2)3


	(−4y3)3


	−2(−2x4)3


	16a4b2


	−9x2


	36x2+64x2


	8y93


	−64a3b123


	25x6+−27x93







Determine the numerical value of algebraic expressions by substitution


You can calculate the numerical value of a polynomial by replacing the letter symbols with numbers. This process is called substitution.



Remember


When you substitute numerical values into an expression, put the numbers in brackets to avoid errors.




Worked examples


If x = –2, determine the numerical value of:


	−3x2


	−x2−x


	2x2−5x + 4






Solutions



	−3x2=−3(−2)2| Use brackets when substituting.=−3× 4=−12


	−x2−x=−(−2)2−(−2)=−(4) + 2=−2


	2x2−5x−4=2(−2)2−5(−2)−4=2(4) + 10−4=14








Exercise 8.9



	If x = –1, find the values of:


	2x2


	(2x)2


	−3x3





	If x = –2, find the values of:


	x2−2x


	−x2−2x


	x3 + 3x





	Calculate the value of −2x2 + 3x + 4 if:


	x = 0


	x = 3


	x = –4





	Calculate the value of −y3 + 2y2−3y−5 if:


	y = 1


	y = –2


	y = –5











The product of two binomials


In Grade 8 you multiplied monomials, binomials and trinomials by single terms. You can also multiply polynomials.

To find the product of two binomials, multiply each term of the first binomial by each term of the second.



Worked examples


Determine the following products:


	(x + 2)(y + 3)


	(2x – 1)(x + 4)


	(x + 5)(x – 5)






Solutions



	(x+2)(y + 3)=x(y + 3) + 2(y + 3)| Distribute x and 2 over (y + 3).=xy + 3x + 2y + 6


	(2x−1)(x + 4)=2x(x + 4)−1(x + 4)| You do not have to do this second step.=2x2 + 8x−x−4=2x2 + 7x− 4


	(x + 5)(x−5)=x2−5x + 5x−25=x2−25








Exercise 8.10


Determine the following products:


	(x + 1)(y + 6)


	(a + 3)(b – 2)


	(2x + 1)(y – 4)


	(5 + 3p)(2 – q)


	(x + 3)(x – 2)


	(y + 2)(3y + 4)


	(5p – 2)(p – 1)


	(2q – 3)(4q + 3)


	(2a – 1)(a + 2)


	(3b – 5)(b – 2)


	(4x + 3)(x + 4)


	(3p – q)(3p + 2q)


	(m – n)(2m + 3n)


	(5x + 3y)(4x – 2y)


	(x + 1)(x – 1)


	(y + 2)(y – 2)


	(2q – 3)(2q + 3)


	(2x + y)(2x – y)


	(3y – 2z)(3y + 2z)


	(4a + 5b)(4a – 5b)








The square of a binomial




Worked examples


Determine the following products:


	(x + 2)2


	(2a−3b)2






Solutions



	(x + 2)2=(x + 2)(x + 2)| Be careful! (x + 2)2≠x2 + 4=x2 + 2x + 2x + 4=x2 + 4x + 4


	(2a−3b)2=(2a−3b)(2a−3b)=4a2−6ab−6ab + 9b2=4a2−12ab + 9b2








Exercise 8.11


Determine the following products:


	(x + 1)2


	(y−2)2


	(a−3)2


	(b + 5)2


	(y + 6)2


	(x−7)2


	(2a + 5)2


	(3b−4)2


	(5x−6)2


	(4−k)2


	(2 + 3y)2


	(a−2b)2


	(5k−t)2


	(4x + 3y)2


	(3m + 2n)2


	(a2−4b)2









Summary of common errors


Below is a brief summary of common errors. Be careful not to make these mistakes!




	Correct solution
	Common mistake
	Explanation





	a + a = 2a
	NOT a2
	Adding/subtracting like terms does NOT change the exponents.



	a2 + a2 = 2a2
	NOT 2a4
	Add/subtract only the coefficients when adding like terms. The exponents stay unchanged.



	a2×a3=a5
	NOT a6
	Add exponents when multiplying values with the same base.



	(a2)3 = a6
	NOT a5
	When raising an exponent to a power, multiply the values of the exponents.



	(−2a2)3 = −8a6
	NOT −6a6
	Both the coefficient and the variable are raised to the power of the exponent, and the coefficient is NOT multiplied by the exponent.



	(−3a4)3 = −27a12
	NOT −27a7
	Both the coefficient and the variable are raised to the exponent. The exponents are NOT added.



	−a(7a + 2) = −7a2−2a
	NOT −7a2 + 2
	The –a must be distributed over both terms in the brackets.



	3a2+12a2=3+12a2
	NOT 3 + 12 = 15
	Each term in the numerator must be put over the denominator. You cannot just “cancel” over addition/subtraction.



	If a = 3, then  −4a2 = −4(3)2 = −4×9 = −36
	NOT (−12)2 = 144
	Simplify the value with the exponent first; then multiply by the coefficient.



	If a = –3, then −a2−a = −(−3)2−(−3) = −9 + 3 = −6
	NOT 9 + 3 = 12
	Simplify the exponent first: – 3 × – 3 = 9



	16a2+9a2=25a2=5a
	NOT 4a + 3a = 7a
	Simplify the addition/subtraction under the square root first; then find the square root (if possible).



	(a + 3)2 = a2 + 6a + 9
	NOT a2 + 9
	To multiply a binomial by a binomial, you must multiply bOTH terms of the first binomial by both terms of the second.











Revision Test Topic 8




Know your basics



	Write down the like terms: 2a; 4a2; −5b; a2; −12a3; −3a2 [2]


	Determine the number of terms in the following expressions and classify them as monomial, binomial, trinomial or polynomial.


	7a + 3b


	8x4 + 9x3−6x2−x + 2


	6m3+8m2−2


	4a2b + ab2−5 [8]





	Simplify:


	2a – 5b – a + 3b


	x – (–6x) [4]










Check your understanding



	Simplify the following:


	4.1 –8xy – 6xz + 10xy + 9xz – 4yx


	4.2 m2−4m−1 + m2−8m + 5−6m2 + 3m−1 [5]





	Add the following expressions:


	5.1 –6c + 8d – 4; –2c – 7d – 2


	5.2 5x4−7x3 + 4x2−12; −6x4 + 8x2−x + 14 [8]





	Subtract 5x – 7y + 6 from 3x – 4y – 2. [3]


	Determine the following products:


	7.1 5a2b×(−4ab3)


	7.2 −2x(2x2−3x + 5)


	7.3 (x + 3)(y + 6)


	7.4 (y + 2)(2y – 1)


	7.5 (3a – 4b)(3a + 4b)


	7.6 (5x + 3)2 [18]





	Simplify (assuming all denominators are non-zero):


	8.1 −18x3y4−9x2y


	8.2 x2+7x5x2


	8.3 6a4−12a3+3a2+93a2


	8.4 10y2−5y−5y−y3+2y2y2 [14]





	Simplify:


	9.1 (−3a2)3


	9.2 169x2−144x2


	9.3 −4(x3−2x2+x)−x2(3x−1)





	If x = –3, calculate the numerical value of:


	10.1 −2x2


	10.2 (−2x)2


	10.3 3x2−x


	10.4 −x2 + 4x + 10 [12]










Challenge yourself



	Subtract the second expression from the first:

4a3 + 5a2b−7b3; 6a2b + 8a3−4b3−3ab2 [4]


	Determine the following products:


	12.1 5p2q(3p3−4p2q + pq2−5q3)


	12.2 −2x(x−3)2 [9]







TOTAL: [100]







Topic 9 Algebraic equations








Patterns, functions and algebra




Key concepts and skills



	Set up equations to describe problem situations.


	Analyse and interpret equations that describe a given situation.


	Solve equations by inspection.


	Determine the numerical value of an expression by substitution.


	Extend solving equations to include using additive and multiplicative inverses and, laws of exponents.


	Use substitution in equations to generate tables of ordered pairs.










Unit 1 Analyse, interpret and set up equations


The focus in this topic is on consolidating solving equations. First there are some concepts you need to know about:




	3x + 4 is an example of an algebraic expression.











	p = 2l + 2w is an example of a formula.








You can substitute any values for any two of l, w or p to find the value of the missing variable.




	3x + 4 = 16 is an example of an equation. 








There is one specific value of x, which, if substituted into 3x + 4, will give an answer of 16.



Analyse, interpret and solve equations




Worked example



	Anita counts the money in her piggy bank. She has some R2 and 50c coins in a bag. She has a total of 24 coins.

She writes the equation: 2x + 12(24 – x) = 36.


	What is the total amount of money in Anita’s piggy bank? What does the x stand for?


	What is the 12 in the equation? What is the 24 – x?


	Solve the equation and explain what your answer means.


	How many 50c coins does Anita have?









Solution



	1.1 The total value of the coins is R36. The equation is in rands, and x is the number of R2 coins.


	1.2 The 12 is for the 50c (half a rand). The 24 – x is the number of 50c coins.


	1.3 2x+12(24−x)=362x+12−12x=363x2=243x=48x=16. Anita has sixteen R2 coins.


	1.4 Eight 50c coins










Exercise 9.1



	Abdul and his little sister are given some money for their birthdays. He gets four times as much as she does. Abdul writes x + 4x = 25.


	What does the 25 represent in the equation?


	What does the x stand for?


	Solve the equation (in rands) and explain what your answer means.





	A farmer sells all his goats except 15 ewes, which he keeps for breeding purposes. He sells the others at R600 per goat. His daughter writes 600(x – 15) = 39 000.


	How much money does the farmer make from the sale?


	What does the x stand for in the equation?


	Solve the equation and explain what your answer means.







	You add three consecutive even numbers and write x + (x + 2) + (x + 4) = 84.


	What does the 84 represent?


	Solve the equation and explain what your answer means.





	A man is three times as old as his son, and five years older than his wife. He writes the equation x + 3x + 3x – 5 = 100.


	What does the 3x represent in the equation?


	What is the wife’s age in terms of x?


	What does the 100 represent in the equation?


	Solve the equation and give the ages of the father, mother and son.





	George works as a waiter in a restaurant. His basic salary per day is R50. He also earns tips, which is 10% of the amount people spend at his tables. He aims to earn a certain amount per day and writes 0,1x + 50 = 200.


	How much does George want to earn per day?


	Explain what each piece of the equation means.


	Solve the equation and explain what your answer means.





	A number sequence –8; –11; –14;… is given. Munirah inspects the sequence and writes –3n – 5 = –35.


	What does the –3n – 5 represent in the equation?


	What do the –3 and the –35 represent?


	Solve the equation and explain what your answer means.











Solving problems by setting up equations




Remember


You can easily check your answer by substituting back into the original statement.




Remember


Any number with two digits can be written in the form 10y + x, where y is the tens digit, and x is the units digit. For example, 36 = (3 × 10) + 6.




Worked examples



	You have three consecutive numbers. If you add the first number to three times the second number and then add four times the third number, the total is 91. Set up an equation and calculate the numbers.


	In a two-digit number, the tens digit is 1 more than the units digit.


	Write the number in terms of x if the units digit is x.


	The digits are swopped round. What is the new number?


	If you add the two numbers, the total is 121. Set up an equation and find the original number.









Solutions



	Let the consecutive numbers be x, x + 1 and x + 2.

∴ x + 3(x + 1) + 4(x + 2) = 91

x + 3x + 3 + 4x + 8 = 91

8x + 11 = 91

8x = 80

x = 10 The numbers are 10, 11 and 12.


	The units digit is x, so the tens digit = x + 1.

∴ the number is 10(x + 1) + x = 10x + 10 + x = 11x + 10.


	The new number is 10x + (x + 1) = 11x + 1.


	Put (11x + 10) + (11x + 1) = 121.

22x + 11 = 121

22x = 110

x = 5, so the original number is 11(5) + 10 = 65.








Exercise 9.2


In each problem, let the number you want to find be x.


	If you add 4 times a number to 12, the answer is –8. Find the number.


	If you add 3 consecutive multiples of 5, the total is 75. Let the first number be x. Find the numbers.


	If 19 is added to a number and the result is divided by 2, the answer is 20. What is the number?


	Marie thinks of a number. She doubles the number and adds 8. She then multiplies the result by 3 and subtracts 5 from that answer. Her final answer is 49. Find the number she thought of originally.


	A number consists of 2 digits. The units digit is x and the tens digit is 3 times the units digit.


	Write down the number in terms of x.


	The digits are swopped. Write down the new number in terms of x.


	The new number is 36 less than the original one. Find the original number.










More dif?cult problems


To solve more challenging problems it is often helpful to organise the information in a table or draw a picture.



Remember


Check your answers if you can. For example, in Worked example 1 the perimeters are 24 and 36, so x = 6 is correct.




Worked examples



	Each side of a square is increased by half of its own length to form a larger square. The difference between the perimeters of the two squares is 12 cm. Find the length of the side of the smaller square.


	Peter departs from Phalaborwa to Durban at exactly the same time that Lungani departs from Durban to Phalaborwa. Peter drives at an average speed of 100 km/h and Lungani drives at an average speed of 110 km/h. Durban and Phalaborwa are 840 km apart. They pass each other after x hours.


	Copy and complete the table:




	
	Time
	Speed
	Distance





	Peter
	x
	 
	 



	Lungani
	x
	 
	 






	Set up an equation and determine after how long they pass each other.









Remember


distance = speed × time




Solutions



	Draw sketches like these:



The perimeters are 4x and 4(x+12x).4(x+12x)−4x=124x+2x−4x=122x=12x=6.The smaller square has a side length of 6 cm.





	2.1




	
	Time
	Speed
	Distance





	Peter
	x
	100
	100x



	Lungani
	x
	110
	110x






	2.2 After x hours, when they meet, Peter has travelled 100x km and Lungani has travelled 110x km.

100x + 110x = 840 (total distance)

210x = 840

x = 4 They meet after 4 hours.








Remember


area = length × breadth

volume = length × breadth × height




Exercise 9.3



	Emily is constructing the framework of a box kite. She will join together 12 pieces of dowelling (wooden rods), as shown, and then stretch paper over the framework. The ends of the box are squares with side lengths of x cm. The length of the structure is 50 cm more than the side lengths of the square ends. Altogether Emily needs 560 cm of dowelling.




	Write an equation for the total length of the 12 pieces of dowelling and then solve the equation.


	Work out the volume of the box kite and the area of paper needed to cover it. (Work out the area of each section and add them up.)





	Sizwe takes a bag containing thirty R5 and R2 coins to the bank. In exchange, the bank gives him back R90 in paper money. Calculate how many R5 coins and how many R2 coins he had. (Let there be x R2 coins.)


	Palesa is 25 years younger than her father. Ten years from now her father will be twice her age.


	Copy and complete the table in terms of x if Palesa is now x years old.




	
	Now
	10 years’ time





	Palesa
	 
	 



	Father
	 
	 






	Write an equation and work out Palesa’s present age.





	A bus from the Express Bus Service departs at 08:00 and travels at an average speed of 80 km/h. A Kwik Transport bus departs at 08:30 from the same place and travels at an average speed of 90 km/h. After x hours, the Kwik Transport bus overtakes the Express bus.


	Copy and complete the table:




	
	Time travelled
	Speed
	Distance





	Express
	 
	 
	 



	Kwik Transport
	 
	 
	 






	At what time does the Kwik Transport bus overtake the Express bus?













Unit 2 Different methods of solving equations


It is important to note the following:




	If a fraction equals 0, then the numerator must be equal to zero.











	If a denominator contains the variable you are solving, the denominator cannot be zero, as the solution will be undefined.











	If the left-hand side (LHS) of an equation is always equal to the right-hand side (RHS), then the equation is called an identity. For example, 2(x + 3) = 2x + 6 is an identity. If you try to solve it as an equation you will get 0 = 0.











	It is possible for an equation to have no solution. For example, x2=−9 has no solution.











	Some equations have more than one possible solution. For example, +3 and –3 are both solutions of the equation x2=9.










Remember


ℝ is all the real numbers.




Worked examples


Solve x in each of the following:


	2(x + 3) = 2x + 6


	2(x + 3) = 2x + 8


	x−4x−4=1


	2x+4x+3=0


	(x-3)2=25






Solutions



	2(x + 3) = 2x + 6

2x + 6 = 2x + 6 | This is an identity. Any number will make the statement true.

Answer: x ∈ ℝ (x is any real number)


	2(x + 3) = 2x + 8

2x + 6 = 2x + 8 | No number can make this statement true. (It implies that 6 = 8.)

Answer: No solution.


	x−4x−4=1| This statement is always true, except when the denominator is 0.Answer:x∈R; x≠4


	2x+4x+3=0| This statement is true when the numerator = 0 (as long as the denominator is not also 0).

2x + 4 = 0

2x = –4

∴ x = –2


	(x−3)2 = 25| There are two solutions because 52 = 25 and (−5)2 = 25.(x−3) = 5 or (x−3) = −5x = 8 or  x = −2.









Solve equations by inspection


If you solve an equation by inspection it means that you use logic and the general mathematical properties.



Exercise 9.4


Solve the following equations by inspection:


	6 – x = 8


	8 – 4x = 12


	5x + 7 = –3


	8x – 20 = –4


	10 – 4x = 50


	3(x + 5) = 3x + 15


	5x + 10 = 5(x + 3)


	3x−2x+1=0


	2x+72x+7=1


	8x = 16x


	x2=49


	(x+2)2=64








Solve equations using flow diagrams


You studied flow diagrams in Topic 7. They can be used to solve sets of equations.



Worked example



	Find the missing input and output values for the flow diagram:




	Give your answers to Question 1 as a table of ordered pairs.






Solutions



	1.1 Put x = –4:

y = –2(–4) +3

y = 8 + 3 = 11


	1.2 Put x = –3:

y = –2(–3) + 3

y = 6 + 3 = 9


	1.3 Put x = –1:

y = –2(–1) + 3

y = 2 + 3 = 5


	1.4 Put y = 2:

2 = –2x + 3

–1 = –2x

x = 12


	1.5 Put y = –3:

–3 = –2x + 3

–6 = –2x

x = 3





	




	x
	–4
	–3
	–1
	12
	3



	y
	11
	9
	5
	2
	–3













Solve equations by using additive and multiplicative inverses


The two sides of an equation are equal. If you add or subtract the same number on each side of the equation, the two sides are still equal. If you multiply or divide both sides by the same number, they too are still equal to each other.



Remember


If you divide by a variable, make sure it cannot be 0.




Worked example



	Solve for a: 7 – 8a + 8 + 3a = 5a + 3 – 4a


	Test to see whether your answer is correct.






Solution



	

7−8a+8+3a=5a+3−4a15−5a=a + 3| Add the like terms.15−15−5a=a + 3− 15| Add the additive inverse of 15 to both sides.−5a−a=a−a−12| Add the additive inverse of a to both sides.−6a=−12∴a=2| Divide both sides by −6.


	LHS = 7 – 8(2) + 8 + 3(2) = 7 – 16 + 8 + 6 = 5

RHS = 5(2) + 3 – 4(2) = 10 + 3 – 8 = 5

LHS = RHS, so 2 is indeed the solution or the root of the equation.








Exercise 9.5



	Solve the following equations:


	5b + 3 = 2b + 6


	15b – 10 = 7b – 6


	7x + 10 = 5x + 4


	7x – 10 = 4 – 15x


	19x + 19 = 16x – 11


	4 – 2m = 5 – 3m





	Solve the given variable:


	7b – 8 = 5b – 3 + b + 4


	b + 4 – 3b = 2b + 7 – b


	8b – 4 + 4b + 11 = 16b + 12 – b – 20


	7b + 8 – 10b + 2 = 9b + 10 – 21b – 12


	7 – 3x = 5 + 4x + 11 – 16x


	3x + 4 + 10x – 17 = 14 – 23x + 16 – 7x


	5x + 7 + 4x + 11 + 3x = 24


	6x + 7 – 19 = 7x + 13 – 3x – 21





	Test all your answers to Question 1 to see whether they are correct.


	Find the missing input and output values for the rule in the flow diagram:




	Give your answers to Question 4 as a table of ordered pairs.








Solving more complicated equations


Show all your work, with each step underneath the previous one so that your calculations are easy to follow.



Worked examples


Solve the following equations:


	1 – (a + 3) + 2(2a – 1) = 3(3a – 4)


	3(x− 1)2−3(x− 1)(x+ 1)=x−15


	Check your answer for Question 2.






Solutions



	1−(a+3)+2(2a−1)=3(3a−4)1−a−3+4a−2=9a−123a−4=9a−123a−9a=−12+4| Add additive inverses to both sides.−6a=−8a=−8−6=43| Divide both sides by −6 and simplify.


	3(x−1)2−3(x−1)(x + 1)=x−153(x2−2x + 1)−3(x2−1)=x−153x2−6x + 3−3x2 + 3 = x−15−6x + 6 = x−15−6x−x = −15−6−7x = −21x = 3


	LHS = 3(3−1)2−3(3−1)(3 + 1) = 3(2)2−3(2)(4) = 3(4)−24 = 12−24 = −12 RHS = 3−15 = −12LHS = RHS, so 3 is the root of the equation.








Exercise 9.6


Solve the following equations:


	1.1 5(x – 3) = 3(x – 1)


	1.2 2(4 – x) – 3(x – 7) – 1 = 16x


	1.3 6(x – 1) – (3x + 11) + 7 = 0


	1.4 4(3 + x) – 3(3x – 5) = 6 – x – 2(3 – x)


	1.5 4(x – 3) – 3(3 – x) = 5(x + 2) – 9(8 – x) + 20


	1.6 12(2x−4)−(3−2x)=−14(4x−12)−(4−2x)+3x


	1.7 x(3x−1)−(3−x)=3x2−5x+2


	1.8 (2x+3)(x−4)+16=(x−1)(x+7)+x2


	1.9 (x−1)(x+1)+6x=(x+3)(2x−3)−x2


	1.10 (2x+ 1)2− (x+ 2)(x−4)=4x(x−3)−(x−5)2


	1.11 (2x−3)2− 2(x− 3)2=2x2−3(x− 3)


	1.12 25x2−9x2=16


	1.13 5x−23=1








Solve equations using exponential laws


Equations where the variable is an exponent are called exponential equations. In this unit you solve by inspection, but first you have to get the bases the same on both sides of the equation. Then you can equate the indices.



Worked examples


Solve the equations:


	5x=25


	3x+3=84


	32x =127


	2x−3 = 16


	2x =0,25


	8x = 32






Solutions



	5x = 255x = 52∴x = 2


	3x+3=843x=81|  First isolate the term with the exponent.3x=34| Express the RHS as a power of 3 to make the bases equal.∴x=4| Bases are equal, so equate exponents.


	32x=12732x=133| Express the RHS as a power of 3 (taking two steps).32x=3−3∴2x=−3| Bases are now equal, so equate exponents.x=−32


	2x−3=162x−3=24| Express the RHS as a power of 2.∴x−3=4x=7


	2x=0,252x=25100| Rewrite the decimal as a common fraction.2x=14| Express the RHS as a power of 2.2x=2−2∴x=−2


	8x=32(23)x=25| Express both sides as the same base raised to a power.∴3x=5x=53








Exercise 9.7


Solve the equations:


	2x=18


	3x= 27


	8x−2=1


	2−2x=164


	3x−2=127


	2x= 0.125


	43x= 64


	5x+1= 125


	5x= 0,04


	9x= 243


	5x=0,008


	16x+3= 128











Revision Test Topic 9




Know your basics



	Solve the following equations by inspection:


	1.1 x−1x−1=1


	1.2 x−13x−1=0


	1.3 8 – 6x = 20


	1.4 (x−3)2=36










Check your understanding



	Solve the following equations:


	2.1 6 – 3x = 2x + 21


	2.2 15x – 15 + 4x + 12 = 14 + 2x


	2.3 8(x – 3) – (6 – 2x) = 2(x + 2) – 5(5 – x)


	2.4 3(2x−1)2−(2x−1)(2x+1)=4(2x+1)(x−3)


	2.5 3−x=127


	2.6 2x= 0,125


	2.7 8x−2=16





	Irene thinks of a number. If she subtracts 3 times the number from 56, the answer is the same as the original number. Find the original number. [4]







Challenge yourself



	Ayanda takes a piece of string and ties knots in it. Each knot shortens the string by 0,5 cm. She writes 100 – 0,5x = 90.


	What was the original length of the string?


	What does 90 mean in the equation?


	Solve the equation and explain what your answer means. [6]





	Pieter travels a distance of 21 km to school, partly on foot and partly by bus. He walks at an average speed of 4 km/h to the bus stop and the bus travels at an average speed of 60 km/h. The bus ride takes five minutes longer than his walk. Calculate the time he takes to walk to the bus stop.


	Copy and complete the table.




	
	Speed
	Time
	Distance





	Walk
	4 km/h
	x hours
	 



	Bus
	60 km/h
	… hours
	 






	Set up an equation and calculate how long his whole journey takes (in minutes). [6]





	Solve the equation: 3(2x)−4=188 [4]




TOTAL: [55]







Term 2



























Topic 10 Constructions








Space and shape (Geometry)




Key concepts and skills



	Accurately construct geometric figures, using compasses, a ruler and a protractor.


	Bisect the angles of a triangle.


	Construct angles of 30°, 45° and 60° and their multiples without using a protractor.


	By construction, investigate the sum of the angles in a triangle, focusing on the relationship between the exterior angle of a triangle and its interior angles.


	By construction, explore the minimum conditions for two triangles to be congruent.


	By construction, investigate sides, angles and diagonals in quadrilaterals, focusing on the diagonals of rectangles, squares, parallelograms, rhombuses and kites.


	By construction, explore the sum of the interior angles of polygons.










Unit 1 Lines, angles, special angles and triangles


In this unit you will construct angles of 30°, 45°, 60° as well as multiples of these angles without using a protractor. You will also use constructions to investigate the properties of the following kinds of triangles:



equilateral triangles (all sides equal), isosceles triangles (two sides equal), scalene triangles (all sides different lengths), and right-angled triangles (one angle 90°).







Bisecting angles using compasses


The figure shows how to bisect a given angle. Bisecting an angle means dividing the angle into two equal parts. Discuss with your partner and make sure you know how to bisect an angle using a pair of compasses, a ruler and a pencil.



Bisect an angle



	Create an acute angle (not too small) as shown.


	Put the point of your compasses on the vertex T and draw two short arcs, cutting the arms of the angle at A and B as shown.


	Put the point of the compasses on intersection A and create another arc in the interior of the angle. Keep the compasses open the same amount and repeat this step with centre point B. These two new arcs should intersect. Connect this intersection point P with the vertex of the angle. TP bisects ∠STR.





	


	


	






Worked example



	


	Construct ΔNRS with NR = RS = NS = 50 mm.


	Measure the angles of ΔNRS with a protractor. What do you notice?


	Use compasses and a ruler to bisect ∠N. Draw angle bisector NP with P on RS.


	Measure and write down the size of ∠PNS.





	Describe how you could use a similar method to construct an angle of 45° without using a protractor.






Solutions



	1.1 See construction below.




	1.2 All angles are equal to 60°.


	1.3 Construction


	1.4 ∠PNS = 30°





	Construct and bisect a 90° angle.








Remember


Always draw a rough diagram before you do a construction. It will save time later.






Constructing 60°, 30° and 45° angles without a protractor




You can construct a 60° angle by constructing an equilateral triangle.







You can construct a 30° angle by bisecting a 60° angle, and a 45° angle by bisecting a 90° angle.







Remember


∠RSQ is called an exterior angle of ΔPSR.




Exercise 10.1



	


	Construct ΔDMP with ∠M = 90°, DM = 10,4 cm and MP = 7,6 cm.


	Use compasses and a ruler to bisect ∠M.


	Draw MT with ∠DMT=12∠M and T on DP.


	Measure and write down the size of ∠DMT.





	


	Construct ΔPQR with PQ = 8 cm and ∠P = ∠Q = 60°.


	Bisect ∠R and draw RS with ∠PRS=12∠R and S on PQ.


	Measure and write down the size of ∠PRS.


	Measure and write down the size of ∠RSQ.


	Compare ∠RSQ with the sum of ∠P and ∠PRS. What do you find?





	


	Draw AB = 5,3 cm and construct RB perpendicular to AB. Find point D on RB so that BD = AB. Join A and D.


	Measure and write down the size of ∠BAD.


	State, without measuring, the size of ∠ADB and give a reason for your answer.


	Bisect ∠ABD and draw BP with P on AD and ∠ABP=12∠ABD.


	Without measuring, write down the size of ∠APB. Give a reason for your answer.





	


	Construct ΔSTR with ST = SR = TR = 6,7 cm. Extend TR to P with RP = 6 cm.


	Bisect ∠SRP and draw RQ = 8 cm so that ∠QRP=12∠SRP.


	Write down, giving reasons, the sizes of ∠STR, ∠SRP and ∠QRP.


	Mark point M on RS so that RM = 3,5 cm.


	Draw MN perpendicular to RS with N on RQ.


	Without measuring, write down the size of ∠MNR, giving a reason for your answer.


	Measure the length of MN.











Constructing angles larger than 90°




Worked example


Use only compasses, a ruler and a pencil to construct an angle of 135°.



Solution


135° = 90° + 45°. Draw a line and mark point M near the middle.

With M as the centre, mark off points A and B as shown. Construct MN ⊥ AB.

Bisect ∠NMB.

Then ∠AMS = 90° + 45° = 135°.







Exercise 10.2



	Copy and fill in the missing values:

135° = 90° + …

225° = 180° + …

150° = 180° – …

120° = 90° + …

240° = 180° + …

300° = 360° – …


	Use only compasses, a ruler and a pencil to construct:


	an angle of 225°


	an angle of 150°


	an angle of 240°


	an angle of 210°.











Properties of triangles




Worked example



	Construct ΔABC with BC = 6 cm, and AC = AB = 9,9 cm.


	What type of triangle is this?


	Measure and write down the sizes of ∠C, ∠B and ∠A. What do you notice?


	Write the missing word: When two sides of a triangle are equal, the …… opposite those sides are also equal.






Solutions



	See drawing below (not drawn to scale).




	Isosceles


	72°; 72°; 36°. ∠B = ∠C


	angles








Exercise 10.3



	


	Construct ΔPQR with PQ = 7,6 cm and ∠P = ∠Q = 70°.


	Measure and write down the lengths of PR and QR. What do you notice?


	Write the missing word: When two angles of a triangle are equal, the ……… opposite those angles are also equal.


	What kind of triangle is ΔPQR?





	


	Construct ΔABM with AB = 7,8 cm, ∠ABM = 90° and BM = 5,9 cm.


	Measure the sizes of ∠A and ∠M.


	Calculate the value of AB2 + BM2.


	Measure AM and determine AM2.


	Compare your answers to Questions 2.3 and 2.4. What do you find?





	


	Construct ΔSTR with ST = 7,2 cm, TR = 9,6 cm and SR = 11,5 cm.


	What kind of triangle is ΔSTR?


	Measure the sizes of ∠S, ∠T and ∠R. What do you find?


	Write the missing word: The three angles of a ………. triangle are different in size.


	Write the missing word: The longest side of ΔSTR lies opposite the ……… angle.











Exterior angles of a triangle


If you extend one side of a triangle, the angle you create is called an exterior angle of the triangle.

In the figure ∠QRS is an exterior angle of ΔPQR. ∠P and ∠Q are called the interior opposite angles with respect to ∠QRS.





Worked example



	Construct ΔABC with AB = 6 cm, ABC = 80° and BC = 6 cm. Extend AB to D.


	Write down, giving reasons, the sizes of ∠ABD and ∠CBD.


	Measure and write down the sizes of ∠BAC and ∠BCA.


	Compare the size of ∠CBD with the sum of the sizes of ∠BAC and ∠BCA. What do you find?






Solutions



	(Not to scale)




	∠ABD = 180° (∠ABD is a straight angle); ∠CBD = 100° (subtract)


	∠BAC = 50°; ∠BCA = 50°


	∠CBD = ∠BAC + ∠BCA






The worked example demonstrates that the exterior angle of a triangle is equal to the sum of the two interior opposite angles.



Exercise 10.4



	


	Construct ΔABC with ∠A = 35°, AB = 9 cm and ∠B = 90°.


	Measure the sizes of ∠C, AC and BC.


	Calculate AB2 + BC2.


	Compare AB2 + BC2 with AC2. What do you find?





	


	Construct any ΔMNO and extend NO to P.


	Write down, giving reasons, the size of ∠NOP.


	Measure the sizes of ∠N, ∠M and ∠MOP.


	Calculate ∠N + ∠M.


	Compare your answer to Question 2.4 to the size of ∠MOP.


	Write the missing words: The ……… angle of a triangle is equal to the ……… of the interior ……… angles. 3.





	


	Construct equilateral ΔPQR with PQ = 8 cm.


	Measure ∠PRQ, ∠PQR and ∠RPQ.


	Write the missing word: The angles of an equilateral triangle are ………


	Draw RS perpendicular to PQ with S on PQ.


	Compare PS to SQ. What do you find?





	


	Construct ΔTRS with TR = 7 cm and TS = SR = 8,5 cm.


	What kind of triangle is ΔTRS?


	Measure ∠STR, ∠TRS and ∠TSR.


	Bisect ∠TSR and draw SN with N on TR so that ∠TSN=12∠TSR.


	Compare ∠TNS and ∠RNS. What do you find?


	Compare ΔTNS and ΔRNS. What do you find?











Minimum conditions for two triangles to be congruent


You learnt in Grades 7 and 8 that congruent figures have exactly the same shape and size.

To find out whether two triangles are congruent, you do not need to compare all the properties (sides and angles) of the triangles.

There are certain minimum conditions which are enough for two triangles to be congruent.



Remember


When you write the names of two congruent shapes, you must keep the letters for one shape in the same order as the letters for the other.




Worked example



	1.1 Construct ΔPQR with PQ = 8,4 cm, PR = 3,8 cm and RQ = 6,8 cm and ΔBCA with AB = 3,8 cm, AC = 6,8 cm and BC = 8,4 cm.


	1.2 Trace the two triangles in your workbook to find out whether they are congruent. What do you find?


	1.3 Compare the angles of ΔPQR and ΔBCA. What do you find?


	1.4 Copy the sentences into your workbook and fill in the missing words: When the sides of one triangle are equal to the sides of another triangle, the corresponding ……… of the triangles are also equal. ΔPQR is ……… to ΔBCA. They have the same ……… and size.






Solutions



	1.1 Draw PQ = 8,4 cm. Set your compasses on 3,8 cm and draw an arc using P as the centre. Then set your compasses to 6,8 cm and draw an arc using Q as the centre, to cross the first arc in R. Draw lines PR and QR.






	1.2 They are congruent.


	1.3 ∠P = ∠B; ∠Q = ∠C; ∠R = ∠A


	1.4 angles; congruent; shape








Remember


The order of the letters is important when stating congruency facts.




Exercise 10.5



	


	Construct ΔABC with AB = 7 cm, ∠A = 45° and ∠B = 35°.


	Construct ΔPQR with PQ = 7 cm, ∠Q = 35° and ∠P = 45°.


	Is ΔABC congruent to ΔPQR? Give a reason for your answer.





	


	Construct ΔPRS with PR = 60 mm, RS = 80 mm and ∠R = 90°.


	Construct ΔMTQ with ∠T = 90°, TQ = 80 mm and QM = 100 mm.


	Is ΔMTQ congruent to ΔPRS? Give a reason for your answer.





	


	Construct ΔMNS with MN = 68 mm, NS = 76 mm and MS = 52 mm.


	Construct ΔDEF with DF = 76 mm, EF = 52 mm and DE = 68 mm.


	Copy and complete: ΔDEF is congruent to Δ… Give a reason for your answer.





	


	Construct ΔDEG with ∠D = 70°, ∠E = 50° and DE = 86 mm.


	Construct ΔMST with ∠T = 60°, MT = 86 mm and ∠M = 70°.


	Is ΔMST congruent to ΔDEG? Give a reason for your answer.





	The figure (not to scale) shows ΔTRS with TR = 10 cm, ∠T = 28° and ∠S = 42°.




	Calculate and write down the size of ∠R.


	Construct ΔTRS to scale.


	Measure and write down the lengths of TS and RS.


	Construct ΔMPN with ∠M = 42°, MP = ST and ∠P = 28°.


	Is ΔMPN congruent to ΔSTR? Give a reason for your answer.





	


	Construct ΔPQR with PR = 8,6 cm, ∠P = 54° and PQ = 9,2 cm.


	Construct ΔSMT with ST = 9,2 cm, ∠T = 54° and SM = 8,6 cm.


	Measure and write down the length of TM and the size of ∠TSM.


	Are the triangles congruent? Give a reason for your answer.











Conclusions


When certain properties of two shapes are equal, their other properties will always be equal too. The work you have just done demonstrates that



two triangles are congruent if:


	The (three) sides of one are equal to the sides of the other (S,S,S) or


	Two sides and the angle they include (form) are equal (S,A,S) or


	Two angles and a corresponding side are equal (A,A,S) or


	A right angle, the hypotenuse and another side are equal (R,H,S).












Unit 2 Sides, angles and diagonals in quadrilaterals


What can you tell about the sides, angles and diagonals of the following quadrilaterals? How would you prove that the sum of the angles of each of these shapes is 360°? Work with a partner and revise these properties of these shapes.


[image: ]

square





[image: ]

rhombus





[image: ]

rectangle





[image: ]

parallelogram





[image: ]

kite




In this unit you will explore the sum of the interior angles of rectangles, pentagons and hexagons. You will also construct quadrilaterals and further investigate their sides, angles and diagonals.



Worked example



	Construct parallelogram ABCD with AB = 9 cm, ∠B = 65° and BC = 4,6 cm. Draw the diagonals of ABCD to intersect each other at S.


	Measure and compare the lengths of DS and BS and those of AS and CS. What do you find?


	Measure and compare the opposite angles of ABCD. What do you find?






Solutions



	


	DS = BS and AS = CS. The diagonals of the parallelogram are not equal, but they bisect each other.


	The opposite angles of the parallelogram are equal.








Remember


All 4 sides of a rhombus are equal.




Exercise 10.6



	


	Construct rhombus ABCD with AB = 6 cm and ∠ABC = 65°.


	Measure and compare ∠B and ∠D, and ∠A and ∠C. What do you find?


	Draw and measure each section of the diagonals of ABCD. What do you find?


	Measure the angles at the intersection of the diagonals. What do you find?





	


	Construct rectangle MNPQ with MN = 8 cm and NP = 6 cm.


	Measure and write down the sizes of the four angles.


	Draw and measure each section of the diagonals. What do you find?


	Measure the angles at the intersection of the diagonals. What do you find?





	Construct square ABCD with AB = 7 cm and repeat steps 2.3 and 2.4.


	


	Construct parallelogram PQRS with PQ = 10 cm, QR = 7 cm and ∠PQR = 130°.


	Draw and measure each section of the diagonals of PQRS. What do you find?


	Measure the angles created by the intersection of the diagonals. What do you find?


	Calculate the sum of ∠Q and ∠R, and that of ∠Q, ∠R, ∠S and ∠P.





	


	Draw AC = 8 cm and mark off point P with AP = 2 cm.


	Construct line BPD, which is perpendicular to AC at P with PB = PD = 2 cm.


	Draw AB, BC, CD and AD.


	Write down the name of shape ABCD.


	Measure and compare the sizes of ∠ACB and ∠ACD, and of ∠CAB and ∠CAD. What do you find?


	Does PB bisect ∠ABC?





	


	Construct your own triangle PQR, quadrilateral PQRS, and pentagon PQRST.


	Copy the table into your workbook.




	2D shape
	∠P
	∠Q
	∠R
	∠S
	∠T
	Sum of angles





	Triangle
	
	
	
	−
	−
	



	Quadrilateral
	
	
	
	
	−
	



	Pentagon
	
	
	
	
	
	






	Measure the angles of each shape, and complete the table.


	Predict the sum of the angles of a heptagon (7 sides), and an octagon (8 sides).


	Construct your own heptagon and octagon, and test your predictions.













Revision Test Topic 10




Know your basics



	The figure shows ΔPQR with PQ = QR, ∠Q = 90° and ∠PSQ = 60°.



Write down, giving reasons, the sizes of:


	∠PRQ


	∠QPS


	∠SPR


	∠PSR [8]










Check your understanding



	


	2.1 Construct ΔABC with AB = 11,5 cm, BC = 7,4 cm and AC = 8 cm.


	2.2 What kind of triangle is ΔABC?


	2.3 Measure ∠ABC, ∠BCA and ∠BAC.


	2.4 Fill in: The largest angle of ΔABC lies opposite the ……… side.


	2.5 Draw CD perpendicular to AB with D on AB.


	2.6 Measure the length of CD and calculate the area of ΔABC. [22]





	


	3.1 Construct ΔDEF with DE = 9,7 cm, ∠DEF = 90° and EF = 7,3 cm.


	3.2 Measure ∠EDF, ∠EFD and DF.


	3.3 Calculate DE2 + EF2.


	3.4 Compare DE2 + EF2 with DF2. What do you find? [19]





	Copy the table and tick off the quadrilaterals to complete the table. [10]




	Property of quadrilateral
	Parallelogram
	Rectangle
	Square
	Rhombus
	Kite





	All sides equal
	
	
	
	
	



	Opposite sides equal
	
	
	
	
	



	Opposite angles equal
	
	
	
	
	



	Diagonals perpendicular
	
	
	
	
	



	Diagonals bisect each other
	
	
	
	
	











Challenge yourself



	


	5.1 Construct ΔPQR with PR = 75 mm, ∠R = 72° and ∠P = 60°.


	5.2 Do a construction to find point S on the opposite side of PR to Q, with ∠PRS = 60° and RS = 96 mm.


	5.3 Determine whether ΔPRS is congruent to ΔPQR. Give a reason for your answer. [18]







TOTAL: [77]







Topic 11 Theorem of Pythagoras








Measurement




Key concepts and skills



	Use the Theorem of Pythagoras to calculate a missing length in a right-angled triangle, leaving irrational answers in surd form where necessary.


	Simplify surd forms.


	Use the Theorem of Pythagoras to solve problems involving unknown lengths in geometric figures that contain right-angled triangles.


	Determine whether a triangle is right-angled, acute-angled or obtuse-angled if the lengths of the three sides are known.










Unit 1 Calculate unknown sides of a triangle


You may remember from Grade 8 that the Theorem of Pythagoras is used to calculate the sides of right-angled triangles. The Theorem of Pythagoras states that the square on the hypotenuse of a right-angled triangle equals the sum of the squares on the other two sides.

This theorem can also be used to find out whether a given triangle is a right-angled triangle.







Draw your own right-angled triangle and construct squares on the sides. Cut out the two smaller squares and place the larger one on the square made from the hypotenuse. Cut the smaller square into little pieces and cover the blank space on the hypotenuse square. Can you cover the square on the hypotenuse with the two smaller squares? What do you find?



Worked example


The figure shows quadrilateral PQRS with ∠PQS = 90°, ∠QSR = 90°, PS = 17,9 cm, PQ = 15,3 cm and QR = 10,19 cm.




	Write down the relationship between PS, PQ and QS.


	Calculate the length of QS.


	Calculate the length of SR.


	Calculate the area of quadrilateral PQRS.






Solutions



	PS2 = PQ2 + QS2


	PS2 = PQ2 + QS2

17,92=15,32+QS2QS2=17,92−15,32QS=17,92−15,32=9,29cm


	QR2 = SR2 + QS2

10,192=SR2+9,292 | QS found in Question 2.SR2=10,192−9,292SR=17,532=4,19 cm



Remember


Area of a trapezium = 12 (sum of parallel sides × height)



	Area=12(PQ+SR)×QS= 0,5(15,3+4,19)× 9,29= 90,53 cm2| PQRS is a trapezium (PQ || SR).| SR found in Question 3.








Exercise 11.1


Give answers correct to 2 decimal places where applicable.


	The figure shows a flagpole AB, which is 4,8 m high, and anchor point C with AC = 2,1 m.



Calculate the length of the stay wire BC that will keep the pole vertical.


	The figure shows lines A = 8 cm, B = 5 cm, C = 10 cm, D = 4 cm, E = 6 cm and F = 3 cm.




	How many right-angled triangles can you form with these lines? Which lines will you use for each triangle?


	Draw rough sketches of your triangles, showing the lengths of the sides.





	The figure shows trapezium DEFG with EF || DG, EF = 6,4 m, DF = 8,5 m and DG = 9,7 m.




	Calculate the length of ED.


	Calculate the area of trapezium DEFG.





	Draw a rough sketch of ΔPQR with PQ = 38 cm, QR = 23,4 cm and ∠R = 90°.


	Calculate the length of PR.


	Calculate the perimeter of ΔPQR.


	Calculate the area of ΔPQR.





	The figure shows ΔABC with ∠C = 90°, AB = 13 cm and BC = 5 cm. CD is perpendicular to AB and CD = 4,6 cm.




	Calculate the lengths of AC and AD.


	Calculate the area of ΔADC.






Remember


A figure is regular if all its sides and angles are equal.



	The figure shows regular pentagon PQRST with its vertices on circle M. The radius of the circle is 5 cm, PQ = 4 cm and MN ⊥ PQ.



Calculate:


	the lengths of MN and SN


	the area of ΔPMQ


	the area of pentagon PQRST


	the size of ∠NMQ.






Remember


The symbol ⊥ means “is perpendicular to”.



	The figure shows a regular hexagon with AB = 5 cm.

AD is perpendicular to BC.




	What is the size of ∠BAC?


	Write down the length of BC, giving a reason for your answer.


	Calculate the length of AD.


	Calculate the perimeter and the area of the hexagon.


	AD is extended to cut the circle at S. Write down the length of DS and calculate the length of SC (a challenge for you).










Leaving answers in surd form


When you round off the square root of a number, the answer is not exact. For example, if a length is 37, the rounded answer of 6,08 cm (correct to 2 decimal places) is slightly smaller than the actual length of the side.



Where exact answers are needed you can leave numbers in surd (square root) form.





Sometimes surds can be simplified. For example, 20 is the same as 25.



To simplify a surd you first need to write the original number as the product of its prime factors.





In Topic 1 you factorised large numbers into prime factors. The worked example below shows other ways of setting this out.



Remember


Write 3×5as35. Leave out the multiplication sign.




Remember


a×a= a For example, 5×5=5




Worked example



	Simplify 90,72and60, leaving your answers in surd form.


	The figure shows ΔABC with ∠C = 90°, AB = 14 cm and AC = 7 cm. Calculate the length of BC and the area of ΔABC in simplified surd form.








Solutions



	90 using Method 1




	
	|Make a “tree” by splitting into factors, one step at a time.





So 90=3×3×2×5=310

72 using Method 2 (see Topic 1)



So72=23×32= 22×2×32=2×3×2=62

60 using Method 3

60=6×10 =3×2×2×5  | Factorise under the square root sign by inspection until you have only primes=2×3×5=215


	BC=142−72=147



SoBC=147=3×7×7=73 cmArea=12(7)(73)=4932 cm2








Exercise 11.2



	The figure shows ΔPQR with ∠Q = 90°, PQ = 14 cm and PR = 18 cm.



Find, in simplified surd form, the length of RQ and the area of ΔPQR.


	The figure shows ΔDEF with ∠F = 90°, DE = 24 cm and EF = 16 cm.



Find, in simplified surd form, the length of DF and the area of ΔDEF.


	The figure shows ΔTRS with ∠R = 90°, TR = 18 cm and RS = 27 cm.



Find the length of TS (in simplified surd form) and the area of ΔTRS.









Unit 2 Identify right-angled triangles


When the three sides of a triangle are all known, you can compare the squares on the sides to find out whether it is a right-angled triangle. If the sum of the squares on the two shorter sides is equal to the square on the longest side, the triangle is a right-angled triangle.



Worked example


The figure shows ΔABC with AB = 17 cm, BC = 8 cm and AC = 15 cm. Prove that ΔABC is a right-angled triangle.





Solution


AB2 = 172 = 289 cm2

AC2 + BC2 = 225 + 64= 289 cm2

AB2 = AC2 + BC2, so ΔABC is a right-angled triangle.





Exercise 11.3



	The figure shows ΔSTP with ST = 23,5 cm, TP = 14,1 cm and SP = 18,8 cm.




	Prove that ΔSTP is a right-angled triangle.


	Calculate the area of ΔSTP.





	The figure shows ΔMNO with MN = 48,1 m, NO = 18,5 mm and MO = 44,4 m.



Prove that ΔMNO is a right-angled triangle.


	The figure shows ΔPQR with PQ = 29,9 cm, QR = 27,6 cm and PR = 11,5 cm.




	Prove that ΔPQR is a right-angled triangle.


	Calculate the perimeter and the area of ΔPQR.





	Some children accidentally kicked a ball onto the roof of a house and want to get the ball back. They find a ladder that is 512 metres long, but there is a flower bed next to the house, so they cannot put the foot of the ladder closer than 2 metres from the house. The side of the house is 5 metres high (and the house forms a 90° angle with the ground). Determine whether the ladder will reach the roof of the house.









Using the Pythagorean Theorem with other triangles


The Pythagorean Theorem can also be used to determine whether a triangle is acute or obtuse. If the sum of the squares of the two smaller sides is less than the square of the longest side, then the triangle is an obtuse triangle. If the sum of the squares of the two smaller sides is greater than the square of the longest side, then the triangle is an acute triangle.






	If c2 = a2 + b2, then the triangle is right-angled.











	If c2<a2 + b2, then the triangle is acute-angled.











	If c2>a2 + b2, then the triangle is obtuse-angled.










Worked example



	The figure shows quadrilateral ABCD with AB = 4,56 m and AD = 7,8 m. Diagonals AC and BD intersect in point E.



Calculate the lengths of BD for which:


	∠BAD = 90°


	∠BAD > 90°


	∠BAD < 90°.









Solution



	1.1 If ∠BAD = 90°, 0BD2 = 4,562 + 7,82 = 81,6336∴BD = 9,04 cm

∴ BD = 9,04 cm


	1.2 If ∠BAD is obtuse, then BD > 9,04 cm.


	1.3 If ∠BAD is acute, then BD < 9,04 cm.








Exercise 11.4



	In the figure, quadrilateral ABCD has AB = 2,9 cm, BC = 3,3 cm, CD = 3,9 cm, AD = 4,1 cm and diagonal BD = 5,1 cm.



Determine, by calculation, whether angles A and C are greater or smaller than 90°.


	ΔPQR is isosceles, with PQ = PR = 6 cm. Make a rough sketch of the triangle and determine the lengths of QR for which ∠P will be obtuse. Give your answer correct to 2 decimal places and also in simplified surd form.








More working with numbers in surd form


In cases where the lengths of sides of triangles are irrational numbers, such as the square root of 2 (1,414213562…), it is better to work with numbers in surd form and to leave answers in surd form. If you round numbers off it is not always possible to prove that the square of one side of a triangle is exactly equal to the sum of the squares of the other two sides.

In the following exercise, simplify all surd answers.



Worked examples



	The figure shows ΔTSP with TS = 45 cm, SP=655 cm and TP= 35 cm. Determine whether ΔSTP is a right-angled triangle.




	Simplify 3(22+4)−12(5+8 2).






Solutions



	SP2=(655)2=36×55= 1980 cm2PT2=(35)2=9×5=45 cm2ST2=2025 cm21980+45=2025∴ΔSTP is a right-triangle.


	3(22+ 4)−12(5+82)=62+12−212−42=22+912








Note, for example, that 12 of 46=26. It is not 23. Like surds are treated in the same way as like terms: 56+26=76. It is not 712.







Exercise 11.5



	The figure shows ΔBCD with BC = 9 cm, CD = 7 cm and BD=42 cm.




	Prove that ΔBCD is a right-angled triangle.


	Calculate the area of ΔBCD. Leave the answer in surd form.





	The figure shows ΔTSP with TS = 48 cm, SP=655 cm and TP = 18 cm.




	Prove that ΔTSP is a right-angled triangle.


	Calculate the area of ΔTSP and leave the answer in surd form.





	The figure shows quadrilateral PQTS with ST = SP and diagonals PT and SQ intersecting in R.

PR = RT = 3 cm, RQ=410 cm and PQ = 13 cm.




	Prove that ΔPQR is a right-angled triangle.


	Prove, giving reasons, that PQTS is a kite.





	Simplify 4(2 3+12)+14(12−283)+12.


	Some Grade 9 learners are investigating the height of the electrical pole in front of their school. A 30 m rope that was left tied to the top of the pole reaches to 22 m from the base of the electrical pole when the rope is held tight. How high is the pole? Give your answer both in surd form and rounded off to the nearest tenth of a metre. In the figure, take SP as the pole and ST as the rope (and assume that the pole is at right angles to the ground).













Revision Test Topic 11




Know your basics



	The figure shows quadrilateral ABCD with ∠BAD = 90°, ∠BDC = 90°, BA = 11,4 m, AD = 15,2 m and BC = 23,75 m.




	Write down the relationship between AB, BD and AD.


	Calculate the lengths of BD and CD.


	Calculate the area of quadrilateral ABCD. [11]










Check your understanding



	The figure shows ΔABC with ∠C = 90°, AB = 14 cm and AC = 7 cm.



Calculate in surd form:


	2.1 the length of BC


	2.2 the perimeter of ΔABC


	2.3 the area of ΔABC. [6]





	The figure shows ΔXYZ with ∠X = 90°, XZ = 17,8 cm and YZ = 28,4 cm.



Calculate correct to 2 decimal places:


	3.1 the length of XY


	3.2 the perimeter of XYZ


	3.3 the area of ΔXYZ. [6]










Challenge yourself



	The figure shows ΔPQR with ∠R = 90°. N is the midpoint of PR and MN || QR. PR=122 cm,QR=43 cmandPM=221 cm.




	4.1 Find the area of ΔPMN in surd form.


	4.2 Show that M is the midpoint of PQ. [10]







TOTAL: [33]







Topic 12 Two-dimensional (2D) shapes








Space and shape (Geometry)




Key concepts and skills



	Revise the properties and definitions of triangles in terms of their sides and angles, distinguishing between equilateral, isosceles and right-angled triangles.


	Revise and write clear definitions of quadrilaterals in terms of their sides, angles and diagonals, distinguishing between parallelograms, rectangles, squares, rhombuses, trapeziums and kites.


	Formalise the minimum conditions for congruent and similar triangles (as established through investigation in Topic 10).


	Solve geometric problems involving unknown sides and angles in triangles and quadrilaterals, using known properties of triangles and quadrilaterals, as well as the properties of congruent and similar triangles.










Unit 1 Triangles


Triangles are classified according to their sides and angles. Equilateral triangles have three equal angles and three equal sides. Isosceles triangles have two sides that are equal, and the angles opposite those sides are equal. Scalene triangles have no sides or angles that are equal. Equal angles and sides are indicated in the diagrams shown below.



Classification of triangles according to sides


You learnt in Grades 7 and 8 that equilateral and isosceles triangles are defined by relationships between the lengths of their sides. Their angles can also be used to define them, as shown in the table.





Remember


“Equilateral” means “with equal sides”.




Worked example


ΔPQR is an isosceles triangle with QP = QR and PR = 18 cm. The perimeter of ΔPQR is 48 cm. Calculate the length of PQ.





Solution


PQ + QR = 48 – 18 = 30 cm

But PQ = QR

∴PQ=12(30)=15 cm






Classification of triangles according to angles


Sometimes we describe triangles by their angles, as shown in the table.



You learned in Grade 8 that the sum of the angles of a triangle is 180°. You can show this by drawing any triangle, measuring the angles of the triangle and finding their sum.

Another way is to draw a triangle and cut off each corner, then arrange the angles as shown in the figure. Can you see that the three angles together form a straight angle? A straight angle is 180°, so the three angles of the triangle add up to 180°.



When two angles of a triangle are given, you can calculate the third angle.



Worked example



	In ΔDEF, ∠D = 56° and ∠E = 68°.




	Calculate the size ∠F.


	What kind of triangle is ΔDEF according to its angles?


	What kind of triangle is ΔDEF according to its sides?





	Is it possible to construct a triangle with two obtuse angles?






Solutions



	1.1 ∠F = 180° – (56° + 68°) = 56°


	1.2 Acute-angled triangle


	1.3 Isosceles triangle





	No, because the sum of its angles would be more than 180°.








Exercise 12.1



	Write down two properties for each kind of triangle:


	equilateral triangle


	isosceles triangle


	right-angled triangle


	obtuse-angled triangle





	Classify each of the triangles according to its angles and also its sides.


	


	


	


	





	In ΔSTR, ∠T = 48° and ∠R = 73°.




	Calculate the size of ∠S.


	Classify ΔSTR according to its angles and also its sides.





	In ΔPQR, side PR is extended to S.




	Copy and complete:

∠P + ∠Q + ∠PRQ = … (reason: ………)


	Copy and complete:

∠P + ∠Q = … (reason: ………)






Remember


An exterior angle of a triangle is equal to the sum of the interior opposite angles.



	Construct any ΔABC with AB = AC.


	What kind of triangle is ΔABC?


	Measure (with a protractor) and compare the sizes of ∠B and ∠C. What do you find?


	Copy and complete: When two sides of a triangle are equal, the angles opposite those two sides are ………





	Construct any ΔPQR with PQ = QR = PR.


	What kind of triangle is ΔPQR?


	Measure and compare the sizes of ∠P, ∠Q and ∠R. What do you find?


	Copy and complete: When the three sides of a triangle are equal in length, the angles of the triangle are ………





	In ΔRDA, ∠R = x°, ∠D = 2x° and ∠A = 36°.




	Calculate the value of x.


	Calculate the size of ∠D.


	What kind of triangle is ΔRDA?












Unit 2 Quadrilaterals


A quadrilateral is a two-dimensional (2D) shape with four sides and four vertices. In this unit you will revise the properties of the following quadrilaterals: parallelogram, rectangle, square, rhombus, trapezium and kite.

You will also use the properties of quadrilaterals to write definitions of quadrilaterals.



Properties of quadrilaterals




Rectangles, squares and rhombuses are special kinds of parallelograms. Their opposite sides are parallel (as in a parallelogram), but they also have other special properties.



A rhombus is a special kind of parallelogram, because it is a parallelogram that has all its sides equal.







Rectangles and squares are special kinds of parallelograms, because they are parallelograms that have all their angles right angles.







A square is also a special kind of rectangle, because it is a rectangle that has all its sides equal, and it is a special kind of rhombus, because it is a rhombus that has all its angles right angles.










Definitions of quadrilaterals


Below is a table with descriptions of six special quadrilaterals in terms of their properties, including sides, angles and diagonals.








Diagonals of quadrilaterals


A diagonal of a quadrilateral is a line joining two opposite vertices.

The table shows similarities and differences between the diagonals of different quadrilaterals.





Remember


Intersect means cut. Bisect means cut into halves.




Worked example


The figure shows kite PQRS with diagonals PR and QS intersecting at T.



Write down four properties of the kite and its diagonals.



Solution


PQ = PS; RQ = RS; QT = TS and QS ⊥ PR.





Exercise 12.2



	


	Construct any rectangle ABCD and draw diagonals AC and BD to intersect at E.


	Measure and compare the sizes of ∠ABC and ∠ADC. What do you find?


	Measure and compare the sizes of ∠ABC and ∠BCD. What do you find?


	Measure and compare the sizes of ∠ADB and ∠DBC. What do you find?


	Measure and compare the lengths of BE and ED and those of AE and EC. What do you find?





	


	Construct any rhombus PQRS and draw diagonals PR and QS to intersect in T.


	Measure and compare the sizes of ∠PQR and ∠PSR. What do you find?


	Measure and compare the sizes of ∠PQR and ∠QRS. What do you find?


	Measure and compare the sizes of ∠PQS and ∠PSQ. What do you find?


	Measure and compare the lengths of PT and TR and those of QT and TS. What do you find?


	Measure ∠PTQ. What do you find?





	Look at the figures.









Copy this table into your workbook. Complete the table, using ✓ and  in the last three columns.




	Shape
	Name of shape
	Diagonals bisect each other
	Diagonals are perpendicular to each other
	Each diagonal bisects the whole area





	A
	
	
	
	



	B
	
	
	
	



	C
	
	
	
	



	D
	
	
	
	













Unit 3 Congruent and similar triangles




Properties of congruent triangles




Two triangles are congruent if they are the same in all respects. Their corresponding sides and angles are equal, so they have exactly the same shape and size.





If you cut out one of the triangles and place it over the other, they will match perfectly.

As you saw in Topic 10, it is not necessary to compare all the sides and angles of two triangles to find out whether they are congruent or not. In that topic you explored congruency and found that two triangles are congruent when any one of the following conditions is true:





Remember


If two angles of one triangle are equal to two angles of another triangle, then the third angles are also equal. Why?


In this unit you will identify congruent triangles, explain and give reasons why they are congruent and use congruency to solve problems.



The symbol ≡ means “is congruent to”.







Worked examples



	Prove that ΔABC in the diagram is congruent to ΔFDE.






	Give, with reasons, the length of DF and the size of ∠B.






Solutions



	In ΔABC and ΔDEF

(1) AC = EF (given: 9,4 cm)

(2) BC = DE (given: 3,6 cm)

(3) ∠C = ∠E (given: 105°)

∴ ΔABC ≡ ΔFDE (S,A,S)



Note: When you say “ΔABC ≡ ΔFDE” the order shows which sides and angles are equal. It would be wrong to say ΔABC ≡ ΔDEF.







If you see the statement ΔFGH ≡ ΔPQR, then you know that ∠F = ∠P, ∠G = ∠Q and ∠H = ∠R, and also that FG = PQ (side lengths), GH = QR and FH = PR.







So it is important to make congruency statements very carefully!







	DF=13,6 cm (ΔABC≡ΔFDE,so DF=AB ) ∠D=40°(3∠s of Δ)∴∠B=40°(ΔABC≡ΔFDE, so  ∠B=∠D)








Always write the names of congruent triangles in the order of matching angles.





If triangles share an angle or a side, that angle or side is common to both triangles. In the first figure, ∠A is common to ΔABC and ΔAQP. In the second figure, side MN is common to ΔSMN and ΔMTN.







Exercise 12.3



	The figure shows ΔABC with AB = 10,9 cm, BC = 2,9 cm and AC = 7,5 cm, and ΔPQR with PR = 10,9 cm, QR = 7,5 cm, PQ = 2,9 cm, ∠R = 40° and ∠Q = 84°.




	Prove that ΔABC ≡ ΔRPQ by copying and completing this proof:

In ΔABC and Δ …

(1) AB = … (given)

(2) BC = … (………)

(3) AC = … (………)

∴ ΔABC ≡ Δ… (….)


	Copy and complete to calculate the size of ∠B:

∠P=180°−(84°+…°)=…°∠B=∠… (ΔABC≡Δ…)∴∠B=…°





	The figure shows ΔRST with RS = 16,9 cm, RT = 6,5 cm and ∠T = 90°, and ΔMND with MD = 16,9 cm, ND = 6,5 cm and ∠N = 90°.




	Prove that ΔRST ≡ ΔDMN.


	Show that TS = 15,6 cm.


	Give, with reasons, the length of MN and the size of ∠M.





	In ΔTRS and ΔPMA, ∠T = ∠A, ∠S = ∠M, RS = PM = 135 mm and TS = 72 mm.




	Prove that ΔTRS ≡ ΔAPM.


	Give, with a reason, the length of AM.





	Look at Figures 1, 2 and 3 and answer the questions below.
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Figure 1
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Figure 2
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Figure 3





	In Figure 1, AB = BC and BD ⊥ AC.

Prove that ΔABD ≡ ΔCBD, and that AD = DC.


	In Figure 2, PQ = QR and PS = SR.

Prove that ΔPQS ≡ ΔRQS, and that ∠PQS = ∠RQS.


	In Figure 3, ∠E = ∠S and ∠EDF = ∠SFD.

Prove that ΔDEF ≡ ΔFSD, and that EF = SD.











Similar triangles




Two triangles are similar if they have the same shape but differ in size. Corresponding angles of similar triangles are equal and the ratios between corresponding sides are equal.







The symbol ||| means “is similar to”.





Do not confuse it with the symbol ||, which means “is parallel to”.



When the ratios between corresponding sides of a triangle are equal, we say the sides of the triangles are “in proportion”.







Worked example


The diagrams below show ΔABC and ΔDEF with ∠A = ∠D and ∠B = ∠E. AB = 8 cm, BC = 6 cm, AC = 10 cm, DE = 12 cm, EF = 9 cm and DF = 15 cm.




	Measure the sizes of ∠C and ∠F. What do you find?


	Write down and simplify the ratios of the lengths of the three pairs of corresponding sides.


	Compare the ratios in Question 2. What do you find?


	Are the two triangles similar? Give a reason for your answer.






Solutions



	∠C = ∠F


	ABDE=812=23; BCEF=69=23; ACDF=1015=23.


	The ratios are equal, so the sides of the triangles are in proportion.


	ΔABC ||| ΔDEF (corresponding sides are in proportion OR corresponding angles are equal)








Remember


Make a rough diagram before you do your accurate construction.




Exercise 12.4



	


	Construct ΔABC with AC = 10 cm, ∠A = 60° and ∠C = 70°, and ΔDEF with DF = 8 cm, ∠D = 60° and ∠F = 70°.


	What can you tell about the sizes of ∠B and ∠E? Give a reason.


	Measure where necessary and express the ratios DFAC,DEAB and EFBC as common fractions.


	Convert the ratios in Question 1.3 to decimal fractions. What do you find?


	Copy and complete: When the angles of two triangles are equal, the ratios of the corresponding …… of the triangles are …… 2.





	


	Construct ΔPQR with PR = 9 cm, PQ = 6 cm and QR = 7,2 cm.


	Construct ΔSTD with SD = 12 cm, ST = 8 cm and TD = 9,6 cm.


	Measure and compare the sizes of ∠P and ∠S, of ∠Q and ∠T, and of ∠R and ∠D. What do you find?


	Copy and complete: When the ratios between corresponding sides of two triangles are equal, the corresponding …… of the triangles are ……











Conclusion




Two triangles are similar if one of the following conditions is true:


	The angles of one triangle are equal to the angles of the other triangle.


	The ratios of the corresponding sides of the two triangles are equal.






Remember


If two angles of one triangle are equal to two angles of another triangle, then the third angles must be equal as well.




Worked example


In ΔPQR and ΔSTM, ∠P = ∠S, ∠Q = ∠T, PQ = 6 cm, PR = 12 cm and ST = 8 cm.




	Compare ∠R and ∠M. Give a reason for your answer.


	Calculate the length of SM.






Solutions



	∠R = ∠M (sum of ∠s = 180°; ∠P = ∠S, ∠Q = ∠T)


	In ΔPQR and ΔSTM | First prove that the triangles are similar.

(1) ∠P = ∠S (given)

(2) ∠Q = ∠T (given)

(3) ∠R = ∠M (proved in Question 1.)

∴Δ PQR ||| ΔSTM (all ∠s equal)∴SMPR=TSQP (Corresponding sides in proportion)∴SM12=86∴SM = 86×12=16 cm








Exercise 12.5



	In ΔKLM and ΔPNO, ∠K = ∠P, ∠L = ∠N, KL = 15 cm, KM = 12 cm, NO = 7,2 cm and NP = 12 cm.




	Copy and complete the following to prove that ΔKLM ||| ΔPNO:

In ΔKLM and Δ …

(1) ∠K = … (given)

(2) ∠L = … (………)

(3) ∠M = … (sum of ∠s = 180°)

∴ ΔKLM ||| Δ … (∠s equal)


	Copy and complete to calculate the lengths of OP and LM:

OPKM=NP…(ΔKLM ||| Δ …)OP=12×…15=… cmLMNO=…NPLM=7,2×…12=… cm





	In ΔABC, ∠A = 48°, AB = 8 cm, BC = 7,5 cm and AC = 10 cm. In ΔTRS, ∠T = 52°, RT = 6 cm, TS = 4,5 cm and RS = 4,8 cm.




	Prove that ΔABC ||| ΔRST.


	Find, giving reasons, the sizes of ∠R and ∠S.





	In ΔPQR, PQ = 7,5 cm, QR = 6,4 cm, ∠P = 50° and ∠R = 60°. In ΔTSM, TM = 4,8 cm, SM = 4,5 cm, ∠S = 70° and ∠T = 60°.




	Write down the size of ∠M. Give a reason.


	Prove that ΔPQR ||| ΔMST.


	Calculate the lengths of PR and ST.












Unit 4 Problem solving


Read the questions carefully when you are solving problems. Take note of what information is given and what you are expected to do. Make a rough sketch and mark known angle sizes and line lengths.



Remember


The symbol || means “is parallel to”.




Worked example


In the figure, PQ || RS. PS and RQ cut at M. RM = 56 mm, SM = 42 mm, RS = 70 mm and MQ = 72 mm.




	Prove that ΔPQM ||| ΔSRM.


	Calculate the lengths of PM and PQ.






Solution



	In ΔPQM and ΔSRM

(1) ∠RSM = ∠MPQ (PQ || RS, alternate ∠s)

(2) ∠RMS = ∠PMQ (vertically opposite ∠s)

∴ ΔPQM ||| ΔSRM (2 pairs of ∠s equal)


	PMSM=QMRM(ΔPQM ||| ΔSRM)PM42=7256∴PM=42×7256=54 mmPQRS=QMRM(ΔPQM ||| ΔSRM)PQ70=7256∴PQ=70×7256=90 mm








Exercise 12.6



	Look at the figures and write down (giving reasons) the sizes of all the missing angles.


[image: ]

Figure 1
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Figure 2
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Figure 3
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Figure 4





	In ΔPQR, PR = 25,2 m and PQ = QR. The area of ΔPQR is 211,68 m2.




	2.1 Calculate the height of the triangle.


	2.2 Calculate the perimeter of ΔPQR.





	The figure shows parallelogram ABCD with BC = 10 cm, DC = 6 cm, ∠BCA = 22° and ∠ADC = 120°. E is a point on AD with BE = AB.



Calculate, giving reasons, the sizes of:


	∠DAC


	∠BAD


	∠BEA


	∠BED


	∠ACD





	The figure shows trapezium PQRS with QR || PS, ∠QRS = 94°, ∠RQS = RSQ = x° and ∠PQS = 2x°.



Calculate, giving reasons:


	the value of x


	the size of ∠QSP


	the size of ∠QPS.





	In the figure, AB is parallel to CD. CB and AD intersect each other in E. AB = 60 mm,



AE = 48 mm, CE = 56 mm and CD = 80 mm.


	Prove that ΔAEB ||| ΔDEC.


	Calculate the lengths of BE and DE.


	Calculate the perimeter of ΔDEC.





	In the figure, NE = EO and ∠NPM = ∠OMP.




	Compare the lengths of ME and PE. What do you find? Give a reason.


	Prove that ΔMEN ≡ ΔPEO.


	Prove that MN = OP.





	In ΔABC, ∠B = 52°, ∠A = 89°, AB = 36 mm and BC = 56 mm. In ΔKED, ∠D = 52°, ∠K = 89°, DK = 27 mm and EK = 33 mm.




	Prove that ΔABC ||| ΔKDE.


	Calculate the lengths of AC and DE.


	Calculate the perimeter of ΔABC.













Revision Test Topic 12




Know your basics



	In ΔABC, ∠A = 45°, ∠B = 38° and ∠ACB = x°.



Calculate the following and give reasons for your answers:


	the value of x


	the size of ∠BCD. [4]










Check your understanding



	The figure shows ΔTRS with RT = RS = 33,8 cm and perimeter 93,6 cm.



Calculate, using a calculator:


	2.1 the length of TS


	2.2 the area of ΔTRS. [7]





	In ΔPQT and ΔSTR, ∠Q = ∠T = 90°, ∠PTQ = ∠SRT = 60°, PQ = 52 mm, SR = 65 mm and QT = RT = 39 mm.




	3.1 Prove that ΔPQT ≡ ΔSTR. [4]


	3.2 Find, giving reasons, the lengths of PT, TS and PS, and the size of ∠RST. [8]





	Write down the names of all the quadrilaterals with the following properties:


	4.1 both pairs of opposite sides parallel


	4.2 diagonals perpendicular but not bisecting each other


	4.3 all sides equal in length. [8]










Challenge yourself



	ABCD is a parallelogram with height (measured from AD) of 8 cm and AD = 14 cm.


	5.1 Draw a rough sketch of parallelogram ABCD.


	5.2 Calculate the area of parallelogram ABCD.


	5.3 What shape will give the minimum perimeter for parallelogram ABCD?


	5.4 Calculate the smallest possible perimeter of ABCD.


	5.5 Calculate the length of AB if the perimeter of ABCD is 328 cm. [9]







TOTAL: [40]







Topic 13 Straight lines








Space and shape (Geometry)




Key concepts and skills



	Revise and write clear descriptions of the relationships between angles formed by intersecting lines, perpendicular lines and parallel lines cut by a transversal.


	Solve geometric problems using the relationships between pairs of angles as described above, including the properties of triangles and quadrilaterals, similar and congruent triangles, and the Theorem of Pythagoras.










Unit 1 Angle relationships


In this unit you will revise angles formed by intersecting lines, perpendicular lines, lines meeting at a point and parallel lines cut by a transversal.

In Grades 7 and 8 you identified the kinds of angles shown in the table.





You learnt that perpendicular lines form right angles with each other, that a straight angle is 180°, that a revolution is 360°, and that vertically opposite angles are equal.







Where two lines intersect, both pairs of vertically opposite angles are equal, and the four pairs of adjacent angles are supplementary (add up to 180°).





The table shows some of the ways that lines can meet.





Worked example


In the figure, line CD meets line AB at point D, with ∠ADC = 145°.



Write number sentences and find the sizes of ∠BDC, reflex ∠ADC and reflex ∠BDC.



Solutions


∠BDC = 180° – 145° = 35°

reflex ∠ADC = 360° – 145° = 215°

reflex ∠BDC = 360° – 35° = 325°





Remember


A reflex angle is greater than 180° and smaller than 360°.




Remember


Complementary angles add up to 90°. Supplementary angles add up to 180°.




Exercise 13.1



	In the figure, line AB meets line PQ at point B, with ∠ABQ = 80°.



Create number sentences and calculate the sizes of ∠PBA, reflex ∠ABQ and reflex ∠PBA.


	In the figure, line AB is perpendicular to line BC and ∠DBC = 25°.



Write number sentences and calculate the sizes of ∠ABD and reflex ∠ABD.


	In the figure, line MN intersects line OP at R, and ∠MRP = 110°.



Calculate, giving reasons, the sizes of ∠ORN, ∠MRO and ∠PRN.


	In the figure, line PT is perpendicular to line SR and ∠PTQ = 55°.



Calculate, giving reasons, the sizes of ∠QTR, ∠QTS and reflex ∠QTS.


	In the figure, lines QR, SR and PR meet at point R with ∠QRS = 70° and ∠PRS = 135°.



Calculate, giving reasons, the sizes of obtuse ∠QRP, reflex ∠SRQ and reflex ∠QRP.







Parallel lines cut by a transversal


When two or more parallel lines are cut by a transversal, different pairs of angles are equal. The pairs of angles are named according to their position as corresponding angles, alternate angles and co-interior angles.

In the figure PQ || RS and AB cuts PQ at M and RS at E.



Remember


Use the FUN rule! Corresponding angles make an F. Co-interior angles make a U. Alternate angles make an N.






Corresponding angles are equal:





∠PMA = ∠REM and ∠AMQ = ∠MES

∠PME = ∠REB and ∠QME = ∠SEB





Co-interior angles together make 180°:





∠PME + ∠MER = 180°

and ∠QME + ∠MES = 180°.





Alternate angles are equal:





∠QME = ∠MER and ∠PME = ∠MES

∠PMA = ∠BES and ∠AMQ = ∠REB





Worked example



	Draw lines MN and OP parallel to one another. Draw transversal AB to cut MN at D and OP at E with ∠NDA = 60°.


	Write down, giving reasons, the sizes of ∠DEP, ∠MDE and ∠DEO.






Solutions



	See figure below.




	∠DEP = 60° ( corresponding ∠s; MN || OP; ∠ADN = 60°)

∠MDE = 60° ( vertically opposite to ADN)

∠DEO = 120° ( co-interior angles; MN || OP; ∠MDE = 60°)








Exercise 13.2



	Draw DE parallel to FG and transversal AB to cut DE at P and FG at Q.


	Write down the names of one pair of corresponding angles, one pair of alternate angles, and one pair of co-interior angles.


	Measure the corresponding angles with a protractor and compare their sizes. What do you find?


	Measure the alternate angles and compare their sizes. What do you find?


	Measure the co-interior angles and find their sum. What do you find?





	The figure shows parallel lines AB and CD with transversal PQ cutting AB at S and CD at R, with ∠SRC = 70°.



Copy and complete, finding the missing angles and giving reasons:


	∠ASR = …° (………)


	∠BSR = …° (………)


	∠ASP = …° (………)


	∠DRQ = …° (………)


	∠CRQ = …° (………)


	∠CRQ + ∠DRQ = …° (………)





	The figure shows parallel lines PQ and RS with transversal AB cutting PQ in M and RS in T, with ∠AMQ = 58°.




	Write down, giving reasons, the sizes of ∠MTS, ∠QMT and ∠RTB.


	Write down four reasons why ∠PMT = 58°.





	In the figure line ST is parallel to line QR, ∠SPQ = 40° and ∠TPR = 100°.



Calculate, giving reasons, the sizes of ∠PQR, ∠PRQ, ∠QPR and ∠SPR.


	In the figure BD is parallel to CE in ΔACE, with ∠BAD = 57° and ∠AEC = 45°.



Calculate, giving reasons, the sizes of ∠ADB, ∠DBC and ∠BDE.







Exercise 13.3



	In the figure AB || CD, transversal EF cuts AB at P and CD at Q, and ∠PQD = 70°.




	Write down the name of an angle that is supplementary to ∠EPB.


	Write down the name of an angle that is vertically opposite to ∠FQD.


	Find, giving reasons, the sizes of ∠APQ, ∠EPB, ∠CQP and ∠CQF.





	In the figure PQ || RS and TS is perpendicular to RS. RT cuts PQ at M and ∠PMR = 54°.




	Find, giving reasons, the sizes of ∠MRS, ∠RMQ, ∠TMQ and ∠RTS.


	Calculate the value of ∠RMQ + ∠MQS + ∠QSR +∠SRM.


	What type of quadrilateral is RMQS?





	In the figure RS || PT, PR || TQ, ∠PTS = 115° and ∠RQS = 40°.




	Write down, giving reasons, the sizes of ∠RSQ, ∠RST, ∠QRS and ∠RPT.


	Calculate the sum of the angles of quadrilateral PRQT.


	What type of quadrilateral is PRST?





	In the figure ST || PR, PR = QR = 62 m, ∠TPR = 35°, ∠QRP = 48°, QS = 21 m and SP = 29 m.




	Find, giving reasons, the sizes of ∠PTR, ∠PQR, ∠PTS and ∠STQ.


	Prove that ΔQST ||| ΔQPR.


	Copy and complete: SRPR=SQ…


	Calculate the length of ST.












Unit 2 Problem solving


In this unit you can apply the knowledge and skills you developed in Unit 1 to solve problems involving lines and angles. Make sure in each case that you understand what information is given and what you are asked to do. Read the problem carefully and draw rough sketches where needed. You will find that you get some practice in solving equations.



Worked example


In the figure DC is parallel to AB, AD is parallel to BC, ∠BDC = 31° and ∠DBC = 59°.



Write down, giving reasons, the sizes of ∠ABD, ∠ADB, ∠DAB and ∠BCD. What is the name of quadrilateral ABCD?



Solutions


∠ABD = 31° (alternate angles; AB || DC)

∠ADB = 59° (alternate angles; AD || BC)

∠DAB = 180 – (31° + 59°) = 90° (sum of angles of ΔADB)

∠BCD = 180 – (31° + 59°) = 90° (sum of angles of ΔCBD)

ABCD is a rectangle.





Exercise 13.4



	In the figure PQ || SR, PQ = PS, ∠SQR = 2∠PQS and ∠QSR = 40°.




	Write down, giving reasons, the sizes of ∠PQS, ∠PSQ, ∠SQR and ∠QRS.


	Write down the value of ∠SPQ + ∠PQR + ∠QRS + ∠RSP.

Give a reason for your answer.





	In the figure, AB is parallel to DC, ∠ABD = 50° and ∠ACD = 25°.



Write down, giving reasons, the sizes of ∠BAC, ∠BDC, ∠AED, ∠ADB and ∠ADC.


	In the figure QR || TS, PQ || TR, ∠RQS = 38°, ∠MTS = 25° and ∠TRS = ∠RQS.




	Calculate, giving reasons, the sizes of ∠MRQ, ∠MST, ∠RMS and ∠MSR.


	Write down, with a reason, the value of ∠QPT + ∠PTM + ∠TMQ + ∠MQP.





	In the figure PQ || SR, PS = PR, ∠PRS = 65° and ∠PRQ = 80°.



Calculate, giving reasons, the sizes of:


	∠RPQ


	∠PQR


	∠PSR


	∠SPR





	In the figure AB || CD, CF bisects ∠AFG, CF is perpendicular to FD and ∠FGD = 110°.




	Calculate, giving reasons, the sizes of ∠GFB, ∠AFG and ∠AFC.


	Calculate, giving reasons, the sizes of ∠FCG, ∠FDC and ∠BFD.


	What kind of triangle is ΔFGD? Give reasons for your answer.





	In the figure GH || EF, DH = 4,8 cm, GH = 5 cm, EF = 10 cm and GE = 1,9 cm.




	Prove that ΔDGH ||| ΔDEF.


	Calculate the lengths of DF, HF and DG.


	Calculate the perimeter of ΔDEF.










Exercise 13.5



	In the figure PQ || SR, PS = PR, ∠PQR = 45° and ∠SPR = 50°.




	Find, giving reasons, the sizes of ∠SRQ, ∠PRS, ∠PRQ and ∠RPQ.


	What type of quadrilateral is PQRS?





	In the figure DE || AC, EA = EC, BA is perpendicular to AC and ∠ACB = 50°.




	Calculate, giving reasons, the sizes of ∠BDE, ∠DEB and ∠DBE.


	Prove that DE bisects ∠BEA.





	In the figure DE || AC, BG = GC, BE = 7,5 cm, FE = 4,5 cm, GC = 7,5 cm, ∠BAG = 80° and ∠GCE = 35°.




	Calculate, giving reasons, the sizes of ∠BDF, ∠DEB, ∠GBC, ∠DFB and ∠DBF.


	Prove that ΔBFE ||| ΔBGC.


	Calculate the lengths of BC and EC.





	In the figure AC || ED, EA || DB, ∠BDE = 70°, ∠BED = 74°, AF = 16 cm, FC = 24 cm and BC = 36 cm.




	Find, giving reasons, the sizes of ∠FCB, ∠BFC and ∠AFE.


	Find, giving reasons, the sizes of ∠EAF, ∠FBC and ∠AEF.


	Prove that ΔAFE ||| ΔCFB.


	Calculate the length of AE.


	Calculate the perimeter of quadrilateral ACDE.













Revision Test Topic 13




Know your basics



	Write down the kind of angle that each of these is:


	105°


	42°


	90°


	240° [4]





	Find, giving reasons, the value of x in each case:


	


	


	


	










Check your understanding



	Find, giving reasons, the value of x in each case.


	3.1 


	3.2 


	3.3 


	3.4  [9]





	In the figure TQ || SR, PQ = SQ, QT is perpendicular to PS, SQ bisects ∠TQR and ∠TSQ = 67°.




	4.1 Find, giving reasons, the sizes of ∠TSR, ∠QSR, ∠SQT and ∠SQR.


	4.2 Prove that ΔTPQ ≡ ΔTSQ. [13]










Challenge yourself



	In the figure PR || TS, ∠RTP = 90°, ∠PRT = 23°, ∠RST = 90°, RP = 97,5 m and RT = 90 m.




	5.1 Prove that ΔPTR ||| ΔRST.


	5.2 Calculate the lengths of PT and RS. [11]













Topic 14 Perimeter and area








Measurement




Key concepts and skills



	Use appropriate formulae to calculate the perimeter and area of polygons and circles.


	Solve problems involving the perimeter and area of polygons and circles.


	Convert between SI units.


	Investigate how doubling any or all of the dimensions of a 2D figure affects its perimeter and area.










Unit 1 Perimeter and area of polygons


In Grade 8 you calculated the perimeter and area of regular and irregular polygons. In this unit you will revise the work done in Grade 8 and apply your knowledge to calculate the perimeter and area of composite figures.

A composite figure is a figure that is formed when two or more polygons are combined (joined together).

The diagrams show examples of composite figures. Sometimes shapes can be created in more than one way. For example, the second diagram shown here could also consists of two rectangles and a triangle.


[image: ]

rectangle and triangle
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rectangle and trapezium
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triangle and semi-circle






Regular polygons


A regular polygon is a two-dimensional (2D) shape that has all its sides equal in length and all its angles equal. Regular polygons include equilateral triangles, squares, regular pentagons, regular hexagons, regular heptagons, regular octagons, and so on.


[image: ]

equilateral triangle
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square
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regular pentagon
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regular hexagon







Irregular polygons


An irregular polygon is a 2D shape which does not have all its sides and angles equal. Examples of irregular polygons include rectangles, parallelograms and scalene triangles. They do not have all their sides and angles equal, as you can see from the diagrams below.


[image: ]

rectangle
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parallelogram
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scalene triangle
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quadrilateral







The perimeter of polygons


You have already worked with perimeters in this book.



The perimeter of a polygon is the sum of the lengths of its sides.







Perimeter is usually measured in millimetres (mm), centimetres (cm), metres (m) or kilometres (km).








The area of polygons




The area of a 2D shape is the amount of two-dimensional space covered by the shape.







Area is usually measured in square millimetres (mm)2, square centimetres (cm)2, square metres (m)2, hectares (ha) or square kilometres (km)2.





The table below shows a summary of formulae for the perimeter and area of some common polygons. Look at the table carefully and make sure you know how to calculate the perimeter and area of each polygon. Remember that “height” always means perpendicular height, as shown in the table.







Worked example


The diagram shows a parallelogram with sides 8,3 cm and 6,5 cm and height 4,8 cm.




	Calculate the perimeter of the parallelogram.


	Calculate the area of the parallelogram.






Solutions



	Perimeter = 2(8,3 + 6,5) = 29,6 cm


	Area= base×height= 8,3×4,8= 39,84 cm2








Area of a triangle


You have learned that the area of a triangle equals “half base times height”. Every triangle has three sides, and any of them can be the base. Each base has its own corresponding height or altitude.

The examples below show the height drawn from different vertices of different triangles. Notice that the height is not always inside the triangle, as shown in the third figure.





Worked example


A rectangular sheet of paper has a triangle cut from one side of it. The figure shows rectangle PQRS, with ΔQTR cut out from it. PS = 29,8 cm, SR = 21 cm and the vertical distance from T to U is 7,3 cm.



Calculate:


	the height of ΔQTR


	the area of shape PQTRS.






Solutions



	Height of ΔQTR = 21 – 7,3 = 13,7 cm


	Area PQTRS=area PQRS−area QTR=PS×RS−12QR×13,7=29,8×21−0,5×29,8×13,7=421,67 cm2








Exercise 14.1



	Copy and complete:


	35 800 mm = … m


	0,0057 m = … mm


	3,5×107m = … km


	18 720 mm2 = … cm2


	82 700 cm2 = … m2


	7890 000 m2 = … km2





	A parallelogram has sides 12,6 cm and 9,4 cm and the height measured between the longer sides is 7,6 cm. Calculate its perimeter and area.


	


	Write down a formula for calculating the breadth of a rectangle if you know its area and length.


	Solve your equation to find the breadth of the rectangle if the area is 57,32 m2 and the length is 9,17 m.





	Calculate the area of a right-angled triangle with sides 6,3 cm, 8,4 cm and 10,5 cm.


	


	Draw a sketch of a kite with two of its sides being 25 cm, and the other two being 39 cm. The lengths of the diagonals are 30 cm and 56 cm.


	Find the area of the kite.





	The diagram shows a sailing boat. The shorter of the parallel sides of the hull (body) is 14 cm and the slanting edges are both 5 cm. Its height is 4 cm.




	Find the length of the longer parallel side.


	Calculate the area of the trapezium.





	Mpho creates a design for a flag as shown in the figure. The triangular shape has a base of 10 cm and a height of 15 cm. The green design consists of two rhombuses. The edge of each rhombus is 2,5 cm and the height is 1,9 cm.




	How much of the flag is green?


	The rest of the flag is light blue. What is the ratio of green to light blue in the flag?





	The figure shows a side view of a house. The house is 8,4 m wide, the height of the walls is 3,1 m and the height of the roof is 1,93 m.




	Calculate the area of the side of the house shown in the figure.


	Find the slant height of the roof.


	Calculate the perimeter of the figure as shown.





	The figure shows a square-shaped shop with a rectangular storeroom. The side of the shop is 12,8 m, and the store room is 5,33 m long and 4,27 m wide.




	Calculate the total floor area of the shop and the storeroom.


	Find the total length of the outer walls of the shop and storeroom.





	The height of a rhombus is 12 cm and its area is 180 cm2. Find its perimeter.


	A kite has its two shorter sides 26 cm long, the longer diagonal is 48 cm, and the distance from the intersection of the diagonals to the further vertex is 18 cm, as shown in the figure.




	Find the length of the shorter diagonal.


	Find the area and the perimeter of the kite.





	The figure shows the front view of a clock with a regular hexagonal face (with the hands removed). It is mounted, as shown, on a piece of wood in the shape of a trapezium. The trapezium is 4,2 cm high and its base is 11,2 cm long. The sides of the hexagon are all 4,2 cm and the height of each triangle in the hexagon is 4,02 cm.



Calculate:


	the area of the clock face


	the area of the trapezium


	the perimeter of the clock face (including the part resting on the base)


	the slant height of the trapezium.













Unit 2 Circumference and area of circles


You already know the formulae for the circumference and area of a circle. In this unit you revise the work done on circles in Grade 8 and solve problems involving circles.





Circumference of a circle = 2πr







Area of a circle = πr2







Worked example


Calculate the circumference and the area of a circle with diameter 12,7 cm.



Solution


Diameter = 12,7 cm, so radius = 6,35 cm

Circumference = 2πr = 2π(6,35) = 39,90 cm

Area = πr2 = π(6,35)2 = 126,68 cm2





Exercise 14.2


Give your answers correct to 2 decimal places where applicable.


	Calculate the diameter, the circumference and the area of a circle with radius 4 cm.


	Calculate the radius, the diameter and the area of a circle with circumference 44,92 cm.


	Calculate the radius, the diameter and the circumference of a circle with area 88,25 cm2.


	The figure shows a rectangle with length 26,7 cm and breadth 17,8 cm. In the centre of the rectangle is a circle with radius 4,45 cm.




	Write down the diameter of the circle.


	Calculate the area of the rectangle and the area of the circle.


	What is the area of the part of the rectangle that is outside the circle?


	This sketch is put up as a target. Calculate the probability that you will hit the circle if you throw a dart that hits the figure anywhere inside the rectangle.





	The figure shows a gas stove with two circular burners, each with a diameter of 8 cm. The top of the stove is 24 cm long and 12 cm wide.




	Calculate the area of the two burners together.


	Calculate the area of the top, not including the two burners.





	The figure shows the front view and a side view of a house with length 16,9 m, breadth 5,8 m and height of the walls 2,3 m. The roof of the house is built in the shape of a semicircle.




	Write down the radius of the semicircle.


	Give the height of the house, including the roof.


	Calculate the area of the front view of the house (including the windows).


	Calculate the area of the side view of the house (including the window).





	The area of a circular trampoline is 113 m2. What is its circumference?







Relationship between perimeter and area




If the dimensions of a 2D shape are increased, both the perimeter and the area of the shape will increase.





You will find out in this section how an increase in the dimensions of a 2D shape affects its perimeter and area.



Worked example



	The figure shows rectangle PQRS with length 4,6 cm and breadth 3,4 cm.




	Calculate the perimeter and the area of rectangle PQRS.


	Rectangle P'Q'R'S' has double the dimensions of rectangle PQRS. Calculate the perimeter and the area of P'Q'R'S'.


	Compare the perimeter and area of P'Q'R'S' with the perimeter and area of PQRS. What do you find?









Solutions



	1.1 Perimeter = 16 cm; area = 15,64 cm2


	1.2 P'Q'R'S' has dimensions 9,2 cm and 6,8 cm.

Perimeter = 32 cm; area = 62,56 cm2


	1.3 The perimeter of P'Q'R'S' is double the perimeter of PQRS. The area of P'Q'R'S'' is 4 times the area of PQRS.








Exercise 14.3



	The figure shows square ABCD with side 7,8 cm.




	Calculate the perimeter and the area of square ABCD.


	Calculate the perimeter and the area of square A'B'C'D', which has double the dimensions of square ABCD.


	Compare the perimeter and area of A'B'C'D' with the perimeter and area of ABCD. What do you find?





	The figure shows parallelogram QRTS with sides 15,4 cm and 8,9 cm and height 8 cm.




	Calculate the perimeter and the area of QRST.


	Calculate the perimeter and the area of parallelogram Q'R'S'T', which has double the dimensions of parallelogram QRST.


	Compare the perimeter and area of Q'R'S'T' with the perimeter and area of QRST. What do you find?





	The figure shows kite EFGD with sides 8 cm and 5 cm and diagonals 10,5 cm and 7,4 cm.




	Calculate the perimeter and the area of kite DEFG.


	Calculate the perimeter and the area of kite D'E'F'G', which has triple the dimensions of kite DEFG.


	Compare the perimeter and the area of D'E'F'G' with the perimeter and area of DEFG. What do you find?





	The figure shows circle M with diameter 15,7 cm.




	Calculate the circumference and the area of circle M.


	Calculate the circumference and the area of circle M', which has a diameter twice that of circle M.


	Compare the circumference and the area of circle M' with the circumference and area of circle M. What do you find?














Revision Test Topic 14


Give your answers correct to 2 decimal places where applicable.



Know your basics



	Copy and complete:


	3,78 cm2 = … mm2


	0,085 m2 = … cm2


	578 000 cm2 = … m2 [6]





	Write down the formulae for the area of a rectangle, a rhombus, a kite and a circle. [4]







Check your understanding



	Calculate the perimeter and the area of a rectangle with length 27,37 m and breadth 19,56 m. [4]


	Calculate the perimeter and the area of an equilateral triangle with sides 30 cm. [6]


	Calculate the circumference and the area of a circle with radius 12,8 cm. [4]


	The figure shows a side view of a house. The width of the house is 23,8 m and the height of the walls is 3,2 m. The height of the roof is 1,83 m and PR = 15,9 m.



Calculate:


	6.1 the area of the side face of the house


	6.2 the lengths of PN and NS, as shown in the figure


	6.3 the perimeter of the side view of the house. [10]





	The figure shows a side view of a car without its wheels.




	7.1 How high is the car?


	7.2 How long is the car?


	7.3 Calculate the area of the side of the car. [12]










Challenge yourself



	The figure shows a writing board in a classroom with a circle and a pentagon drawn on it. The length of the board is 3,6 m and its height 1,6 m. The dimensions of the two shapes are as shown in the diagram.



Calculate:


	8.1 the area of the circle, in cm2 and in m2


	8.2 the area of the composite shape, in cm2 and in m2


	8.3 the area of the board outside the two shapes, in cm2 and in m2. [14]







TOTAL: [60]





Formal Assessment: Investigation




Investigate right angles in structures





	Total marks: 50
	Time: 1 hour







Background




The Theorem of Pythagoras states that the square on the hypotenuse of a right-angled triangle is equal to the sum of the squares on the other sides of the triangle. For example, in ΔPQR, with ∠R = 90°,PQ2 = PR2 + QR2.







In some right-angled triangles the lengths of the three sides are all integers, for example 3, 4 and 5 or 5, 12 and 13. These sets of numbers are called Pythagorean triples. The table below shows sixteen sets of Pythagorean triples where the hypotenuse is smaller than 100.

Test a few of the triples to make sure they satisfy the Theorem of Pythagoras.

For example, 282 + 452 = 2 809 and 532 = 2 809.




	3, 4, 5
	5, 12, 13
	7, 24, 25
	8, 15, 17



	9, 40, 41
	11, 60, 61
	12, 35, 37
	13, 84, 85



	16, 63, 65
	20, 21, 29
	28, 45, 53
	33, 56, 65



	36, 77, 85
	39, 80, 89
	48, 55, 73
	65, 72, 97





In this investigation you will apply the Theorem of Pythagoras to find out whether angles that are supposed to be right angles are indeed right angles. To do this you can use the Pythagorean triples in the table, or multiples of these triples. For example, if you measure lengths of 28 cm and 45 cm along the edges of an object, you know the hypotenuse of the triangle thus formed should be 53 cm. If it is not 53 cm long, you know the angle is not a right angle.




Task 1



	Follow the steps below to test whether one corner of a table forms a right angle.


	Mark off points P and Q on the edges of a table top, with RQ = 40 cm and PR = 30 cm, and R being the corner of the table.


	In this example we use a multiple of the first Pythagorean triple, i.e. 3 × 10 = 30, 4 × 10 = 40 and 5 × 10 = 50. If ∠PRQ is a right angle, then PQ should be 50 cm. Measure PQ and use your answer to find out whether ∠PRQ = 90°. What do you find?


	If ∠PRQ ≠ 90°, can you tell whether ∠PRQ < 90° or ∠PRQ > 90°? Explain.


	Write a short report on your findings. (4)












Task 2



	


	2.1 Identify five objects or areas at school, or elsewhere, where you can see a right angle (for example between a wall and the floor, at the corner of a book, or between a lamp-post and the pavement). At least one should be outside.


	2.2 Draw up a table like this for filling in your results in the next task:




	Place
	Length of side 1 (a)
	Length of Side 2 (b)
	Hypotenuse (h)
	a2 + b2
	h2
	90° Yes/No?





	1. Corner of desk
	
	
	
	
	
	✓



	2.
	
	
	
	
	
	



	3.
	
	
	
	
	
	



	4.
	
	
	
	
	
	



	5.
	
	
	
	
	
	














Task 3


Work with a partner. Use the technique from Task 1 to determine whether the five corners you have chosen are right angles. Each time use a different Pythagorean triple (or multiple). Fill in the table you drew up in Question 2.2. (5 × 4)

Practical advice

When measuring angles between the ground and a pole or a wall, use a spirit level to make sure you work from a horizontal base. (You can probably borrow a spirit level from a parent or a neighbour.) Look at the figure and make sure you understand how to work from a horizontal base.






Task 4



	


	4.1 Draw your own sketch for each object you measured, and show on the sketch which Pythagorean triple (or multiple) you used to test whether the object formed a right angle. (5 × 2)


	4.2 Show your calculations to find out whether the angle is 90°. Draw five diagrams and show five sets of calculations. In cases where the angle is not 90°, indicate whether it is smaller or bigger than 90°. (5 × 3)










Task 5



	


	5.1 Write a report about your findings. Set down clear conclusions about whether you found corners that did not form right angles, or poles/walls that were not vertically upright. (3)


	5.2 You will also receive a maximum of 4 marks in the following categories: handing in on the due date, and following instructions correctly. (2 × 4 = 8)







TOTAL: [60]






Mid-year Practice Examination





	Total marks: 100
	Time: 2 hours






	Name each of the number systems below:


	…; –2; –1; 0; 1; …


	0; 1; 2; 3; …


	…; −23; −12; −15; 0; 14; …


	2; 3; 7; π; 10; ⋅⋅⋅ (4)





	To which number system does each of the following numbers belong?


	a – b where b > a, and a and b are natural numbers


	ab where a and b are integers and b ≠ 0. (2)





	A bag contains enough food for 2 cats for 24 days. How many days will the food last if 3 cats were fed from the bag? (3)


	Use the formula A= p(1+r100)n to calculate how much you would have to invest at 9% interest per year over 10 years to get R25 000. (4)


	Calculate 3(514) – 6(218) – 3(–748). (2)


	How much must I pay if an article I want to buy originally cost R318,74, but has been discounted by 5%? (3)


	Simplify (−3x2)(−5x−5) and write your answer with a positive exponent. (2)


	Look at the sequence –23; –16; –9; … and write down:


	the rule for the sequence


	the next two terms in the sequence. (3)





	Use the table for Questions 9.1–9.3 below.




	1
	2
	3
	4
	5



	2
	−12
	18
	m
	n






	Write down the rule for the given sequence.


	Write down the values of m and n.


	Use the rule to calculate the 8th term of the sequence. (6)





	The figure shows a pattern built with small discs.



Copy and complete the table: (4)




	Shape
	1
	2
	3
	4
	5
	10



	Number of discs
	4
	8
	
	
	
	






	Copy the table and use the rule y = 3x – 5 to calculate the values of y. (4)




	x
	–5
	–1
	7
	15



	y
	
	
	
	






	


	Determine the rule for the flow diagram, which has input values on the left and corresponding output values on the right.


	Use the rule to calculate the value of m.

 (4)





	Multiply −3x3 + 4x2−5 by−3x2. (3)


	Divide 6x4− 14x3 + 8x by−2x. (3)


	Simplify 3(4x2− x )−2(3x + 4)(x− 3). (5)


	Solve for x if (2x – 7)(x + 5) = 0. (2)


	Solve for x if 3x−24+x2=7. (3)


	If you double a number and subtract 5, then multiply the answer by 5 and then subtract 35 of the original number, the result is 22. Calculate the original number. (4)


	In ΔABC, AB = 7,8 cm, BC = 9,1 cm and ∠ABC = 85°.

In ΔPQR, ∠PRQ = 38°, ∠QPR = 57°, PQ = 7,8 cm and QR = 9,1 cm.




	Write down, giving a reason, the size of ∠PQR.


	Prove that ΔABC is congruent to ΔPQR.


	Write down the size of ∠ACB.


	What is the ratio AC : PR? (8)





	In ΔABC, AC = 80 mm, ∠BAC = 78° and ∠ACB = 48°.

In ΔDEF, DF = 50 mm, ∠DEF = 54° and ∠EFD = 78°.




	Prove that ΔABC is similar to ΔFED.


	Copy and complete:

EFBA=FD⋅⋅⋅(Δsare…)EF=…





	In the figure QR || PS, PQ || ST, ∠PRQ = 24° and ∠PSR = 108°.



Write down, giving reasons, the sizes of:


	∠QRT


	∠RQT


	∠QTR


	∠PRS. (8)





	In ΔMND, MN = 37,4 cm, MD = 22,5 cm, ∠DMN = 53° and ∠MDN = 90°.



Calculate:


	the size of ∠DNM


	the length of ND


	the perimeter of ΔMND


	the area of ΔMND. (8)





	Calculate, correct to 2 decimal places, the radius and the area of a circle with circumference 23,8 cm. (6)









Term 3



























Topic 15 Functions and relationships








Patterns, functions and algebra




Key concepts and skills



	Determine input values, output values and rules for patterns and relationships, using tables, flow diagrams, formulae and equations.


	Determine, interpret and justify the equivalence of different descriptions of the same relationship or rule. This can be presented verbally, in flow diagrams, in tables, by formulae, through equations or by graphs.










Unit 1 Inputs, outputs and rules




Input and output values


You worked with functions and relationships in Topic 7. The focus in this topic is on finding output values for given relationships, and recognising equivalent forms in different descriptions of the same relationship.



Worked examples



	Find the output values for the formula y=(−2x+1)2 if the input values are the integers from –2 to 2. Present your results in a table.


	Copy and complete the following flow diagram:




	Copy and complete the table by calculating the output values, y. Show all your work in each column.




	x
	–3
	–2
	–1
	0



	y=12(2x−2)2
	 
	 
	 
	 










Solutions




Always use brackets when substituting negative numbers.






	


	


	


	








Exercise 15.1



	The formula A=6(s+2)2 is used to calculate the total surface area, A of a certain three-dimensional object. Calculate the areas if the values of s are 1;  112; 2;  212;  3 and 312.


	The input values for the formula y=−3(−x+1)2 are the integers from –2 to 2. Calculate the output values.


	If the input values are 14; 12; 23; 34 and 45, calculate the output values given by the formula A=9821r3


	Find the output values using the formula y=5x+3 if the input values are the integers from –2 to 2.


	If the input values are the integers from –4 to –1, calculate the output values using the formula y = 0,1x + 0,2.


	Use the formula y = 0,1x + 0,01 to calculate the output values if the input values are 0,1; 0,2; 0,3; 0,4; 0,5.


	If the input values are –0,5; –0,4; –0,3; –0,2; –0,1, calculate the output values using the formula y=0,1x2.


	Calculate the output values using the formula y = 2x if the input values are the integers from –3 to 1.


	Given that the input values are the natural numbers less than 5, calculate the output values using the formula y=−2x(x+2)2.


	If the input values are the negative integers greater than or equal to –5, calculate the output values using the formula y=−13(3x−3)2.



Remember


Zero is neither positive nor negative!



	In each of the following, calculate the missing output values. Then determine the missing input value.


	


	


	


	


	


	





	A “function machine” has two input places.

Input A gives the instruction “Add 6, then square”.

Input B gives the instruction “Square, then add 6”.


	What will the outputs of A and B be for inputs of 2; 0 and –6?


	What inputs for A and B will give an output of 81?











Rules


In this section you will work out rules and equations that describe relationships between input and output values in flow diagrams and tables.



Worked examples



	


	Describe in words the relationship between the numbers in the top row (input values) and the numbers in the bottom row (output values).




	Describe the relationship algebraically by completing the following: y = ………


	Use your rule to calculate the values of a and b in the table.





	For the flow diagram, write down, in algebraic form, the equation that relates input and output values. Then use your equation to find the missing input value.








Solutions



	1.1 

There is a constant difference of –3 between consecutive output values. But if the first input value is multiplied by –3, the answer is 6. So –2 has to be added to get the correct first output value.

You can also think of this as –3 × (–2) +  = 4. The  must be –2.

The rule is therefore: To get the output value, multiply each input value by –3 and then add –2.


	1.2 y = –3x – 2


	1.3 To find a, put x = 5 and y = a:

a = –3(5) – 2 = –17

To find b, put x = b and y = –23:

−23=3b+(−2)−21=−3bb=7





	You can see that each input value is multiplied by –12 to give the corresponding output. The formula is therefore y = –12x.

Put y = 20 to find the missing input value:

−12x=20x=−40








Exercise 15.2



	In each of the following tables there is a relationship between the numbers in the top row (input values) and the numbers in the bottom row (output values).

For each table:


	describe the relationship using only words


	describe the relationship in an algebraic form, such as y = ………


	determine the values of a and b.


	1.1 


	1.2 


	1.3 


	1.4 








	Each of the flow charts below shows a relationship between input values (x) and output values (y).

For each flow diagram:


	describe the relationship using only words


	describe the relationship in an algebraic form, such as y = ………


	find the missing input value.


	2.1 


	2.2 


	2.3 


	2.4 








	In each of the following:


	determine the equation that relates input to output


	use the equation to calculate the missing input value.


	3.1 


	3.2 


	3.3 


	3.4 















Unit 2 Equivalent forms


There are a number of different but equivalent forms in which a relationship between two variables can be expressed. A relationship can be described in words, shown in a table or flow diagram, or given algebraically as an equation or a formula. The same relationship can also be shown visually by a graph.

Any two forms that express a relationship are equivalent if they produce equal output values for the same input values. Any of these forms can be translated into any of the other forms.

In this unit the different forms of a relationship will be explored and their equivalence will be justified.



Worked examples



	A relationship is represented in this graph.



Use the graph to complete the table.




	Complete the table below, using substitution. Then use your results to answer the following question: Which of the formulae given in the table will produce the output values you found in Question 1? Use the table in Question 1 to check your answer.




	Use the graph in Question 1 to find input values that will give an output of 15.






Solutions



	


	



Example of calculation:







For the first y value in the third row, substitute x=−4 into y=x2+1: y=(−4)2+1=17





The table shows that y=x2−1 and y = (x – 1)(x + 1) are both correct.







	Use a ruler on the graph, as shown here by the dotted lines. Read across at y = 15, then read down to the x-axis. This shows that the input values are –4 and 4.



Note: You can check these answers in your table in Question 2.












Exercise 15.3



	A relationship is represented in the graph.




	Use the graph to complete the table:




	x
	–4
	–3
	–2
	–1
	0
	1
	2
	3
	4



	y
	 
	 
	 
	 
	 
	 
	 
	 
	 






	Write a formula in the form y = ……… that will give the output values.


	Are the formulae y = –2(x – 2) and y = 2(–x + 2) also correct? Test by completing the table:




	x
	–4
	–3
	–2
	–1
	0
	1
	2
	3
	4



	y = –2(x – 2)
	 
	 
	 
	 
	 
	 
	 
	 
	 



	y = 2(–x + 2)
	 
	 
	 
	 
	 
	 
	 
	 
	 






	Use your tables and the graph to solve the following equations:

–2x + 4 = 12

–2(x – 2) = 12

2(–x + 2) = 12


	Now solve the equations in Question 1.4 algebraically, showing all your work.





	The relationship y=−x2 +  4  is represented in the graph.




	Use the graph to complete the table:




	x
	–4
	–3
	–2
	–1
	0
	1
	2
	3
	4



	y=−x2 +  4 
	 
	 
	 
	 
	 
	 
	 
	 
	 






	Complete the table and then check the table in Question 2.1 to see which of these formulae are also represented by the graph.




	x
	–4
	–3
	–2
	–1
	0
	1
	2
	3
	4



	y=−x2 +  4 
	 
	 
	 
	 
	 
	 
	 
	 
	 



	y= (2 −x)2
	 
	 
	 
	 
	 
	 
	 
	 
	 



	y = (2 – x)(2 + x)
	 
	 
	 
	 
	 
	 
	 
	 
	 



	y = –(x – 2)(x + 2)
	 
	 
	 
	 
	 
	 
	 
	 
	 






	Use algebra to explain your answers for Question 2.2.



Remember


To multiply two binomials, multiply both terms in the second bracket by each term in the first bracket.






	A relationship is represented in the graph.




	Use the graph to complete the table:




	x
	–3
	–2
	–1
	0
	1
	2
	3



	y
	 
	 
	 
	 
	 
	 
	 






	Describe in words how the output values are obtained.


	Write a formula by which the output values can be obtained in the form y = ………


	Use your table from Question 3.1 and solve x by putting y equal to each of the following values: 8; 0; 12 and 14.


	Repeat Question 3.4, but this time use the graph to obtain your answers.


	Use your formula to confirm that your solutions in Questions 3.4 and 3.5 are correct. Then find an input value for which the output will be 256.





	The graph shows the first six terms of a number pattern.




	Study the graph and complete the table:




	Position of term (n)
	1
	2
	3
	4
	5
	6



	Value of term (Tn)
	 
	 
	 
	 
	 
	 






	In your own words describe how the terms of the number pattern are obtained.


	Write down a formula that will give any term in any position in the number pattern.


	Use your formula to determine the position of the term if the term is –20.


	Check your answer to Question 4.4 by using your table and the graph.


	Now determine the position of –40 in the number pattern by writing an equation using the formula you determined in Question 4.3 and solving it algebraically.



Remember


If the input value is the position of a term, it will always be a positive integer.











Practical applications




Worked example


Hanna carefully slides golf balls one by one into a big measuring cylinder which contains a certain volume of water. She holds the cylinder in a slanting position so that the water does not splash. After each golf ball is put in, she takes a reading of the volume. The table below shows how the volume changed after each golf ball was dropped into the cylinder:




	Number of golf balls (x)
	1
	2
	3
	4



	Volume reading in ml (y)
	545
	590
	635
	680






	What is the volume of one golf ball? Give a reason for your answer. (Use 1 ml = 1 cm3.)


	What was the volume of water in the cylinder before any balls were put in?


	Illustrate with a flow diagram how the volume readings can be calculated.


	Now write down a formula to determine the volume reading.


	Use a graph paper and the table above to draw a graph showing how the volume reading changes as more balls are dropped into the measuring cylinder.


	Write an equation that will give the number of balls that give a certain volume. Solve your equation to find how many balls will have been added when the volume reading is 680 ml. Then use the table and the graph to check your answer.






Solutions



	45 cm3, because after each ball was dropped in, the volume reading increased by 45 ml.


	500 ml, because after the first ball the volume reading was 500 ml + 45 ml.


	


	y = 45x + 500


	See graph.





Remember that the points cannot be joined, because there are no fractions of balls!






	45x + 500 = 680

45x = 180

x = 4

There are 4 balls.

According to the table and the graph (see broken line), there are 4 balls.








Exercise 15.4



	Railway tracks come in certain lengths and have to be connected end to end. Small gaps known as expansion joints are deliberately left between the ends of each section of rail to allow for expansion of the rails in hot weather.



The table below shows the width of a gap between rail ends at different temperatures.




	Temperature in °C (x)
	1
	2
	3
	4
	5



	Width of gap in mm (y)
	9,75
	9,5
	9,25
	9
	8,75






	At what rate does the metal of the railway track expand in mm per °C?


	How wide was the gap between the tracks at 0 °C?


	Describe how you would calculate the width of the gap at any given temperature.


	Write a formula to calculate the gap between the rails at any temperature.


	Write an equation and solve it to determine the temperature when the gap between two rails is totally closed. What do you think would happen if the temperature rose?


	Draw a graph of the situation without using the table. Use axes as shown here and label them correctly. Do not forget to give your graph a heading.







	Siyabonga is training for a race. When he is a short distance from his front gate, he starts to jog at a constant speed of 5 m/s. He jogs like this for 8 seconds.


	Copy and complete the table to show the distance he covers:




	Time in seconds (x)
	0
	1
	2
	3
	4
	5
	6
	7
	8



	Distance in m (y)
	20
	 
	 
	35
	 
	 
	 
	 
	 






	How far was Siyabonga from his gate when he started to jog at a constant speed?


	Describe how you would calculate Siyabonga’s distance from his front gate.


	Use your answer to Question 2.3 to write a formula which could be used to calculate Siyabonga’s distance from his gate.


	Draw a graph of Siyabonga’s distance from his gate. Use a squared paper or a graph paper.


	Write an equation to determine the time it took Siyabonga to cover 45 metres and then solve it. Use your graph and table to justify your answer.














Revision Test Topic 15




Know your basics



	


	Copy and complete the table with x being an integer from –2 to 3.




	x
	 
	 
	 
	 
	 
	 



	y = 3x + 2
	 
	 
	 
	 
	 
	 






	Write down an equation and determine the value(s) of x if y = 83. [10]





	


	Copy and complete the flow diagram with x being an integer from –6 to –2.




	Write down an equation and determine the input value(s) if the output is –128. [10]










Check your understanding



	You are given the following data:




	x
	0
	1
	2
	3
	 
	a
	11



	y
	-2
	-5
	-8
	-11
	 
	-26
	b






	3.1 Describe the relationship between the numbers in the top row of the table and those in the bottom row.


	3.2 Write down the formula for the relationship by completing the following: y = ………


	3.3 Use your formula to calculate the values of a and b. [8]





	You are given the following data:




	x
	–3
	–2
	–1
	0
	 
	a
	4



	y
	164
	116
	14
	1
	 
	64
	b






	4.1 Describe in words the relationship between the x and y values.


	4.2 Determine the formula for the relationship.


	4.3 Calculate the values of a and b. [8]










Challenge yourself



	A car hire firm charges rental fees as follows: They ask a certain amount of money for a full tank of petrol and then charge R2,50 per kilometre.


	5.1 Copy and complete the table below:




	Number of km (x)
	10
	20
	30
	40
	50
	60
	70



	Cost in rand (y)
	475
	 
	 
	 
	 
	 
	 






	5.2 Find how much the company charges for the full tank of petrol.


	5.3 Write a formula which could be used to calculate the cost for any distance.


	5.4 Use the table to draw a graph of the situation. Use a squared paper or a graph paper.


	5.5 Use the table and your graph to determine the distance travelled if the total cost was R650. [16]







TOTAL: [52]







Topic 16 Algebraic expressions








Patterns, functions and algebra




Key concepts and skills



	Multiply integers and monomials by polynomials.


	Divide polynomials by integers or monomials.


	Find, and simplify if possible, the product of two binomials and the square of a binomial.


	Factorise algebraic expressions that involve common factors, the difference of two squares, trinomials of the form x2+bx+c and trinomials of the form ax2+bx+c, where a is a common factor.


	Simplify algebraic expressions that involve these factorisation processes, and simplify algebraic fractions using factorisation.










Unit 1 Expand and simplify expressions




Algebraic language


Exercise 16.1 is a revision of the algebra work done in Topic 8. You may like to revise this topic before you begin.



Exercise 16.1



	Express the following algebraic expressions in their simplest form:


	4b × 5a × 3c


	–10x × 3x ÷ 2y





	Write down the like and unlike terms in:


	3ab; 2bc; –5ac; 4c; a; –4ab; 8ac


	5x2y2; −4xy2; x2y; 6x3y; −7xy3; 10x2y2; 8x3y; −14x2y2





	The following algebraic expression is given:

6a5−4a4b+a3b2−2a2b3+7ab4−b5


	How many terms does the expression have?


	What is the coefficient of the first term?


	What is the coefficient of the last term?


	What is the exponent of b in the second term?


	What is the exponent of a in the third term?





	Copy the table and fill in the missing information:




	Expression
	Number of terms
	Name of expression





	3xy
	 
	 



	5x + 6
	 
	binomial



	2x3+3x2−4x−1
	 
	 



	x3
	 
	 



	3a – (a + 2) – 1
	 
	 



	(8y3+4y2)÷2y−6
	 
	 



	2(3 + m) + (5 – 3n) –7
	 
	 



	2x4+3x3−2x2+x−1
	 
	 












Add and subtract like terms in algebraic expressions


Now that you have revised the basics, you can use your knowledge to add and subtract like terms in algebraic expressions.



Worked examples



	Simplify: −6x2y3−(−9x2y3)+x2y3


	Add the two expressions, giving the answer in descending powers of x: y3−3xy2+4x2y−7x3 and 4xy2−5y3−9x3+6x2y


	Subtract the first expression from the second, giving the answer in ascending powers of a: 4a3−2a2+3 and −a3−5a+1






Solutions



	−6x2y3−(−9x2y3)+x2y3=−6x2y3+9x2y3+x2y3| Add the additive inverse of −9x2y3.=4x2y3


	(y3−3xy2+4x2y−7x3)+(4xy2−5y3−9x3+6x2y)=y3−5y3−3xy2+4xy2+4x2y+6x2y−7x3−9x300| Group like terms.=−4y3+xy2+10x2y−16x30| Simplify like terms.=−16y3+10x2y+xy2−4y20| Write powers of x from highest to lowest.



Note: You cannot write the powers of both x  and y in descending order. We usually choose x.






	(−a3−5a+1)−(4a3−2a2+3)=−a3−5a+1−4a3+2a2−3| Use the distributive rule.=−5a3−5a+2a2−2| Add like terms.=−2−5a+2a2−5a3| Write powers from lowest to highest.








Exercise 16.2



	Simplify the following:


	4b + 2b – (–5b) –16b


	8a2+5−(−4a2)+6a−7+(4a)


	xy2−3x2y+2y2x+7x2y−9xy2+y2x


	−5b3+4b2−6b+2b2−(−4b3)+10b


	−7a2b2+4a2b−8ab2−6ba2+3+10b2a−6−4a2b2





	Add the following expressions, giving the answers in descending powers of x:


	1+2x−4x2 and −5+6x−5x2


	1−x2−4x+3x2 and 8−3x2−2x−5x2


	7x+6x2−3x3+5x4 and 4−6x+7x3−9x2


	7y3+4xy2−5x3+x2y and 9xy2+7x3−8y3−x2y





	Subtract the first expression from the second, giving the answers in ascending powers of y:


	y2+6y−3 and −4y2+8y−2


	4y3+5y2−8 and 7y3−6y2+2y


	9y4−6xy3+x3y−7x4+2x2y2 and −3x4+8y4−4xy3+5x2y2





	Simplify:


	(4a + 5b – 7c) + (–6a – 2b + 8c) + (a + 3b – 9c)


	(2x3+4x2−5x+10)+(4x3+8x−6)−(−x3+6x2−5x)


	(–5ab + 4ac + bc) – (–4ac + 2ab + 8bc) – (5ac – 3bc + 7ab)











Multiplication of algebraic expressions




To find the product of two monomials, multiply the coefficients and add the exponents of the like variables.







To find the product of a monomial and a polynomial, use the distributive property of multiplication over addition and subtraction, multiplying each term separately.







Remember


Be careful with the signs if there is a minus in front of a bracket!




Worked examples


Determine the following products:


	6a2b2c×(−3a3b2c4)


	−7(3a2−ab+4b2)


	4x2y(3x2−2xy−y2)


	−5a(2a5−3a4b+a3b2−6a2b3+4ab4−5b5)






Solutions



	6a2b4c×(−3a3b2c4)=−18a5b6c5


	−7(3a2−ab+4b2)=21a2+7ab−28b2


	4x2y(3x2−2xy−y2)=12x4y−8x3y2−4x2y3


	−5a(2a5−3a4b+a3b2−6a2b3+4ab4−5b5)=−10a6+15a5b−5a4b2+30a3b3−20a2b4+25ab5








Exercise 16.3


Determine the following products:


	8a2b3×7a3b


	−x2yz3×5x4y2z5


	4x3y4z5×(−7x2y4z2)


	−6ab2c5d3×(−12a5bc7d8)


	5ab(4a3b−2ab2)


	2xy2(2xy−3x2y2)


	−3p2q(6p3q2−p4q)


	−abc(6a2bc3+1)


	4(3m2−7m+10)


	n(2m2−3mn+n2)


	3x(3x2−4x+1)


	−2(2p2−3pq+q2)


	−4p(2p2−3p+4)


	4ab(3a – 4b + 1)


	−3(3a3+2a2b−4ab2+b3)


	2x(−2x4+5x3+6x2−3x)


	–4a(2ab – 6bc + 7ac – 9)


	5x2(6y3−3xy2+2x2y−x3)


	−5a2b3(6a4+3a3b−2a2b2−7ab3+8b4)


	2m2(m6+5m5−4m4+6m3−2m2−8m+1)








Division of algebraic expressions


Use the distributive property of division over addition and subtraction to divide a polynomial by a monomial. Be particularly careful with the minus signs!



Remember


Denominators must never be 0, because you cannot divide by 0.




Worked examples


Simplify for x ≠ 0:


	24x2−18x−26


	5x2−1x2


	6x3−3x2+9x−15−3x



Remember


5x2−1x2≠5−1 You must divide the x2 into both terms of the numerator.







Solutions



	24x2−18x−26=24x26−18x6−26=4x2−3x−13


	5x2−1x2=5x2x2−1x2=5−1x2


	6x3−3x2+9x−15−3x=6x3−3x−3x2−3x+9x−3x−15−3x=−2x2+x−3+5x








Exercise 16.4


Simplify the expressions (assuming non-zero denominators):


	−56x4y3z28x3y3z


	24a2−18a6a


	6x3−1−x3


	5x3−10x−5−5


	9y4+3y3−6y23y


	a3b2−2a2b2+3a2b3−ab


	8x3−6x2+10x−42x


	3a5+6a4−12a3−9a2−3a3


	6x5y4−8x4y3+4x3y2−2x2y2x2y


	12a6b5+4a5b4−8a4b3−16a3b−4a3b3








Simplify algebraic expressions involving multiple operations




Worked examples



	Simplify: −2x(3x3−x2+2x)−x2(2x2+3x−4)


	Simplify:5y4+10y3−15y2−5y2−2y5−7y4−9y3y3fory≠0






Solutions



	−2x(3x3−x2+2x)−x2(2x2+3x−4)=−6x4+2x3−4x2−2x4−3x3+4x2| Do the multiplication first.=−8x4−x3


	5y4+10y3−15y2−5y2−2y5−7y4−9y3y3=−y2−2y+3−(2y2−7y−9)| Divide each term separately, inserting brackets to deal with the minus sign.=−y2−2y+3−2y2+7y+9=−3y2+5y+12








Exercise 16.5


Simplify:


	3a(2a2−4a+1)−(5a3−7a2+6a)


	−x2(3x2+5x−2)+2x(−x3+2x2+4x)


	ab(3a3−4a2b+ab2−2b3)−3b(−a4+2a3b+4a2b2−5ab3)


	5y3−10y2−5y2+8y2−4y+22y; y≠0


	12x5−4x4+8x34x3−6x4−7x3+3x2−x2; x≠0




You will find it very helpful if you become fast and accurate in simplifying algebra. This work is the foundation of all that is to come, so keep practising until you can do it well.

Always take special care when there are minus signs!





Squares, cubes, square roots and cube roots of algebraic terms


Now that you know the basics, you can simplify more complex algebraic expressions, including exponents and roots of expressions.



Remember


a2+b2≠a+b You cannot find a root of more than one term.




Remember


To find the cube root, find the cube root of the coefficient, and divide each exponent by 3.




Remember


You cannot find the square root of a negative number.




Worked examples


Simplify:


	−3(−2xy2)3


	25x2y2−9x2y2


	−64x3y12z183


	9xy−25xy






Solutions



	−3(−2xy2)3=−3×(−8x3y6)| The exponent applies only to the bracket.=24x3y6


	25x2y2−9x2y2=16x2y2| Now there is only one term, so you can take the square root.=4xy


	−64x3y12z183=−4xy4z6


	9xy−25xy=−16xy

which cannot be simplified further.








Exercise 16.6


Simplify if possible:


	(3a3b)2


	−2(−4xy)2


	−5(2x2y3z4)2


	(2x2y)3


	(−5x3y4)3


	−3(−2a2b5c)3


	49a4b2c6


	−36x2y4


	144x2y2+25x2y2


	27x6y93


	−8a2b12c153


	64x6y4+−64x9y63


	36x2y449z10


	36x2y449+z10


	36x2+y449z10


	36x2+y449+z10








Determine the numerical value of algebraic expressions by substitution


In Topic 8 you did substitution by replacing variables with integers. In this section you will also replace variables with rational numbers such as fractions.



Worked examples



	Find the numerical value of 3(−4a+2b)3 for a = –1 and b = –3.


	Calculate the value of −2x2+3x−5 if x = 12.






Solutions



	3(−4a+2b)3=3[−4(−1)+2(−3)]3| Substitute first.=3(4−6)3=3(−2)3=3(−8)=−24


	−2x2+3x−5=−2(12)2+3(12)−5| Substitute.=−2(14)+3(12)−5| Simplify the exponents.=−12+112−5=−4








Exercise 16.7



	x=12, find the values of:


	4x2


	(4x)2


	−8x3





	If x=−13, find the values of:


	x2+3x


	x2−3x


	x3−6x





	Calculate the value of 4x2−3x+6 if:


	x = 0


	x=14


	x=−112





	If x=−12 and y=34, find the values of:


	x2+y


	x3−y2


	2x2−4y2





	If a = –1 and b = –2, find the values of:


	4(a+b)2


	−3(2a+b)2


	−2(2a+b)3





	If x = –2 and y = –3, find the values of:


	2x3−3x2y+xy2−2y3


	−y4+xy3−2x2y2−4x3y−3x4











The product of two binomials


You saw in Topic 8 that you can multiply two binomials together by multiplying each term of the first binomial by each term of the second.



The first term in the first binomial is multiplied by both terms in the second binomial, then the second term in the first binomial is multiplied by both terms in the second binomial. Then like terms are added if possible.





Here is an example:

(a+2b)(3a−b)=a(3a−b)+2b(3a−b)=3a2+5ab−2b2



You might prefer to leave out the second step above and directly multiply both terms in the second bracket by the first term in the first bracket, then by the second term in the first bracket,





like this:



=3a2−a⁢b+6ab−2b2=3a2+5ab−2b2



Worked examples


Find the following products:


	(4x2−5)(2x2+1)


	2y(3y + 4)(6y – 5)






Solutions



	(4x2−5)(2x2+1)=4x2(2x2+1)−5(2x2+1)| Omit this step when you feel confident enough.=8x4+4x2−10x2−5| Watch the minus signs!=8x4−6x2−5| Add like terms.


	2y(3y+4)(6y−5)=2y(18y2−15y+24y−20)| First multiply the binomials.=2y(18y2+9y−20)| Add like terms.=36y3+18y2−40y| Multiply each term by 2y.






In expressions such as example 2 above, it is a very good idea to multiply the binomials (the brackets) together first to avoid possible errors.




The square of a binomial




If you square a binomial, the product of the two outer terms is always the same as the product of the two inner terms.





So, after multiplication and simplification, the middle term will always be twice the product of the two original terms.



Worked examples


Find the following products:


	(2a+3)2


	(4x−5y)2






Solutions



	


	








Remember


(a+b)2=a2+2ab+b2 is a formula worth remembering!





Products of the type (a + b)(a – b)


If the first terms in each bracket are the same and the second terms in each bracket are the same, but have opposite signs, when you add the product of the outer terms and the product of the inner terms you will always get zero.



Worked examples


Find the following products:


	(3a + 5)(3a – 5)


	(x – 7y)(x + 7y)






Solutions



	


	







Remember


(a+b)(a−b)=a2−b2 is another formula worth remembering!





Exercise 16.8


Determine the following products:


	(p – 6q)(2c + 3d)


	(a2−2b)(a+3)


	(4x + 1)(x – 3)


	(2a2−1)(4a2+3)


	(a2−3b)(2a2−b)


	(3 + 4p)(5 – 2p)


	(3a + 2b)(7a – 5b)


	2(3x + 2)(4x – 3)


	–3y(y – 4)(2y + 5)


	(4x+3)2


	(5m−2p)2


	(3k2+2t2)2


	23(2a−7b)2


	−3a(5a2−a)2


	(a – 5b)(a + 5b)


	(3x – 4y)(3x + 4y)


	(7p + 2q)(7p – 2q)


	−4(3m2+2m)(3m2−2m)




In which of Questions 1–18 did the middle term “drop out”? What do you notice?





Simplify expressions that involve the products of binomials




Worked example


Simplify: 3(x−2)2−2(x+1)(2x−5)



Solution


3(x−2)2−2(x+1)(2x−5)=3(x2−2x−2x+4)−2(2x2−5x+2x−5)| You may leave out this step when you feel confident.=3(x2−4x+4)−2(2x2−3x−5)=3x2−12x+12−4x2+6x+10=−x2−6x+22





Exercise 16.9


Simplify:


	5(a2+2a−3)−(a+4)(a−4)


	(3x−5)(3x+5)+6(2x2+3)


	(x+5)2+(2x−5)(2x+5)


	3(y+3)(2y−1)−2(3y−2)2


	2(b−3)2−3(b+1)(2b−5)


	4(2a + 1)(2a – 1) + 3(4a + 3)(a – 4)


	(5m+4)(5m−4)−2(3m+2)2


	6(x+3)(3x−1)−3(2x+1)2


	3(4y+1)(3y−2)+4(3y+1)2


	2a(3a+4)2−5a(2a−1)(2a+3)









Unit 2 Factorisation


You know how to find the factors of whole numbers. For example, 24 = 3 × 8. You can sometimes find factors of algebraic expressions.

For example, you can write 6x + 3y as 3(2x + y). We call 3 and (2x + y) the factors of 6x + 3y  and we call the process “factorisation”.



Factorisation is the inverse of expanding an expression through multiplication.







Remember


Factorisation is the opposite of multiplying out.




Common factors


To factorise an expression such as 8x – 4, you must find the highest number that divides into both terms (HCF). In this case the highest number is 4.

Dividing 8x – 4 by 4 gives 2x – 1.

So 8x – 4 = 4(2x – 1).

The factors of 8x – 4 are 4 and 2x – 1.



Worked examples


Factorise:


	5a + 10b


	6x4−4x2


	15y3−12y2+3y






Solutions



	5a+10b| 5 is the HCF.=5(a+2b)| Take out the common factor of 5.


	6x4−4x2=2x2(3x2−2)| Take out the HCF of 2x2.


	15y3−12y2+3y=3y(5y2−4y+1)| HCF = 3y ( and 3y÷3y=1).








Remember


If you take out a monomial common factor, there will be the same number of terms left in the bracket as there were at the start.




Exercise 16.10



	Copy and complete:


	4m – 8 = 4(………)


	5ab + 2a = a(………)


	6x2−3x=3x(.........)


	8a2+12a=4a(.........)


	12m+9m2=...(4+3m)


	20x3−15x5=...(4−3x2)





	


	Expand 6x(2x + 1).


	Factorise 12x2+6x.


	Expand 5y2(4y2−3y).


	Factorise 20y4−15y3.

What do you notice about 2.1 and 2.2? What do you notice about 2.3 and 2.4?





	Factorise:


	6a – 6


	7x + 14y


	2m2−4mp


	2x2−8x


	9x4+6x2


	13a2b+39ab2


	3y –15x + 12


	2x3−4x2+6x


	25y4+10y3−5y2


	6m2n−12mn2+3mn











More complex common factors


Expressions in brackets, such as (x + 1), count as one term.

There are only two terms in the expression 2(x + 1) + y(x + 1), and they have a common factor of (x + 1).

Dividing each term by (x + 1) gives (2 + y), so 2(x + 1) + y(x + 1) = (x + 1)(2 + y).



Worked examples


Factorise:


	2a(x – y) – 3(x – y)


	(x+y)2−5(y+x)






Solutions



	2a(x−y)−3(x−y)| (x−y) is a common factor.=(x−y)(2a−3)| Divide each term by (x−y).


	(x+y)2−5(y+x)=(x+y)(x+y)−5(x+y)| Write the squared binomial as the product of 2 binomials, and write y+x as x+y.=(x+y)[(x+y)−5]| (x+y)is the common factor.=(x+y)(x+y−5)








Exercise 16.11



	Copy and complete:


	2a – 6b = 2(………)


	2a2−4ax=2a(.........)


	2y + x = …(x + 2y)


	4(x−y)2−y(x−y)=(x−y)(.........)





	Factorise:


	2(x + 1) + y(x + 1)


	a(y – 2) – 5(y – 2)


	3x(a + b) – 2(a + b)


	4a(2x – y) + (2x – y)


	(x+y)2+(x+y)


	(a−b)2−3(a−b)


	(m−n)2+m−n


	(2x+y)2−z(y+2x)


	a(x−y)2−(x−y)


	7(a+b)3+9(a+b)2











Common factors of more complex expressions


Study 7a(2a – b) – 3(b – 2a) and note the similarity between 2a – b  and b – 2a.

You can show this clearly by taking out a factor of –1:

b – 2a = –1(–b + 2a) = –1(2a – b).

Doing this allows you to factorise the original expression:

7a(2a – b) – 3(b – 2a)

= 7a(2a – b) – 3(–1)(–b + 2a)

= 7a(2a – b) + 3(2a – b)

= (2a – b) (7a + 3)



Worked examples


Factorise:


	3x(a – b) – 2(b – a)


	ax – bx + 4a – 4b






Solution



	3x(a−b)−2(b−a)=3x(a−b)−2(−1)(−b+a)=3x(a−b)+2(a−b)=(a−b)(3x+2)


	ax−bx+4a−4b=(ax−bx)+(4a−4b)| Group the terms in pairs.=x(a−b)+4(a−b)| Take out the common factors.=(a−b)(x+4)








Exercise 16.12



	Copy and complete:


	a – 3b = –1(………)


	6b – a = –1(………)


	2y – x = …(x – 2y)


	12p – 6q = …(q – 2p)





	Factorise:


	2(a – 3) + b(3 – a)


	2a(x – y) – (y – x)


	5m(n + 2) – 4(2 + n)


	6x(2a – b) + 5y(b – 2a)


	9xy(3a – 5) + (5 – 3a)


	−7a2(4a+3b)+b2(3b+4a)


	2a + 2b + ax + bx


	3x−3y+x2−xy


	3x + 6 – ax –2a


	m – 2n – 3pm + 6pn











The difference of two squares


Look at the expansion of (a + b)(a – b) again.

When you multiply the two binomials, the middle terms cancel out:





We call an expression such as a2−b2 the “difference of two squares”.







The factors of the difference of two squares are two binomials.







To find these binomials, take the square root of each term and use these square roots inside the factor brackets. One bracket will be the sum of these square root terms; the other bracket will be their difference.







Remember


The square root of 25(a+b)2 is 5(a + b).




Worked examples


Factorise:


	16a2−9


	25(a+b)2−1


	(5a+2b)2−(4a+3b)2






Solutions



	16a2−9| Recognise this as a difference of two squares.=(4a+3)(4a−3)


	25(a+b)2−1=[5(a+b)+1][5(a+b)]−1]=(5a+5b+1)(5a+5b−1)



You can now see that the general form for factorising a difference of two squares is a2−b2=(a+b)(a−b) Learn this formula!







	(5a+2b)2−(4a+3b)2=[(5a+2b)+(4a+3b)][(5a+2b)−(4a+3b)]=(9a+5b)(a−b)








Remember


a2−b2=(a+b)(a−b) Another formula worth remembering!




Exercise 16.13



	


	Expand (x + 1)(x – 1).


	Factorise x2−1.


	Expand (2y + 3)(2y – 3).


	Factorise 4y2−9.

What do you notice about 1.1 and 1.2? What do you notice about 1.3 and 1.4?





	Factorise completely:


	4x2−1


	25a2−1


	y2−9


	25x2−16


	4a2−9b2


	64x2−49y2


	9(x+y)2−1


	(a−2b)2−16


	36−(x+y)2


	4x+2y2−(3x+y)2











More complicated factorising with the difference of two squares


Sometimes it is necessary to factorise more than once.



Worked examples


Factorise:


	3x2−27


	x4−y4






Solutions



	3x2−27=3(x2−9)| First take out the common factor of 3.=3(x+3)(x−3)| Factorise the difference of two squares.


	x4−y4=(x2+y2)(x2−y2)| Factorise x4−y4 as the difference of 2 squares.=(x2+y2)(x+y)(x−y)| Factorise x2−y2 as the difference of 2 squares.








Remember


You cannot factorise x2+y2.




Exercise 16.14



	


	Expand (x2+1)(x2−1).


	Factorise x4−1.


	Expand (2y3+3)(2y3−3).


	Factorise 4y6−9.

What do you notice about 1.1 and 1.2? What do you notice about 1.3 and 1.4?





	Factorise completely:


	7x2−7


	2a2−8


	27−3x2


	5a4−20b2


	25x3−x5


	−24x2+6y2


	4a4−4


	8x4−8y4


	81a8−b12


	27(x+y)2−3


	2a(a−2b)2−32a


	36(x+y)−(x+y)3










Remember


"Common factor first!"





Factorising trinomials


Look at the expansion of(x+2)(x+3):(x+2)(x+3)=x2+3x+2x+6=x2+5x+6

Factorisation is the reverse of multiplying out, so the factors of x2+5x+6 must be

(x + 2) and (x + 3).

x2+5x+6=(x+2)(x+3)

Notice that the 2  and the 3 multiply to give the last term (6).

Notice that the 2  and the 3 add to give the coefficient of the middle term (5).



Worked examples


Factorise:


	x2+6x+8


	x2+8x+7


	x2−2x−15


	x2−6x+9


	2x2+8x−10




In each case you need to find two numbers that multiply to give the last term, and add to give the middle coefficient. There is no rule for finding them; you must use trial and checking.



Solutions



	x2+6x+8| Find two factors of 8 that, when added, result in 6.=(x+4)(x+2)| They are 4 and 2.


	x2+8x+7=(x+1)(x+7)| 1×7=7 and 1+7 = 8


	x2−2x−15=(x−5)(x+3)| −5×3=−15 and−5+3=−2


	x2−6x+9=(x−3)(x−3)| (−3)×(−3)=9 and (−3)+(−3)=−6=(x−3)2


	2x2+8x−10=2(x2+4x−5)| First take out the common factor 2.=2(x+5)(x−1)| 5×(−1)=−5 and 5 + (−1)=4








Exercise 16.15



	


	Expand (x + 2)(x + 3).


	Factorise x2+5x+6.


	Expand (x – 2)(x – 3).


	Factorise x2−5x+6.


	Expand (x + 2)(x – 3).


	Factorise x2−x−6.


	Expand (x – 2)(x + 3).


	Factorise x2+x−6.

What do you notice about 1.1 and 1.2 and the other pairs?





	Factorise:


	x2+6x+5


	x2−3x+2


	a2+2a−3


	x2−6x−7


	x2+6x+8


	x2+x−12


	x2−7x+10


	y2+6y+9


	x2−4x−12


	b2+10b+16


	x2+5x−24


	x2−8x+16


	2x2−4x−6


	2x2+10x+12


	3x2+6x−24


	3x2−30x+75


	4y2+8y−60


	x3−10x2−24x











Simplify algebraic expressions that involve the factorisation processes


It is often necessary to simplify algebraic expressions when completing mathematical tasks. Now that you know how to factorise, you can use factorising to simplify such expressions.



Worked example


Factorise by grouping terms:


	2ac + 6ad + bc + 3bd


	15xy – 2z – 5xz + 6y


	x2−9+xy+3y






Solutions



	2ac+6ad+bc+3bd=(2ac+6ad)+(bc+3bd)| Group terms with common factor.=2a(c+3d)+b(c+3d)| Take out the common factors.=(c+3d)(2a+3d)


	15xy−2z−5xz+6y=(15xy−5xz)+(−2z+6y)| Group terms with common factors.=5x(3y−z)−2(z−3y)| Take out the common factors.=5x(3y−z)+2(3y−z)| Make the terms inside the brackets identical.=(3y−z)(5x+2)


	x2−9+xy+3y=(x+3)(x−3)+y(x+3)| Factorise x2−9 as a difference of 2 squares.=(x+3)(x−3+y)| Take out (x+3) as a common factor.








Exercise 16.16


Factorise in Questions 1–4:


	x2−16+ax−4a


	xy+5x+y2−25


	x2−x−6+ax−3a


	x2+4x+4+xy+2y


	


	Factorise 2xy + 8xz + 3y + 12z by grouping 2xy with 8xz, and 3y with 12z.


	Factorise 2xy + 8xz + 3y + 12z by grouping 2xy with 3y, and 8xz with 12z.


	Can you factorise 2xy + 8xz + 3y + 12z by grouping 2xy with 12z, and 8xz with 3y? Explain your answer.











Simplify algebraic fractions using factorisation


It is often necessary to simplify algebraic fractions. Factorising helps with this.



Worked examples


Simplify (assuming non-zero denominators):


	4x−4y8x−8y


	25a2−15a+1


	What value of a is not allowed in Question 2?






Solutions



	4x−4y8x−8y=4(x−y)8(x−y)| Factorise both the numerator and the denominator.=12| Cancel the common factors 4 and (x−y).


	25a2−15a+1=(5a+1)(5a−1)5a+1| 25a2−1 is a difference of 2 squares.=5a−1


	5a + 1 = 0 gives a = – 15.

So a cannot be – 15.








Exercise 16.17


Simplify (assuming non-zero denominators):


	a+ba+b


	x−yy−x


	2x+6yx+3y


	3a2+3a3a


	3a−3b6a−6b


	5x2−10xx−2


	8x+42x2+x


	9m−3n2n−6m


	a2−4a−2


	9x2−13x+1


	3b2−33b−3


	16x2−255−4x


	x2+7x+12x+4


	a2+2a−152a−6


	x2−3x−18x2−36











Revision Test Topic 16




Know your basics



	Simplify:


	3a – 2a – (–4a)


	5x2y×(−2xy)


	(−24a2b2)÷(−8ab2) [8]





	Determine the products:


	(a + 2)(b + 3)


	(x + 1)(x – 4)


	(x+5)2 [9]










Check your understanding



	Simplify a2b−3ab2−8b2a+10a2b−8a2b. [2]


	Subtract −xy4+5x2y3−x3y2+7 from 3x2y3−9+6xy4−8x4y. [4]


	Determine the following products:


	5.1 2a(4a3−3a−1)


	5.2 −5m(−3m3+4m2−7m+1)


	5.3 3(x + 1)(y – 2)


	5.4 –2(x – 3)(x – 4)


	5.5 (2a+5b)2


	5.6 4x(3x + 1)(3x – 1) [22]





	Simplify:


	6.1 −4x(2x3+x2−3x)−x2(5x2−2x+1)


	6.2 (y−4)2+(3y+2)(3y−2)


	6.3 3(x+2)(x−4)−2(3x+1)2 [27]





	If a = –4 and b = –3, find the values of:


	7.1 a2−b2


	7.2 (a−b)2


	7.3 (a + b)(a – b) [9]





	Factorise completely:


	8.1 8a + 4b – 2


	8.2 2x(a + b) – 5(a + b)


	8.3 9x2−1


	8.4 3a(x – y) + 4(y – x)


	8.5 x2+6x+5


	8.6 (a+b)2−7(a+b)


	8.7 p4−q4


	8.8 y2−5y−24


	8.9 3a – 3b + ax – bx


	8.10 12a2−27


	8.11 2x2+4x−30


	8.12 36(x+y)2−1


	8.13 −x3+6x2−9x


	8.14 (2x−1)2+y(1−2x) [40]





	Simplify (assuming non-zero denominators):


	9.1 10a3−15a2+25a+5−5a


	9.2 5x−10y3x−6y


	9.3 16a2−25b28a+10b [12]










Challenge yourself



	If x = –2 and y = 13, calculate the value of the following (expressing your solutions as fractions if necessary):


	10.1 2x−2


	10.2 −3x−3


	10.3 y−33


	10.4 6y−2 [12]







TOTAL: [145]







Topic 17 Algebraic equations








Patterns, functions and algebra




Key concepts and skills



	Set up and solve equations to describe problem situations.


	Analyse and interpret equations that describe a given situation.


	Factorise quadratic expressions.


	Solve equations of the form: a product of factors = 0.


	Use substitution in equations to generate tables of ordered pairs.










Unit 1 Write, analyse and interpret equations


In this topic you will solve equations involving a product of factors, and use this knowledge to solve equations by using factorisation. You will also set up equations from given “problem” statements, and use equations to generate tables of ordered pairs.



Worked examples



	If you add two numbers, the result is 54. If one of the numbers is x, write down the other number in terms of x.


	You have to find a set of four consecutive natural numbers.


	If the smallest number is x, write down the four numbers in terms of x.


	Three times the sum of the first and the third natural numbers is 4 more than 5 times the highest number. Write an equation to find the four numbers and use it to find these numbers.









Solutions



	54 – x





	2.1 x, x + 1, x + 2, x + 3


	2.2 3(x+x+2)=5(x+3)+43(2x+2)=5(x+3)+4| Simplify inside the brackets.6x+6=5x+15+46x−5x=19−6x=13The⁢ numbers are 13, 14, 15 and 16.








Exercise 17.1



	If you add two numbers, the result is 50.


	If one of the numbers is x, what is the other number in terms of x?


	The difference between the two numbers is 10. Set up an equation, then solve the equation to find the two numbers.





	Thandi thinks of a number and subtracts five. She then doubles the result.


	Write an algebraic expression for this if the number she thought of is x.


	The answer Thandi gets is the same as the original number increased by 18. Write an equation for this and use this to determine the number Thandi thought of in the beginning.





	You have to find a set of three consecutive multiples of four.


	If the smallest multiple is x, write down the other two in terms of x.


	Write an algebraic expression for three times the sum of the first two multiples of four.


	Write down two times the sum of the last two multiples of four.


	Three times the sum of the first two multiples of four exceeds two times the sum of the last two multiples of four by 36. Write an equation and find the three numbers.





	You have to find a set of three consecutive numbers.


	If the smallest number is x, write down the other two numbers in terms of x.


	Three times the middle number is 22 more than the sum of the other two numbers. Write an equation to find x and find the three numbers.





	A number consists of two digits. The tens digit is five more than the units digit.


	If the units digit is x, write down the number in terms of x.


	The digits are swapped around and a new number is obtained. Write down the new number in terms of x.


	The sum of the two numbers is 99. Write an equation and find the original number.





	If you add two numbers the answer is 60.


	If the bigger number is x, write an algebraic expression for the other number.


	Three times the bigger number is just as much more than 100 than eight times the smaller number is less than 200. Write an equation and find the two numbers.











Solve practical problems




Worked example


Kabelo and Alfredo collect comic books.


	1.1 Kabelo has four times as many books as Alfredo, and Alfredo has x books. Write down the number of books Kabelo has in terms of x.


	1.2 Kabelo gives Alfredo six of his books. Write down algebraic expressions for the number of books Kabelo has, and the number of books Alfredo has.


	1.3 Kabelo now has twice as many books as Alfredo. Write down an equation and determine the number of books they each had at the beginning.






Solution



	1.1 Kabelo has 4x books.


	1.2 Kabelo now has (4x – 6) books and Alfredo has (x + 6) books.


	1.3 4x−6=2(x+6)| Making equal numbers of books.4x−6=2x+122x=18x=9Alfredo had 9 books and Kabelo had 36.








Exercise 17.2



	If you add the ages of Lungani and Zama, the answer is 30.


	If Lungani is x years old, how old, in terms of x, is Zama?


	Lungani is 6 years older than Zama. Write an equation and find their ages.





	Tseko draws a rectangle with its length 2 cm more than its breadth.


	The breadth of the rectangle is x. Write an algebraic expression for its length.


	Tseko now increases the length by 2 cm and decreases the breadth by 1 cm. Write algebraic expressions for the new length and the new breadth.


	He finds that the area of the new rectangle is the same as the area of the original rectangle. Form an equation and calculate the length and the breadth of Tseko’s first rectangle.





	The biggest angle in a triangle is four times larger than the smallest angle.


	If the smallest angle is x°, write an algebraic expression for the size of the biggest angle.


	The middle angle is 18° smaller than the biggest angle. Write an algebraic expression for the size of the middle angle.


	Now write an equation and from it determine the sizes of all the angles in the triangle.





	A man has five hours to complete a journey of 520 km. After three hours he realises that he should increase his speed by 30 km/h if he wants to finish his journey in time.


	Copy and complete the table:




	 
	time
	speed
	distance





	First part of journey
	 
	x



	Second part of journey
	 
	 
	 






	Write an equation and determine the man’s original speed.





	There were 12 000 spectators at a soccer match. Some adults had season tickets, but three times as many adults bought tickets at the gate. The remainder of the spectators were children under 18 years of age.


	There were x people who had season tickets. Write algebraic expressions for the number of people who bought tickets at the gate, and for the number of children under 18.


	People with season tickets paid R30 per ticket and the people who bought their tickets at the gate paid R50 per ticket. Children under the age of 18 paid R20 each. Write down algebraic expressions for the total amount paid by adults with season tickets, the total amount paid by adults for tickets at the gate, and the total amount paid by children under 18.


	The total amount made from ticket sales was R300 000. Calculate how many people had season tickets.











Unit 2 Solve equations




Equations with fractions




Equations sometimes include fractions. You can remove the fractions by multiplying every term in the equation by the lowest common multiple (LCM) of their denominators. Remember that no denominator can be 0.







Worked examples



	Solve a:a3+a2=4−a6


	y:7−8y=2(y−4)y


	x:34+6x=2(x+4)3x


	Test your answer for Question 1 by substitution.






Solutions



	a3+a2=4−a66(a3)+6(a2)=6(4)−6(a6)| First find the LCM of the denominators. The smallest  number into which 3, 2 and 6 can divide evenly is 6,  so multiply each term by 6.2a+3a=24−a        6a=24          a=4


	7−8y=2(y−4)y| LCM = y7y−8=2y−8| Multiply each term by y.y=0No solution| y=0 gives a zero in the denominator of the original equation.


	LHS=43+42=113+2=313RHS=4−46=4−23=313LHS=RHSTherefore 4 is the root of the equation.








Exercise 17.3



	Solve the following equations:


	3a4−a2=13


	12x−113=56x+2


	3a2−a3=14


	2p5−3p2+p=112


	3x4+2x3−x=2


	9x4−18=3x+314


	1x+35x=215


	12+13x=2−x6x


	1x+12x+13x=1+14x





	Test your answers to Questions 1.3, 1.4, 1.6, 1.7, 1.8 and 1.9.








Solve equations using factorisation


In the previous topic you learned to factorise quadratic trinomials of the form x2+bx+c. This allows you to solve quadratic equations of the form x2+bx+c=0.



If two factors multiplied together give a product of zero, then at least one of them must be zero.







If A × B = 0, then either A = 0 or B = 0.







This is called the “zero product principle”. You can use it to solve quadratic equations.





The following steps must be followed to solve a quadratic equation:




	Step 1: See that the right-hand side of the equation is equal to 0.











	Step 2: Factorise the left-hand side of the equation and apply the zero product principle.










Remember


Don’t say, for example, x = 0 and x = 2. A number can’t be both 0 and 2!

Say x = 0 or x = 2.




Worked examples


Solve the following equations:


	(x + 6)(x – 4) = 0


	x2−2x=0


	x2−16=0


	x2−8x−48=0


	2x2−16x+30=0


	x(x + 5) = –6


	(x – 8)(x + 1) = –18






Solutions



	(x+6)(x−4)=0(x+6)=0⁢ or (x−4)=0| One or both factor(s) has⁢to⁢ be⁢0⁢for⁢ their product⁢to be 0.x=−6 or x=4


	x2−2x=0x(x−2)=0x=0 or x−2 = 0x=0 or x=2


	x2−16=0(x+4)(x−4)=0| Factorise the difference of two squares.x+4=0 or x−4=0x=−4 or x=0ORx2−16=0x2=16x=−4⁢ or x=4| (−4)2=16 and (4)2=16


	x2−8x−48=0(x−12)(x+4)=0| Factorise the trinomial.x−12=0 or x+4=0x=12 or x=−4


	2x2−16x+30=02x2−16x+30=0| First divide both sides of the equation by 2.(x−5)(x−3)=0x−5=0 or x−3=0x=5orx=3


	x(x+5)=−6x2+5x+6=0| Getting it into the form "quadratic =0".(x+2)(x+3)=0x+2=0 or x+3=0x=−2 or x=−3


	(x−8)(x+1)=−18x2+x−8x−8=−18| First step towards getting 0 on right-hand side.x2−7x+10=0(x−5)(x−2)=0x−5=0 or x−2=0x=5 or x=2








Remember


If A × B = 0, then either A = 0 or B = 0.




Exercise 17.4



	Write down the solutions of the following:


	x(x – 3) = 0


	x(2x – 3) = 0


	x(5x + 2) = 0


	(x – 6)(x + 4) = 0


	(2x – 1)(3x +2) = 0


	(5x + 1)(4x –2) = 0


	(2x+1)2=0


	(2x – 1)(2x + 1) = 0





	Solve for x:


	x2− 36 =0


	x2−100=0


	4x2−1=0


	9x2−4=0


	13x2−3=0


	3x2−27=0





	Solve the following quadratic equations:


	x2−5x=0


	x2+7x=0


	x2+7x+10=0


	x2− 15x+ 36 =0


	x2+ 5x− 6 =0


	x2−x− 6 =0


	2x2+ 16x+30=0


	3x2− 9x−30=0





	Solve the following equations:


	5x2= 10x


	x2+4x=−4


	x(x – 2) = 8


	(x – 3)(x + 2) = 6


	(x – 2)(x – 1) = 12


	(x – 3)(x + 2) = 2x + 4





	A square has side lengths of (x – 1) cm.




	Write an equation if the area of the square is equal to 9 cm2.


	Determine the value of x and then calculate the side of the square.






Remember


If x is a length, it cannot be negative (or zero)!



	A rectangle has side lengths as shown in the figure.




	Write an equation if the area of the rectangle is 24 cm2.


	Determine the value of x and then calculate the perimeter of the rectangle.






Remember


If A × B × C = 0, then A = 0 or B = 0 or C = 0.



	The measurements of a rectangular prism are as shown in the sketch. It has a volume of 60x cm3.




	Write down an equation to find the volume of the prism.


	Solve the equation and give the dimensions of the prism.





	The measurements of a rectangular prism are shown in the sketch. The length of the diagonal of its base is equal to 15 cm (as shown).




	Write an equation and solve x.


	Now determine the numerical value of the height of the prism.





	The measurements, in mm, of a right-angled triangular prism are shown in the sketch.




	Write an equation in terms of x and then solve the equation.


	Calculate the total surface area of the prism.











Generate ordered pairs in tables


In Topic 7 and Topic 15 you used substitution in expressions to generate tables of ordered pairs. You will now revise this work and then use it to solve certain equations.



Worked examples



	


	Complete the table below:




	Use the table to solve the equation 2(x−1)2=0.


	Use the table to solve the equation 2(x−1)2= 8.


	Use the table to solve the equation 2(x−1)2=x+2.





	Copy and complete the table:








Solutions



	


	


	Putting y = 0 in y1 gives the equation 2(x−1)2= 0.

Solve this by inspection from the table:

y = 0 when x = 1 (at *).

So x = 1 is a solution of the equation.


	Putting y = 8 in y1 gives 2(x−1)2= 8.

Solve by inspection from the table:

x = –1 or 3.


	2(x−1)2=x+2 where y1 = y2.

Solve by inspection from the table:

y1 = y2 at x = 0.

So x = 0 is a solution of the equation.





	Find the missing y values by substituting the given x2−4.



Part 2: Find the missing x values by solving the corresponding equations.


	Put y = 0:

x2−4=0

(x + 2)(x – 2) = 0

x = –2 or x = 2

Notice that x = –2 is already filled in on the table.


	Put y = –3:

x2−4=−3

x2= 1

x = 1 or x = –1

Notice that x = –1 is already filled in on the table.

The completed table:




	x
	–2
	–1
	0
	2
	1



	y=x2−4
	0
	–3
	–4
	0
	–3















Exercise 17.5



	Copy and complete the table by finding the missing y values:




	x
	–2
	–1
	0
	1
	2
	3



	y = –2x – 2
	 
	 
	 
	 
	 
	 






	Complete the tables and use them to answer the questions that follow:


	




	x
	– 3
	–2
	–1
	0
	1
	2
	3



	10x – 7
	 
	 
	 
	 
	 
	 
	 





For what value of x is 10x – 7 = –17?


	




	x
	–3
	–2
	–1
	0
	1
	2
	3



	3x – 2
	 
	 
	 
	 
	 
	 
	 





For what value of x is 3x – 2 = –11?


	




	x
	–3
	–2
	–1
	0
	1
	2
	3



	10x – 7
	 
	 
	 
	 
	 
	 
	 



	5x + 3
	 
	 
	 
	 
	 
	 
	 





Use the table to solve 10x – 7 = 5x + 3.


	




	x
	–3
	–2
	–1
	0
	1
	2
	3



	3x – 2
	 
	 
	 
	 
	 
	 
	 



	6x + 1
	 
	 
	 
	 
	 
	 
	 





For what value of x is 3x – 2 = 6x + 1?


	




	x
	–3
	–2
	–1
	0
	1
	2
	3



	–2x – 1
	 
	 
	 
	 
	 
	 
	 



	3x – 6
	 
	 
	 
	 
	 
	 
	 





Use the table to solve –2x – 1 = 3x – 6.


	




	x
	–3
	–2
	–1
	0
	1
	2
	3



	–2x + 3
	 
	 
	 
	 
	 
	 
	 



	–4x – 1
	 
	 
	 
	 
	 
	 
	 





For what value of x is –2x + 3 = –4x – 1?





	Copy and complete the following tables:


	




	x
	–2
	 
	0
	1
	 
	3



	y = (x + 1)(x – 2)
	 
	0
	 
	 
	0
	 






	




	x
	–2
	 
	0
	1
	 
	3



	y=x2−x−2
	 
	0
	 
	 
	0
	 






	




	x
	–1
	0
	1
	2
	 
	 
	 



	y=−(3−x)2
	 
	 
	 
	 
	0
	 
	–4






	




	x
	–2
	–1
	0
	1
	3
	 
	 
	 



	y= 2(x−2)2
	 
	 
	 
	 
	0
	8
	 
	32






	




	x
	–3
	–2
	–1
	0
	1
	 
	 



	y= −x2+4
	 
	 
	 
	 
	 
	0
	–5






	




	x
	–3
	–2
	 
	0
	1
	2
	3



	y=2x2−3
	 
	 
	 
	–1
	 
	 
	 
	 






	




	x
	–2
	–1
	0
	 
	2
	3



	y=x2−2x+1
	 
	 
	 
	0
	 
	 






	




	x
	 
	 
	–4
	 
	 
	–1



	y=x2+8x+15
	3
	0
	 
	0
	3
	 














Putting it all together with equations




Remember


Never divide by a variable, because it could be equal to 0. You could lose a solution too!




Exercise 17.6


Solve the following equations:


	x2+2x−24=0


	x2=144


	3x2+9x=0


	x2− 1 = 8


	3x4+2x3−x=2


	(x + 2)(x + 3) – 2(x + 2) = x(x – 3) – 4


	x3+2x−14=1


	x2−x−72=0


	3x+4= 81


	x−23+2x−16=x+52












Revision Test Topic 17




Know your basics



	Solve the following equations:


	34b+5=56b+2


	x2−49=0


	x2−17x+72=0


	x2−x− 56 =0


	x2+ 11x+ 24 =0


	3x2−27=0










Check your understanding



	Solve the following equations:


	2.1 2x2−4x−70=0


	2.2 13a−512a=1−16a


	2.3 3x+54−3=13(3x+1)−5x−112 [15]





	If a number is multiplied by –5 and then subtracted from 15, the result is –10. What was the original number? [4]







Challenge yourself



	If (x – 3)(y + 2) = 0, determine the value of:


	4.1 x if y = –2


	4.2 y if x = 3


	4.3 x if y ≠ –2


	4.4 y if x ≠ 3. [12]





	Mr and Mrs September decide to sell their house. They budget that 23 of the selling price will repay their mortgage and that they will need to pay 120 of the selling price to an estate agent as commission. This will mean that they make a profit of R170 000 from what is left after the mortgage and commission have been paid.


	5.1 If the selling price is x rand, write algebraic expressions for the amount which will repay the mortgage and the amount they have to pay the estate agent as commission.


	5.2 Write an algebraic expression for the profit.


	5.3 Write down an equation and solve it to find the selling price of the house. [9]





	Lerato cycles from home to school in the morning and back home in the afternoon. She cycles from home to school at an average speed of 32 km/h and back at an average speed of 24 km/h. It takes her 15 minutes longer in the afternoon than in the morning. Let the distance between her home and the school be x km.


	6.1 Copy and complete the table:




	 
	speed
	distance
	time





	morning
	 
	x
	 



	afternoon
	 
	x
	 






	6.2 Now create an equation and calculate the distance between Lerato’s home and the school. [9]







TOTAL: [67]







Topic 18 Graphs








Patterns, functions and algebra




Key concepts and skills



	Analyse and interpret global graphs of problem situations, including linear and non-linear graphs, constant, increasing and decreasing graphs, and discrete and continuous graphs.


	The concepts of maximum and minimum.


	Linear graphs, focusing on x-intercept, y-intercept and gradient.


	Draw global graphs from given descriptions of a problem situation, identifying the features mentioned above.


	Use tables of ordered pairs to plot points and draw graphs on the Cartesian plane.


	Extend this to drawing linear graphs from given equations, and determining the equations of given linear graphs.










Unit 1 Interpret and investigate graphs


In this section you will read information from graphs of real situations and interpret this information.



Some vocabulary


A linear graph is a straight-line graph.

A graph can be discrete or continuous. A discrete graph consists of separate points, usually shown as dots. A continuous graph is unbroken.

In these graphs there are two axes, and two variables. The independent variable or quantity is shown on the horizontal axis. The dependent variable or quantity is shown on the vertical axis.




Linear graphs




Worked examples



	The graph shows how water runs into a cylindrical container over a period of time.



Remember


The amount of water depends on how much time has passed. So water height is the dependent variable, and time is the independent variable. Time must therefore go on the horizontal axis.





	What was the height of the water in the container at the start of the time period?


	Is the rate at which the water runs in constant? Give a reason for your answer.


	At what rate is the water running in? Give your answer in cm/s.


	How can you see from the graph that the height of the water increases?


	Describe in your own words how you would calculate the height of the water in the container at any given time.


	If time is represented by x and the height of the water by y, write a formula to calculate the height of the water in the container in the form y = ………


	Test your formula by calculating the height of the water at the start of the time period, and by calculating the time it took the water to reach a height of 45 cm.









Remember


A sloping straight-line graph always indicates a constant rate of increase or decrease.




Solutions



	1.1 10 cm (at the point where the time is 0 seconds).


	1.2 Yes. The graph increases at the same rate for any part of the time period.


	1.3 It rises (46 – 10) = 36 cm in 18 seconds. The rate is therefore 2 cm/s.


	1.4 The line slopes up from left to right or the heights increase as time passes.


	1.5 Add 2 times the number of seconds to 10 cm.


	1.6 y = 2x + 10


	1.7 Put x = 0 for the start: y = 2(0) + 10 = 10 cm. This is correct (see graph). Put y = 45: 2x + 10 = 45 gives x = 17,5 seconds. Also correct (see graph).








Exercise 18.1



	The tap of a cylindrical container is left open. The graph shows what happens to the height of the water in the container.




	What was the height of the water in the container before water started running out?


	Is the rate at which the water runs out constant? How can you see that from the graph?


	At what rate was the water running out?


	How can you see from the graph that the height of the water in the container was decreasing?


	How much time passed before the container was empty?


	Describe in your own words how you would calculate the height of the water in the container at any given time.


	If time is represented by x and the height of the water by y, write a formula in the form y = ……… to calculate the height of the water in the container.


	Check your formula by calculating:


	the height of the water before the tap was opened


	the time it took for the container to empty.





	What type of data is shown in the graph: discrete or continuous?





	The graph below shows the relationship between John’s working experience (in years) and his annual salary (in rands).




	What was John’s annual salary when he started to work?


	Is his annual salary increasing by a constant amount each year? Give a reason for your answer.


	What was John’s annual salary increase over this time period?


	Can the points on the graph be joined? Give a reason for your answer.


	Describe in words how you would calculate John’s annual salary after a given number of years.


	If John’s annual salary is represented by y and his experience (in years) is represented by x, write down a formula in the form y = ……… to calculate John’s annual salary.


	Check your formula by calculating John’s starting annual salary.


	Use your formula to predict the number of years it would take John to receive an annual salary of R220 000. Does the graph confirm your answer?


	What type of data is shown in the graph: discrete or continuous?





	The graph shows what happens if a certain volume of ice is heated.




	From A to B the ice melts.

What happens to the temperature?


	When the temperature of the water changes, does it increase or decrease? Does the temperature change at a constant rate? Give a reason for your answer.


	At what rate in °C/min does the water temperature increase?


	Between C and D water evaporates in the form of steam. What happens to the temperature?


	The temperature of the steam increases between D and E. Does the temperature increase at a constant rate? Give a reason for your answer.


	What type of data is shown in the graph: discrete or continuous?





	The terms of a numeric pattern are represented in the graph, where n represents the position of a term in the sequence and Tn represents the value of the term.




	Are the terms decreasing or increasing? How can you see this from the graph?


	Is there a constant difference between consecutive terms? How can you see that from the graph?


	What is the difference between consecutive terms?


	Can the points of the graph be joined? Give a reason for you answer.


	What type of data is shown in the graph: discrete or continuous?


	Copy and complete the table:













Non-linear graphs




Worked example


Bongiswa cycles to practise for a race. The graph shows her distance from home over a period of time.




	Calculate Bongiswa’s average speed between:


	0 and 2 hours


	2 and 4 hours


	4 and 6 hours





	What happens to Bongiswa’s average speed?


	What was the maximum distance Bongiswa went from her home?


	How long did she take to reach this maximum distance?


	What happens to Bongiswa’s speed as she returns home?


	How long did Bongiswa practise?






Solutions



	1.1 10 km/h (20 km in 2 hours)


	1.2 6 km/h


	1.3 2 km/h





	Bongiswa’s average speed decreases.


	36 km (This point is called the maximum point.)


	6 hours


	She starts riding slowly and then increases her speed.


	12 hours








Exercise 18.2



	The graph shows the speed of a car approaching a traffic light. For 20 seconds the traffic police observed the car with a radar speed-measuring device.




	At what speed was the car travelling when the observation started?


	How is the car slowing down: faster and faster, or slower and slower?


	What was the minimum speed of the car?


	After how many seconds did the car stop at the traffic light?


	For how long did it stop?


	Did the speed of the car increase at a constant rate? How can you see that from the graph? Explain by giving the speeds of the car at different times.





	Hashim hits a cricket ball up in the air.

The graph shows what happened.




	What was the maximum height the ball reached?


	How long did the ball take to reach its maximum height?


	How long did it take the ball to hit the ground?


	Did the height of the ball increase at a constant rate? Justify your answer by giving the height of the ball after 0,5 seconds, 1 second, 1,5 seconds and 2 seconds.












Remember


In the graphs in Exercise 18.1 and 18.2 the input values (x) and output values (y) are real-life values, so they are not negative. But in many areas of mathematics these values can be negative as well.





Calculate where graphs intersect the horizontal and vertical axes


The points where a graph intersects the axes are called the intercepts with the axes. The x-intercept(s) is the point (or points) where the graph intersects the x-axis and the y-intercept(s) is the point (or points) where the graph intersects the y-axis.

To find the y-intercept, set the x-coordinate equal to 0 in the equation of the graph, and then solve for y.

To find the x-intercept, set the y-coordinate equal to 0 and solve the equation.



Coordinates


The area formed by the x− and y−axes is called the Cartesian plane or the coordinate plane.

A point on the XY-plane is determined by its x− and y−coordinates.



Point P has an x−coordinate of 3 and a y−coordinate of 8.

We say that P is the point (3; 8).

Always put the x−coordinate first in the brackets.

Write down the coordinates of the other 4 points in the form (x; y) and check your answers with a partner.



Did you know?


The word “Cartesian” comes from the name of René Descartes, a 17th century French mathematician who introduced these ideas.




Worked examples


For the following graphs, calculate the coordinates of the points where each graph intersects the y−axis (the y−intercept) and the x−axis (the x−intercept).


	


	






Remember


On the x-axis all the y-coordinates are equal to 0 and on the y-axis all the x-coordinates are equal to 0.




Solutions



	To find the y−intercept, put x = 0:

y = 2x + 4

y = 2(0) + 4

y = 4 so the y−intercept is (0; 4).

To find the x−intercept, put y = 0:

y = 2x + 4

O = 2x + 4

x = –2 so the x−intercept is (–2; 0).


	y−intercept:

2(0) + 4y = 8

y = 2

∴ y−intercept is (0; 2)

x−intercept:

2x + 4(0) = 8

x = 4

∴ x−intercept is (4; 0)








Remember


Graphs do not have to be drawn to scale.




Exercise 18.3


For each of the following calculate the x-intercept and the y−intercept.


	


	


	


	


	


	


	


	








The gradient of a linear graph


The word gradient can mean different things in different contexts.

These pictures show how steep a road is.

The first picture shows a positive gradient. It shows that a vehicle would be ascending (going up) 21 metres for every 100 metres it moves forward.



The second picture shows a negative gradient, and that a vehicle would be descending (going down) 10 metres for every 100 metres it moves forward.





The gradient of a graph is positive if the graph shows an increasing function. A gradient is a rate of change.





In this graph the distance from the starting point is increasing at a rate of 5 m for every second, and we can say that the speed is 5 m/s.





The gradient of a graph is negative if the graph shows a decreasing function.





In this second graph the distance from the starting point is decreasing at a rate of 5 m for every second, and we say the speed is 5 m/s.



The gradient of the first graph is 5 : 1, or 5.

The gradient of the second graph is –5 : 1, or –5.

The minus sign is because the distance from the starting point is decreasing.



To find the gradient always put “change in y” over “change in x”. A decrease gives a negative change in y.







To find the changes in x and y, choose two points on the line and investigate the changes in the x- and y-coordinates as you move from one point to the other.







Remember


The gradients of linear graphs are always constant. In Exercise 18.2 you saw that the gradients or rates of change of non-linear graphs are not constant.




Worked examples


For each of the following, first say whether the gradient is positive or negative. Then give the gradient.


	


	


	


	


	



Remember


For a vertical line, the change in x = 0, but division by 0 is not allowed. The gradient of a vertical line is therefore undefined.







Solutions



	Positive. Gradient = 13 | Change in y = +1; change in x = +3


	Negative. Gradient = – 23


	Positive. Gradient = 15


	Gradient = 0 | Change in y = 0


	Gradient is undefined.








Exercise 18.4



	Go back to Exercise 18.1 and for Questions 1, 2 and 4 write down the gradient of the graph. Give the rate of change, with the correct units. For Question 3 write down the gradient of each section of the graph and give the rate of change, with the correct units. How does the gradient relate to your formulae in Questions 1, 2 and 4?


	For each of the following graphs (not drawn to scale), first write down whether the gradient is positive or negative. Then write down the gradient.


	


	


	


	


	


	


	


	


	


	


	


	













Unit 2 Draw graphs and determine the equations of graphs


In this unit you will draw graphs as visual representations of practical situations.



Worked examples



	The Grade 9 Science class conducts an experiment to test what happens when an object of a certain mass is suspended from a spring. They noticed that the spring stretches at a constant rate of 1,5 cm per kg. The original length of the spring is 12 cm and the spring is attached to a wire 33 cm above a table.




	What are the variables in this situation?


	Which variable is independent and which one is dependent?


	Draw a graph of the situation, showing the gradient. Label the axes and give your graph a heading.


	Describe how you would work out the length of the spring if you are given the mass of the object suspended from it.


	If the length of the spring is represented by y cm and the mass of the object suspended from it by x kg, write a formula in the form y = ……… for calculating the length of the spring.


	Now write an equation and use it to determine the maximum mass that can be hung on the spring.





	An object is dropped from a tall building 50 m high. As it falls, it accelerates under the influence of gravity. It hits the ground 3,25 seconds later. First identify the variables, then draw a graph of the situation. (Make sure you label the axes correctly and give your graph a heading.)






Solutions



	1.1 Mass and length of spring


	1.2 Independent: mass, in kg. Dependent: length of spring, in cm.


	1.3 


	1.4 Add 12 cm to 1,5 times the mass.


	1.5 y = 1,5x + 12


	1.6 1,5x+12=33 |The table stops it from stretching futher.1,5x=21x=211,5=14 kg





	The object is accelerating; it is going faster and faster. The curve must be similar to the right-hand half of the curve shown in Exercise 18.2 Question 2, where the ball is falling.










Exercise 18.5



	On a farm there are 20 springboks. Their numbers increase, but more and more slowly, until they reach a maximum number. Then their numbers decrease faster and faster because of a lack of food as well as hunting. After a few years there are no springboks left. Identify the independent and dependent variables and draw a sketch graph of the situation, labelling the axes.


	Chesley hits a golf ball. Gravity causes the golf ball to rise more and more slowly until it reaches a minimum speed at its maximum height. Then, as it falls, gravity causes it to accelerate. Draw a sketch graph showing the speed of the golf ball during the time it took (in seconds) to go up and fall back to the ground. (Do not show its speed when it hits the ground.)


	One morning Fariedah goes jogging. She runs for half an hour and covers a distance of 4 km. She rests for a quarter of an hour, then runs at the same average speed as before for three-quarters of an hour. She then does some exercises for 15 minutes. After that she runs back to her starting point. The total time she takes is 234 hours.


	Draw an accurate graph of this situation. Use graph paper and an appropriate scale.


	Use your graph to determine the average speed at which Fariedah runs back.






Remember


“Draw on one system of axes” means you have to draw both graphs on the same set of axes.



	For Questions 4.1 and 4.2, draw graphs for each of the two scenarios on one system of axes. Include the intercepts (if they are known) and label the axes.


	Each month Lebo buys an SMS bundle for R23 and then also pays R0,99 per minute for calling time. Lungiswe buys an SMS bundle of R35 and pays the same amount per minute calling time as Lebo.


	Dikeledi has a contract for her cellphone. She pays R95 on fixed expenses each month and R1 per minute calling time. Winston also has a contract. He pays R50 for fixed expenses and R2 per minute calling time.


	For the two cases in Question 4.1, can you say one is better value than the other?


	For the two cases in Question 4.2, can you say one is better value than the other?









Remember


You do not need to include many numbers on the axes of your graphs. But always include the intercepts (if they are known).





Use tables of ordered pairs to draw graphs


In this section you will use tables of “ordered pairs” (x and y values) to plot points and draw graphs on the Cartesian plane. You can use this method to draw any shape of graph, as long as you have an equation that gives the relationship between the variables.

For this section you will need to use a squared paper or a graph paper.



Worked examples



	


	Copy and complete the table.




	x
	–1
	0
	1
	112
	2
	2
	3
	4



	y=−4x2+12x
	 
	 
	 
	 
	 
	 
	 
	 






	Use an appropriate scale and plot the points on a Cartesian plane, then draw the graph.





	You are given the equation y=13x+2. Choose your own x values and draw up a table. Using an appropriate scale, plot the points and draw the graph.






Solutions



	1.1 




	x
	–1
	0
	1
	112
	2
	3
	4



	y=−4x2+12x
	–16
	0
	8
	9
	8
	0
	–16






	1.2 





	If you are sure that you have a straight-line graph, you need only 3 points to draw it. (Two points are actually enough, but use a third point to check.) Choose x values which will allow you to work without fractions.




	x
	–3
	0
	3



	y=13x+2
	1
	2
	3





This is enough to draw the graph, and it gives the y−intercept. But you should also show the x−intercept.

To find the x−intercept, put y = 0:

13x+2=0 gives x = –6.










Exercise 18.6



	Copy and complete the tables and plot the ordered pairs on a coordinate plane on squared paper or graph paper, using an appropriate scale. Draw the graphs by joining the points.


	




	x
	–1
	0
	1
	2
	3
	4
	5



	y = (x – 1)(x – 3)
	 
	 
	 
	 
	 
	 
	 






	




	x
	–1
	0
	1
	2
	3
	4
	5



	y = –(x – 1)(x – 3)
	 
	 
	 
	 
	 
	 
	 






	




	x
	–1
	0
	1
	2
	3
	4
	5



	y=−(x−2)2
	 
	 
	 
	 
	 
	 
	 






	




	x
	–5
	–4
	–3
	–2
	–1
	0
	1



	y=(x+2)2
	 
	 
	 
	 
	 
	 
	 






	For each of the graphs above, say whether the graph has a maximum or a minimum value.


	Do you notice a pattern on which it depends whether the graph has a minimum or a maximum value? If so, what is the pattern?





	For each of the following, draw up your own three (or four) tables and draw the three (or four) graphs on the same system of axes. Use a squared paper or a graph paper. (They are all straight-line graphs, so you need only 3 points for each line.)


	y=2xy=2x+3y=2x−1


	y=xy=x+2y=x−2


	y=xy=2xy=3xy=4x


	y=−2xy=−2x+1y=−2x−1


	y=12xy=12x+2y=12x−2


	y=12x+1y=x+1y=2x+1y=3x+1

	y=−12xy=−12x+1y=−12x−2


	y=−3xy=−3x+1y=−3x−3


	y=−xy=−2xy=−3xy=−4x


	y=12x−2y=x−2y=2x−2y=3x−2





	Make a sketch of y = x and y = –x on one system of axes. In what ways do the two graphs look the same, and in what ways do they differ?


	


	Write down the gradients of the graphs in Questions 2.1, 2.2, 2.4, 2.5 and 2.7.


	Complete: In Questions 2.1, 2.2, 2.4, 2.5, 2.7 and 2.8 the sets of graphs are ……… because in each case they have the same ………


	In Questions 2.3, 2.6 and 2.10 ……… of the graphs increase and the graphs become steeper.


	In Questions 2.6 and 2.10 the graphs all have equal ………


	The formulae of all the graphs you drew in Question 2 are of the form y = mx + c. What do you think the “m” and the “c” represent on each graph?











Draw linear graphs using the gradient and y-intercept


There is another way to draw straight-line graphs. It is called the gradient-intercept method, and you do not need to use a table.



A line expressed in the form y = mx + c has a gradient of m and a y-intercept at the point (0; c). The c value represents the y-intercept.





To draw a line using this method, start at the y-intercept (c value), and plot that point. Then use the gradient (m value) to move up or down (according to the change in y), and then left or right (according to the change in x). Then plot the next point.



Remember


The gradient is “the change in y” over “the change in x”.


You need only two points to draw a linear graph, but if you use 3 points you will notice more easily if you make a mistake.



Remember


You can find as many points as you like on a straight line by starting from a point on the line, and using the “pattern of the slope” to find another point.




Worked examples



	Sketch y = 2x + 1 using the gradient-intercept method.


	Sketch y=−32x+1 using the gradient-intercept method.






Solutions



	The y−intercept (the c value) is +1. The gradient (m) is 21, which gives a change in y of 2, and a change in x of 1. First plot the y-intercept, which is the point (0; 1).



Then use the gradient: move 1 unit horizontally (x-axis) to the right (positive), and then 2 units vertically (y-axis) upwards. At the end of this “shift”, make a dot, which will be the second point on the line.

The gradient can also be seen as −2−1, so to find a third point, move 2 units vertically downward and then 1 unit horizontally to the left.


	The y−intercept is +1. The gradient can be seen as either 3−2 or −32.

First plot the y−intercept, (0; 1). Then move 3 units vertically upwards (positive change in y) and 2 units horizontally to the left (negative change in x). To find the third point, move 3 units vertically downward and then 2 units horizontally to the right.










Exercise 18.7


For each of the relationships given below, use the gradient and y−intercept method and draw graphs on a Cartesian plane on graph paper or squared paper. Draw graphs 1–4 on one system of axes and graphs 5–9 on another system of axes.


	y = 3x + 2


	y=−13x+2


	y = 3x


	y=−13x


	y = –2x


	y = –2x + 1


	y=12x


	y=12x+1


	y = 2x








Draw linear graphs using the x− and y−intercepts of the graph




This method uses the fact that you only need two points to draw a linear graph. Finding the x− and y−intercepts is enough to be able to draw the line.







There is one exception. If the graph passes through the origin, the x− and y−intercepts are the same point, so this method will not work. For graphs passing through the origin you must show either another point on the graph or its gradient.







Worked example


A linear function is defined by y = 2x + 4. Draw a graph on graph paper using only the y− and x−intercepts of the graph.



Solution


To find the x−intercept, put y = 0:

y = 2x + 4

0 = 2x + 4

x = –2

So the x−intercept is the point (–2; 0).



To find the y−intercept, put x = 0:

y = 2x + 4

y = 2(0) + 4

y = 4

So the y−intercept is the point (0; 4). Plot the points (–2; 0) and (0; 4) and draw the line through these points, as shown above.





Exercise 18.8


Draw graphs of the following relationships, using only the y− and x−intercepts. You can draw three graphs on the same system of axes.


	y = –2x + 4


	y = 3x + 6


	3x + 2y = 6


	3x – 2y = 6


	y=12x−1


	y=−34x+3


	y=−23x+2


	6x – 4y = 12


	2x + 3y = –6








Draw sketch graphs of linear functions




A sketch graph does not need to be accurate, but it must give enough information for the equation of the graph to be written down using only the information on the sketch.





You can do this now because you know enough about the properties of linear functions. You know that the gradient and the y-intercept are enough to allow you to write the equation in y = mx + c form.



Worked examples



	Draw a sketch graph of y = 2x + 3.


	Draw a sketch graph of y = 3x.






Solutions



	The y−intercept is (0; 3).

To find the x−intercept, put y = 0.

The x−intercept is (−112;  0).





Remember


When you have both intercepts, you can easily draw the graph. You do not need squared paper, but do use a ruler!



	In this question it is not enough to only show the intercepts. This would not show enough information to enable you to write down the equation of the graph again by just using the information on the sketch. You can use one of the following methods:


	You draw a line through (0; 0) which slopes upwards from left to right, because the gradient is positive. Then you indicate the gradient, as in the sketch below, with a right-angled triangle.


	Put x equal to any convenient non-zero value and work out the corresponding y value. Then draw a line on which (0; 0) and the other point are indicated.

You can, for example, choose x = 2 and for this example show the point (2; 7) on the graph.













It is helpful to check your straight-line sketches by asking: Is the gradient positive or negative? If it is positive, your line should slope upwards from left to right. If the gradient is negative, the line must slope downwards.







Exercise 18.9


Draw sketch graphs of the following. (You do not need to use graph papers.)


	y = 3x + 6


	y = –4x – 8


	2x + 3y = 6


	y = –2x


	y=−23x−2


	y = 3


	x = –3


	y = –x + 2


	y=12x−3


	y=−13x


	y = 3x


	y = 2x + 3








Determine equations of linear graphs


To find the equation of a given linear graph, you can use the fact that its general form is y = mx + c, where m represents the gradient of the line and c is its y−intercept.

If you have these values (gradient and y−intercept) you can simply use the general equation



y = mx + c 





to write down the equation of the given line.

The equations of lines parallel to the axes cannot be found in this way:



The equation of any horizontal line is y = the y-intercept value (c).







The equation of any vertical line is x = the x-intercept value.







Worked examples



	Find the equations of these linear graphs.




	Find the equations of these three straight-line graphs.




	Determine the equation of the straight line passing through the following points:




	x
	–2
	–1
	0
	1
	2



	y
	8
	5
	2
	–1
	–4






	Determine the equation of the straight line passing through the following points:




	x
	–2
	–1
	0
	1
	2



	y
	3
	5
	7
	9
	11










Solutions



	


	Gradient: the gradient is negative, so m=−22=−1 y-intercept: c = 4

So the equation is y = –x + 4


	If linear graphs are parallel, they have equal gradients. These two graphs are parallel, so m = –1 for this graph also.

And c = 2, so the equation is y = –x + 2.





	


	x=30000(the x-intercept is (3; 0))


	y=40000(the y-intercept is (0; 4))


	y=43x000(c=0)





	Each y value decreases by 3 when the x value increases by 1, so m=−31=−3.

If x = 0, y = 2, so the y−intercept is 2.

The line is y = –3x + 2.


	Each y value increases by 2 when the x value increases by 1, so m=21=2.

If x = 0, y = 7, so the y−intercept is 7.

The line is y = 2x + 7.








Exercise 18.10



	Find the equations of the linear graphs numbered 1.1 to 1.17 (not necessarily drawn to scale).














	Determine the equations of the straight lines passing through the given points:


	




	x
	–2
	–1
	0
	1
	2



	y
	–1
	1
	3
	5
	7






	




	x
	–2
	–1
	0
	1
	2



	y
	–6
	–2
	2
	6
	10






	




	x
	–2
	–1
	0
	1
	2



	y
	0
	–1
	–2
	–3
	–4






	




	x
	–2
	–1
	0
	1
	2



	y
	11
	8
	5
	2
	–1









	Determine the equations of the following linear graphs:


	The graph has a y−intercept of 4 and a gradient of –2.


	The graph passes through the origin and the point (2; 5).


	The graph is parallel to the y−axis and passes through (–2; 3).


	The graph is parallel to the x−axis and passes through (–2; 3).














Revision Test Topic 18




Know your basics



	Write down the gradients of the following linear graphs:





 [5]







Check your understanding



	Copy and complete the tables and then draw the corresponding graphs on a graph paper.


	2.1 




	x
	–2
	0
	2



	y=−12x+2
	 
	 
	 






	2.2 




	x
	–2
	–1
	0
	1
	2
	3
	4



	y=(x− 1)2−2
	 
	 
	 
	 
	 
	 
	 





[10]





	Draw sketch graphs of the following straight lines. Show the coordinates of the intercepts with the axes or, if necessary, the gradient of the graph.


	y = –3


	x = –2


	y=−34x


	y = 4x + 8


	3x + 5y = –15 [13]





	Write down the equations defining each of these graphs:



 [12]







Challenge yourself



	Henry pays R32 per month for SMSs and R2 per minute of calling time. His budget allows him to spend only R120 per month on cellphone costs.


	5.1 Write down a formula which Henry can use to calculate his costs.


	5.2 Draw a graph to illustrate your answer to Question 5.1 Show the gradient and intercept(s). Label the axes clearly.


	5.3 How many minutes can Henry talk per month if he wants to stay within his budget? [10]











Formal Assessment: Assignment





	Total marks: 50
	Time: 112 hours






	Descriptions of six situations are given below. Also given are six different graphs.


	1.1 For each situation identify the variables and say which is the independent variable and which is the dependent variable.


	1.2 Match each situation to a graph. Just write down the letter of the situation and the number of the graph.


	A: A cup of tea is very hot. The tea cools down fast in the beginning. Once the difference between room temperature and the temperature of the tea is small, the cooling slows down.


	B: The height of a mealie plant is observed during the first 100 days of its growth. Its growth rate increases in the beginning until it grows very fast. Then the growth rate slows down as its height draws nearer to its final height.


	C: There was an influenza epidemic in a small town. As the weeks went by, more and more people contracted the illness until almost everybody was ill.


	D: A very big truck relies on its spring shock absorbers to carry the weight of its load. These thick coils have a certain length when the truck is empty. They shorten by a fixed length per ton as the weight of the load increases until, at a certain weight, they are totally compressed.


	E: When Sipho is first observed, he is already a distance away from his starting point and is running at an average constant speed. After a while he rests for a time and then turns back to his starting point, sprinting faster and faster.


	F: A car goes at a constant average speed. It then stops for a time. Then it accelerates until it is going at the same constant speed as before.







[18]








	Mr Williams wanted to exchange rands for pula, because he was going to the Kgalagadi National Park in Botswana. He went to an agency to exchange the money. The agency charges a certain amount per transaction. The graph shows how this happens.




	2.1 How much does the agency charge per transaction? (1)


	2.2 Write down the gradient of the graph. (1)


	2.3 Complete: The agency’s exchange rate is 1 pula = ... rand. (1)


	2.4 If the number of pula is p and the number of rand is r, write a formula which Mr Williams could use to calculate how many pula he would get for any amount in rands he paid the agency. (2)


	2.5 When Mr Williams returned to South Africa, he still had 200 pula. Determine the amount in rand he would receive if he exchanged the money at the same rate. (1)


	2.6 According to the usual exchange rate, a pula and a rand are very close in value. Was the agency charging a reasonable rate? Explain. (1)

[7]





	The point (3; –2) lies on the graph of y = –2x + 4.


	3.1 Write down the y-intercept as a point in the form (x; y). (2)


	3.2 Draw the graph of y = –2x + 4 on a graph paper or a squared paper. (2)


	3.3 Use the graph or any other method to find the value of y if x = –2. (1)

[5]





	The point (–1; 3) lies on the graph of y = 3x + c.


	4.1 Plot the point (–1; 3) on a Cartesian plane on a graph paper or a squared paper. (1)


	4.2 Draw the graph by using its gradient and the given point. (2)


	4.3 Use your graph and write down the value of c. (1)

[4]





	Draw sketch graphs of the following on separate systems of axes. Clearly show the coordinates of any intercepts with the axes. If the x- and y-intercepts are the same, show another piece of information to distinguish the graph.


	5.1 y = 4 (2)


	5.2 y=14x (1)


	5.3 y=34x+6 (2)


	5.4 4x + 2y = –8 (2)

[7]





	Write down the equations defining the four graphs shown here:



 (4 + 3)


	6.5 Find the relationship relating the input (x) values to the output (y) values shown in this table. Give your answer in the form y = ..........




	x
	–3
	–2
	–1
	0
	1
	2



	y
	9
	7
	5
	3
	1
	–1





(2)

[9]







TOTAL: [50]






Topic 19 Volume, capacity and surface area








Measurement




Key concepts and skills



	Calculate the surface area, volume and capacity of cubes, rectangular prisms, triangular prisms and cylinders, using appropriate formulae.


	Convert between different SI units.


	Solve problems involving the surface area, volume and capacity of cubes, rectangular prisms, triangular prisms and cylinders.


	Investigate how doubling any or all the dimensions of right prisms and cylinders affects their volume.










Unit 1 Surface areas of cubes, prisms and cylinders


In Grade 8 you calculated the surface area of cubes and prisms, and you worked on areas in Topic 14 of this book.

It is not hard to see that the surface area of a three-dimensional (3D) object is the total area of all of its faces.

Look at the figures and identify and count the number of faces of each 3D shape:


[image: ]


Cube






[image: ]


Rectangular prism






[image: ]


Triangular prism







Surface area of a cube


A cube has six faces. They are identical (congruent) to each other. What is the total surface area of the cube shown above?

Surface area=6×area of one face=6×s×⁢s=6s2



Remember


Congruent shapes have the same shape and size. Their corresponding sides are equal in length, their corresponding angles are equal, and their areas are also equal.





Surface area of a rectangular prism




What is the total surface area of the rectangular prism shown above?

A rectangular prism has three pairs of congruent faces.

Surface area=(2×area of front face)+(2×area of side face)+(2×area of base)=2(b×h)+2(l×h)+2(b×l)=2(h⁢b+l⁢h+b⁢l)




Surface area of a triangular prism




What is the total surface area of the triangular prism shown above?

A triangular prism has two congruent triangular “bases” and three rectangular faces.

Surface area=2×area of base + area of face 1+area of face 2 +area of face 3=2×12bace×height ofΔ + b1h2+b2h2+b3h2=2(12b1h1)+b1h2+b2h2+b3h2

You do not need to learn these formulae – you can just work out the total of the areas of all the faces.



Worked example



	The figure shows a triangular prism with height 10 cm and the sides of its base respectively 5 cm, 7 cm and 4 cm. The height of the 2D triangular base is 2,8 cm as shown. Calculate:




	the area of the base of the prism


	the area of face A


	the total surface area of the prism.









Solutions



	1.1 Area=12b⁢h=12×7×2,8=9,8 cm2


	1.2Area=lb = 4×10= 40 cm2


	1.3 Surface area=2(9,8)+(4×10)+(7×10)+(5×10)=19,6+40+70+50=179,6 cm2









Conversion between units




Surface area is often measured in square centimetres (cm2) or square metres (m2). You have seen before that







1 cm2=100 mm21 m2=10 000 cm21 km2=1 000 000 m2.







Exercise 19.1


Where applicable, give your answers correct to 2 decimal places.


	Copy and complete:


	250 000 mm2=... cm2


	3,84 cm2=... mm2


	3,52 m2=... cm2


	8,23 cm2=... mm2


	896 000 cm2=... m2


	475 km2= ...×10... m2





	Calculate the surface area of a cube with sides of 8,4 cm.


	Calculate the surface area of a rectangular prism with length 17,8 cm, breadth 13,2 cm and height 5,8 cm. Give the area in cm2 and in mm2.


	Calculate the surface area of a triangular prism with height 15,8 cm and sides of the base respectively 6,5 cm, 7,2 cm and 8,3 cm. The height of the base measured from the 8,3 cm side is 5,4 cm.


	Calculate the length of the sides of a cube with surface area 1 142,65  cm2.


	Calculate the height of a rectangular container with length 12,6 m, breadth 4,7 m and surface area 201,84 m2.


	The figure shows an A-frame tent with canvas sides and end faces. The floor is made from plastic material and forms part of the tent. The tent is 3,4 m long and 2,4 m wide, and its end faces are isosceles triangles.

The slant height of the tent is 2,6 m and the surface area (floor included) is 30,16 m2.



Calculate:


	the area of the floor of the tent


	the height of the tent.





	The figure shows a factory building which is 45 m long and 24 m wide. The side walls of the building are 4,8 m high, and the slant height of the roof is 12,4 m.



Calculate:


	the area of the floor


	the height of the roof


	the area of an end face, including the door


	the surface area of the building, including windows and doors and roof, but excluding the floor.





	The figure shows the net of a small triangular container. It is 19,5 cm long, and the sides of its (unfolded) base are 4,5 cm, 6 cm and 4,2 cm. The height of the base, measured from the 6 cm side, is 3,1 cm.



Calculate the surface area of the container.






Remember


In Grade 8 you learned about nets. A net is a 2D representation of a 3D object. You will study nets in more detail in Topic 21.






Surface area of a cylinder


A cylinder is a 3D object with two circular congruent end faces and one curved face. Cylinders are used widely in everyday life for food packaging. Name a few examples where cylinders are used for packaging food and storing liquids.

The figure shows a cylinder together with its side and top views.


[image: ]


cylinder






[image: ]


side view






[image: ]


top view





Looking at the net of a cylinder will help you understand how the formula for surface area is derived. When you unfold a cylinder into a net you get two circular faces and one long rectangular face. The figure below shows the net of a cylinder. The breadth of the rectangle is equal to the height of the cylinder, and the length of the rectangle is equal to the circumference of the cylinder. The surface area of a cylinder is equal to the area of the net of the cylinder.



Remember


“Circumference” is a special word used for the perimeter of a circle.




Do you remember the formulae for the circumference and area of a circle?



Circumference of a circle = 2πr







Area of a circle = πr2







Remember


The area of a circle comes in square units, so the area formula is the one with the r “squared”!


Think of the curved surface as being “unrolled” to make a rectangle.

Its area = l × b = 2πrh.



Surface area of cylinder=area of two end faces + area of curved face=2(πr2)+2πr⁢h=2π⁢r⁢h(r+h)







Worked example


Calculate the surface area of a cylinder with height 11,7 cm and diameter 7,6 cm. Give your answer correct to 2 decimal places.



Solution


Radius=12diameter=3,8 cm



Factorisation was used in this worked example. When you write 2πr2+2πrh=2πr(r+h), you are taking out a common factor!





Surface area=2(π⁢r2)+2π⁢r⁢h=2πr⁢h(r+h)| This formula is easier to calculate from.=2π×3,8×(3,8+11,7)| Remember to use the π button on your calculator!=370,08 cm2





Exercise 19.2



	Calculate the curved area of a cylinder with diameter 8,6 cm and height 10,8 cm.


	Calculate the surface area of a cylinder with radius 4 cm and height 10 cm.


	Calculate the surface area of a cylinder with diameter 26,5 cm and height 63,7 cm.


	Calculate the height of a cylinder with diameter 36,6 cm and surface area 7 370,36 cm2.


	Calculate the area of the floor of a cylindrical tank that is 2,3 m high and has a diameter of 1,9 m.


	The diagram represents a cylindrical dam with height 2 m and floor area 76,98  m2.



Calculate:


	the diameter of the dam


	the circumference of the dam


	the outside area of the dam wall.





	The diagram shows a traditional house shaped in the form of a cylinder with a roof over it. The radius of the floor and of the ceiling of the house is 3,2 m and the walls are 2,6 m high. The house has a flat circular ceiling underneath the cone-shaped roof.



Calculate:


	the area of the floor


	the area of the ceiling


	the area of the outside wall, including the doors and windows


	the cost of painting the house on the outside at R37,56 per square metre.














Unit 2 Volumes of cubes, prisms and cylinders


The volume of a 3D object is the amount of space taken up by the object.

In Grade 8 you learned that the volume of a cube and a prism equals the area of the base of the object multiplied by its height.


[image: ]


Cube
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Rectangular prism
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Triangular prism







Volume of a cube = area of base×height=s×s×s=s3







Volume of a rectangular prism=area of base ×height=(l×b)×h







Volume of a triangular prism=area of base ×height=12bh1×h2





The volume of a cylinder is also “area of base × height”.

The base is a circle.

The figure shows a cylinder with height h units and the diameter of its base d units.

You need the radius of the base to calculate the area (r=12d).





Volume of cylinder = area of base×height=πr2×h







Worked example


Calculate the volume of a cylinder with diameter 10,6 cm and height 28,7 cm.



Solution


Radius = 12 (10,6) = 5,3 cm

Volume = πr2×h=π(5,3)2×28,7=2 532,7 cm3





Capacity of containers


Capacity is usually measured in cubic millimetres (mm3), cubic centimetres ( cm3), cubic metres (m3), millilitres (ml), litres (ℓ) or kilolitres (kl).



Remember


Capacity is not the same as volume. The capacity of a container with thick walls will be less than its (exterior) volume.




Conversion between units




1 cm3 = 1 000 mm3000001 m3 = 1 000 000 cm31 m3 = 1 kl000001 cm3 = 1 ml1 000 ml 1ℓ000001 kl = 1 000ℓ







Exercise 19.3


Where applicable, give your answers correct to 2 decimal places.


	Copy and complete:


	564 cm3=...ml


	9 750 ml = … ℓ


	3,25 kl = … ℓ


	2,78 m3= ...ℓ


	0,052 kl = … ml


	3,84×108ml = ... kl





	Calculate the volume of a cylinder with diameter 42 cm and height 56 cm. Give the answer in cubic centimetres and in litres.


	Calculate the capacity of a rectangular water tank with the following internal measurements: 3,7 m long, 2,3 m wide and 1,8 m high. Give your answer in cubic metres and in litres.


	A triangular water tank has an internal height of 4,2 m, and the internal area of its triangular base is 2,3 m2. Calculate its capacity, giving your answer in kilolitres and in litres.


	A tank in the shape of a cube, with interior sides of 2,8 m, is three-quarters full of water. The water is pumped into a cylindrical tank with internal diameter 3,6 m. Calculate the height of the water in the second tank when all the water has been pumped into it.


	Calculate the internal radius of a cylindrical tank that is 2,3 m high (internally) and can hold 8,5 kl of water. Give your answer in metres and in centimetres.


	Calculate the length of a rectangular prism with width 31,8 cm, height 17,6 cm and volume 25 857,22 cm3. Give your answer in metres and in centimetres.


	The figure shows a triangular box that is 21,3 cm long and 4 cm high. One edge of the triangular ends is 5,7 cm, as shown.



Calculate:


	the area of one end face


	the volume of the box in cm3 and in mm3.













Unit 3 Enlargement of prisms and cylinders


In Topic 14 you investigated the way in which the area of a 2D object changes when its dimensions change.



When the size of a 3D object increases, both its surface area and its volume will also increase.





In Grade 8 you saw that, when the dimensions of a cube or a rectangular prism are doubled, the surface area will increase by a factor of 4 and the volume by a factor of 8.

In this unit you will revise the work done in Grade 8 and investigate what happens to the surface area and volume of a cylinder when its dimensions are doubled.



Worked example


Figure A shows a cylinder with radius 2,5 cm and height 3,2 cm. Figure B shows an enlargement of figure A after the radius and height of the cylinder have been doubled.




	Calculate the surface areas of the two cylinders. Name them SAA and SAB.


	Write the ratio SAB : SAA in its simplest form.


	Compare the surface areas of cylinder B and cylinder A.


	Calculate the volumes of the two cylinders. Name them VA and VB.


	Write the ratio VB : VA in its simplest form.


	Compare the volumes of cylinder B and cylinder A.


	Write the missing numbers: When the dimensions of a cylinder are doubled, its surface area increases … times, and its volume increases … times.






Solutions



	SAA=89,54 cm2; SAB=358,14 cm2


	SAB : SAA = 358,14 : 89,54 = 4 : 1


	The surface area of B is 4 times the surface area of A.


	VA=62,83 cm3;  VB=502,65 cm3


	VB : VA = 502,65 : 62,83 = 8 : 1


	The volume of B is 8 times the volume of A.


	4; 8








Exercise 19.4



	The figure shows cylinder P with radius 1,53 m and height 3,24 m, and cylinder T with radius 3,06 m and height 6,48 m.




	Calculate the surface areas of the two cylinders. Name them SAP and SAT.


	Write the ratio SAT : SAP in its simplest form.


	Compare the surface areas of cylinder T and cylinder P.


	Calculate the volumes of the two cylinders. Name them VP and VT.


	Write the ratio VT : VP in its simplest form.


	Compare the volumes of cylinder T and cylinder P.


	Write the missing numbers: When the dimensions of a cylinder are doubled, its surface area increases … times, and its volume increases … times.





	The figure shows cube A, with side length 3,5 cm, and cube B, which is an enlargement of cube A, with side length 10,5 cm.




	Calculate the surface area (SAA) and the volume (VA) of cube A.


	Calculate the surface area (SAB) and the volume (VB) of cube B.


	Write the ratio SAB : SAA in its simplest form.


	Compare the surface areas of cube B and cube A.


	Write the ratio VB : VA in its simplest form.


	Compare the volumes of cube B and cube A.


	Write the missing numbers: When the dimensions of a cube are tripled, its surface area increases … times and its volume increases … times.













Revision Test Topic 19




Know your basics



	Copy and fill in the missing numbers:


	340 cm2=... m2


	3,18×109 m2=... km2


	2,15 m3=... cm3


	32,8ℓ=... cm3


	15 700 ℓ=... m3


	2,1 km2=... m2 [8]





	Calculate the volume and the surface area of a rectangular prism with length 27,9 cm, breadth 18,3 cm and height 13,5 cm. [6]







Check your understanding



	The volume of a triangular prism is 465 cm3 and the area of its base is 34,17 cm2. Calculate its height, correct to 2 decimal places. [3]


	Calculate the volume of a cube with surface area 2 352,4 cm2. [5]


	Calculate the surface area and the volume of a cylinder with radius 4,5 cm and height 9,6 cm. [6]


	Calculate the surface area of a cylinder with volume 2 472,8 cm3 and height 23,4 cm. [7]







Challenge yourself



	The figure shows a doll’s house which is 36,8 cm long and 24,5 cm wide. The walls are 12 cm high and the height of the gable roof is 9 cm.



Calculate:


	7.1 the volume of air inside the doll’s house (ignore thickness of walls)


	7.2 the surface area of the walls and roof if the slant height of the roof is 15,2 cm. [13]





	The figure shows cylinder S with radius 4 cm and height 10 cm. Cylinder L is an enlargement of cylinder S, with dimensions 3 times the dimensions of cylinder S.




	8.1 Calculate the surface area (SAS) and volume (VS) of cylinder S.


	8.2 Calculate the surface area (SAL) and volume (VL) of cylinder L.


	8.3 Write the ratio SAL : SAS in its simplest form.


	8.4 Compare the surface areas of cylinder L and cylinder S.


	8.5 Write the ratio VL : VS in its simplest form.


	8.6 Compare the volumes of cylinder L and cylinder S. [20]







TOTAL: [68]





Formal Assessment: Project




Design and build a scale model of a house





	Total marks: 50
	Time: 112 hours







You will need:


Drawing instruments, recycled cardboard from boxes, glue, scissors, cutting knife.




Instructions



	For this project you have to design and build a model of a house.


	The house should have two bedrooms, one bathroom, a large living area consisting of a dining area, a lounge area and a kitchen. The floor area should not be more than 120 m2. The house should have a removable roof.


	Draw a floor plan of your house using a scale of 1 : 100. (5)


	Build a model of the house on a scale of 1 : 50. Design and fold the roof from a single piece of cardboard. Do not attach the roof to the walls permanently. (9)






	Measure the perpendicular height of the triangular ends of the roof. (1)


	Calculate, in cm2:


	the area of the floor of your house, and the area of the outside part of the roof (4)


	the floor area of the bathroom, and the floor area of the whole living area (lounge, dining and kitchen areas) (4)


	the total area of the walls of your house (doors and windows included) (3)


	the total area taken up by the doors and windows. (4)





	Calculate the volume of air in the living area, and the volume of air in the roof. (4)


	Calculate the number of bricks needed to build the house if 88 bricks are needed per square metre for outside walls, and 44 bricks per square metre for inside walls. (4)




You will also receive a maximum of 4 marks in each of the following categories: handing in on date; layout; following instructions correctly. (4 × 3 = 12)








Term 4























Topic 20 Transformation geometry








Space and shape (Geometry)




Key concepts and skills



	Recognise, describe and perform transformations with points, line segments and simple geometric figures on a coordinate plane, focusing on reflection in the x- and y-axes, translation within and across quadrants, and reflection in the line y = x.


	Given the coordinates of a point and its image under a certain transformation, identify the transformation.


	Use proportion to describe the effect of enlargement or reduction on the area and perimeter of geometric figures.


	Investigate the coordinates of the vertices of figures that have been enlarged or reduced by a given scale factor.










Unit 1 Transformations in a coordinate plane


In this unit you will recognise, describe and perform transformations on points, line segments and geometric figures on a coordinate plane. The transformations you will use are ones you have seen before, namely translation, reflection and rotation.

You may remember that these transformations leave the size and shape of the original figure unchanged. The original object and the transformed object are congruent.

A translation moves an object left or right and/or up or down.

A reflection is a transformation in which the transformed image is a mirror image of the original.

A rotation is a transformation that rotates the original image a certain number of degrees around a fixed point.



Remember


An ordered pair is written (x; y).




Worked example


The figure shows line segment PQ on a coordinate grid. P'Q' and P"Q" are images of PQ after two different transformations.




	Write down the coordinates of P and P".


	Write down a transformation that will map PQ onto P'Q'.


	Write down a transformation that will map PQ onto P"Q".


	If you rotate point P 180° anti-clockwise about the origin, where will P be mapped to?


	If you rotate point P 90° anti-clockwise about the origin, where will P be mapped to?






Solutions



	(–3; 1); (3; –1)


	Reflection in the y-axis


	Translation: 2 places down and 6 places to the right


	P"


	(–1; –3)






Reflections, translations and rotations do not change the size or shape of a figure. A geometric figure and its image after a reflection, translation or rotation are always congruent.



Exercise 20.1



	


	Plot and join points A(–2; 1), B(–2; 4), C(4; 4) and D(4; 1) on a coordinate plane.


	Reflect quadrilateral ABCD in the x-axis and name the image A'B'C'D'.


	Write down the coordinates of points A' and C'.


	What happens to the coordinates of a point when it is reflected in the x-axis?






	The figure shows points M(–3; 4), N(5; 2), P(2; –2) and S(–2; –3) on a coordinate plane.




	Copy the figure and write down the coordinates of the images after the following transformations:


	translate M 7 places to the right


	translate P 5 places upwards


	reflect S in the x-axis


	reflect N in the y-axis.






	What happens to the coordinates of a point when it is translated to the right?


	What happens to the coordinates of a point when it is translated upwards?


	What happens to the coordinates of a point when it is reflected in the y-axis?


	What happens to the coordinates of a point when it is reflected in the x-axis?






	The figure shows line segment PQ and images P'Q', P"Q" and P"'Q"' on a coordinate plane.




	Describe a transformation to map line segment PQ onto image P'Q'.


	Describe a transformation to map line segment PQ onto image P"Q".


	Describe a transformation to map line segment PQ onto image P"'Q"'.






	The figure shows ΔPQR with vertices P(–5; 2), Q(–1; 5), and R(–2; 1) on a coordinate plane.




	Copy ΔPQR onto squared paper and reflect it in the y-axis to get image ΔP'Q'R'.


	Write down the coordinates of points P' and R'.


	Reflect the new points, P' and R', in the x-axis and write down the coordinates of their images, P" and R".


	What happens to the coordinates of a point when it is reflected first in the y-axis and then in the x-axis?











Reflections in the line y=x


The graph of y = x is a straight line at an angle of 45° through the origin (for equal scales on the x- and y-axes).



Reflection of a point in the line y = x will map a given point along a line perpendicular to y = x to a new point on the opposite side of line y = x and the same distance from it. The figure shows point P and its image, P', after reflection in the line y = x. P(–1; 3) is the mirror image of P'(3; –1) with respect to the line y = x.





Worked example



	Draw line y = x and line segment AB with A(–4; 1) and B(2; 3) on a coordinate plane.


	Reflect points A and B in the line y = x and name the images A' and B'.


	Reflect line segment AB in the line y = x.


	Write down the coordinates of A' and B'.


	Describe what happens to the coordinates of a point when it is reflected in the line y = x.






Solutions


1, 2 and 3. See drawing below.




	A'(1; –4); B'(3; 2)


	The x- and y-coordinates of the point are interchanged.









Rotations


In Grades 7 and 8 you have heard about rotations. This section revises that work and goes into more detail.

The figure shows point P(–4; 1) and its image, P'(4; 1), after rotation through 180° about the origin. This rotation reflects points in the origin. A point (a; b) is mapped to (–a; –b).



The figure also shows point P"(1; 4), which is the image of P(–4; 1) after rotation through 90° clockwise about the origin. This rotation maps the point (a; b) to (b; –a).

The point P"'(–1; –4) is the image of P(–4; 1) after rotation through 90° anticlockwise about the origin. This rotation maps the point (a; b) to (–b; a).



Exercise 20.2



	


	Draw the line y = x and line segment PQ with P(–1; –3) and Q(4; –1) on a coordinate plane.


	Reflect line segment PQ in the line y = x and name the image P'Q'.


	Write down the coordinates of P' and Q'.


	Describe what happens to the coordinates of a point when it is reflected in the line y = x.






	


	Draw the line y = x and ΔSMN with S(–4; 0), M(–1; 5) and N(–1; 1) on a coordinate plane.


	Reflect ΔSMN in the line y = x and name the image ΔS'M'N'.


	Write down the coordinates of S' and M'.


	Describe what happens to the coordinates of points when they are reflected in the line y = x.






	The figure shows quadrilateral ABCD and the line y = x on a coordinate grid.




	Write down the name of quadrilateral ABCD.


	Copy quadrilateral ABCD on a coordinate plane and draw the line y = x.


	Reflect quadrilateral ABCD in line y = x.


	Write down the name of quadrilateral A'B'C'D'.





	Describe the transformations that will map:


	P(–3; 2) onto P'(–3; –2)


	P(–3; 2) onto P'(3; 2)


	P(–3; 2) onto P'(2; 3)


	P(–3; 2) onto P'(2; –3).






	The figure shows ΔPQR and images ΔP'Q'R', ΔP"Q"R" and ΔP"'Q"'R"' of ΔPQR on a coordinate plane.



Describe the transformations that will map:


	ΔPQR onto ΔP'Q'R'


	ΔPQR onto ΔP"Q"R"


	ΔPQR onto ΔP"'Q"'R"'.






	Plot point M (6; –2) on a coordinate plane.


	Rotate M through 180° about the origin. What is its image after the rotation?


	Rotate point M 90° clockwise about the origin. Where will it be mapped to?


	Find the image of M if it is rotated 90° anticlockwise about the origin.










Remember



	Reflecting in the x-axis changes the sign of the y-coordinate.


	Reflecting in the y-axis changes the sign of the x-coordinate.


	Reflecting in the line y = x swaps the x- and y-coordinates.









Unit 2 Enlargements and reductions


You can enlarge a shape by multiplying the lengths of its sides by a scale factor. The scale factor determines the ratio of the lengths of an enlargement to those of the original shape. For example, when the scale factor is 4, the ratio length of enlargement : length of original shape is 4 : 1.


length of side of enlarged shapelength of side of original shape=41



The sides of an enlarged shape and the original shape are in proportion, because the ratio between corresponding sides of the two shapes is the same. For a scale factor larger than 1, the image is larger than the original shape (enlargement) and for a scale factor smaller than 1 the image is smaller than the original shape (reduction).







Area and perimeter


As you saw in Topic 14, when a 2D shape is enlarged by a scale factor, its area and perimeter also increase.



Worked example


The figure shows rectangle PQRS with PQ = 2 cm and PS = 4 cm. P'Q'R'S' is an enlargement of PQRS by a scale factor of 2.




	Calculate the perimeters of P'Q'R'S' and PQRS.


	Write down the ratio perimeter P'Q'R'S' : perimeter PQRS in its simplest form.


	Calculate the areas of P'Q'R'S' and PQRS.


	Write down the ratio area P'Q'R'S' : area PQRS in its simplest form.






Solution



	24 cm; 12 cm


	24 : 12 = 2 : 1


	32 cm2; 8 cm2


	32 : 8 = 4 : 1









Note


As you saw in Topic, the perimeter increases by the scale factor, and the area increases by the square of the scale factor.









Centre of enlargement


You can use a “centre of enlargement” to help you draw enlargements and reductions of 2D shapes on a grid.

The figure shows how a given ΔPQR is enlarged by a scale factor of 2, with point O as the centre of enlargement. Follow these steps to plot the vertices of ΔP'Q'R':


	Determine the horizontal and vertical change needed to map point O onto point Q. This is: move 7 places to the right and 1 place upwards.


	Double these changes, because the scale factor is 2.


	Translate point O 14 places to the right and 2 places upwards to find point Q'.


	Repeat to locate point P': shift 2 × 6 to the right and 2 × 4 upwards | Count on the grid.


	Repeat to locate point R': shift 2 × 4 to the right and 2 × 1 upwards. The diagram shows this enlargement.






Here is another way of finding ΔP'Q'R' if you are given ΔPQR, centre O and a scale factor of 2. Draw and extend OP, OR and OQ. Find points P', Q' and R' by making PP' = OP, QQ' = OQ and RR' = OR. Check this on the diagram.



Exercise 20.3



	The figure shows ΔSTR and point P on a grid.




	Copy the figure and use P as the centre of enlargement with a scale factor of 3 to enlarge ΔSTR. Name the image ΔS'T'R'.


	Find the lengths of S'T' and ST in surd form.


	Write down the ratio S'T' : ST in its simplest form.


	Compare the ratio in Question 1.3 to the scale factor.





	Copy the figure onto a squared paper and transform rectangle ABCD by a scale factor of 12, with P as the centre of enlargement/reduction.




	What shape is the image A'B'C'D'?


	Compare the perimeters of A'B'C'D' and ABCD.


	Compare the areas of A'B'C'D' and ABCD.





	Is enlargement a translation? Give a reason for your answer.








Working on a coordinate plane


When a 2D shape drawn on a coordinate plane is enlarged or reduced, the scale factor determines how the coordinates of its vertices change. If the origin is the centre of enlargement, the scale factor is the same as the ratio of the coordinates of the enlargement and the original shape.



Worked example


The figure shows rectangle PQRS on a coordinate plane and its image, P'Q'R'S', after a reduction by a scale factor of 12, with the origin as the centre of reduction.




	Write down the coordinates of P and P'.


	Write down the ratio of the x-coordinate of P' to the x-coordinate of P.


	Compare the ratio in Question 2 to the scale factor.






Solutions



	(8; 6); (4; 3)


	48=12


	x−coordinate of P′x−coordinate of P=scale factor








Exercise 20.4



	Use squared paper in this exercise. The figure shows rectangle STPR on a coordinate plane together with a reduction of STPR.




	Write down the coordinates of P' and P.


	Calculate the scale factor.


	Calculate the perimeters of S'T'P'R' and STPR.


	Compare the ratio perimeter S'T 'P'R' : perimeter STPR to the scale factor.


	Calculate the areas of S'T'P'R' and STPR.


	Write the ratio area S'T 'P 'R' : area STPR in its simplest form.


	Compare the ratio in Question 1.6 to the scale factor.





	


	Draw ΔPTS with vertices P(3; 2), T(6; 1) and S(7; 3) on a coordinate plane.


	With the origin as the centre of enlargement and scale factor 3, enlarge ΔPTS. Name the image ΔP'T'S'.


	Write down the coordinates of S and S'.


	Write down the ratio x-coordinate of S' : x-coordinate of S in its simplest form.


	If PT = 10, write down the length of P'T' in surd form.


	If the perimeter of ΔPTS is 9,52 cm, write down the perimeter of ΔP'T'S' without directly using the sides of ΔP'T'S'.





	


	Draw ΔKLM with vertices K(12; 2), L(18; 10) and M(18; 2) on a coordinate plane.


	Enlarge ΔKLM with the origin as the centre of enlargement and scale factor 12. Name the image ΔK'L'M'.


	Calculate the areas of ΔK'L'M' and ΔKLM.


	Compare the ratio area K'L'M' : area KLM to the scale factor.


	Calculate the perimeters of ΔK'L'M' and ΔKLM.


	Compare the ratio perimeter K'L'M' : perimeter KLM to the scale factor.





	A(1; 0), B(1; 3), C(5; 5) and D(5; 2) are the vertices of a 2D shape on a coordinate plane. Write down the coordinates of A', B', C' and D' after an enlargement of ABCD with the origin as the centre of enlargement and scale factor 4.


	


	Draw ΔDEF with vertices D(3; 1), E(3; 7) and F(10; 1) on a coordinate plane.


	Write down the coordinates of D', E' and F' after an enlargement by scale factor 3 with the origin as the centre of enlargement.


	Calculate the area of ΔDEF.


	Write down the area of an enlargement of ΔDEF by scale factor 3.


	Calculate the perimeter of ΔDEF and leave the answer in surd form.


	Write down, in surd form, the perimeter of an enlargement of ΔDEF by scale factor 3.





	Write true or false: When a triangle is enlarged by a scale factor of 13:


	the perimeter of the image is 3 times the perimeter of the original triangle


	the area of the new triangle is 19 of the area of the original triangle.













Revision Test Topic 20




Know your basics



	Write down the coordinates of the image points:


	when P(3; 7) is translated 5 places to the right


	when P(3; 7) is reflected in the y-axis


	when P(3; 7) is rotated clockwise through 90°


	when P(3; 7) is reflected in the line y = x. [8]










Check your understanding



	


	2.1 Draw ΔMNR with vertices M(–4; 1), N(–2; 5) and R(–2; 1) on a coordinate grid.


	2.2 Reflect ΔMNR in the y-axis and name the image ΔM'N'R'.


	2.3 Rotate ΔMNR clockwise through 270° about the origin. Name the image ΔM"N"R". [9]





	


	3.1 Copy ΔPQR and the line y = x on a coordinate grid.




	3.2 Translate ΔPQR 9 places to the right and 1 place downwards. Name the image ΔP"Q"R".


	3.3 Reflect ΔPQR in the line y = x. Name the image ΔP'Q'R'.


	3.4 Write down the coordinates of P' and P". [14]










Challenge yourself



	The figure shows ΔABC and an enlargement of ΔABC.




	4.1 Write down the coordinates of C' and C.


	4.2 Calculate the scale factor.


	4.3 Calculate the perimeters of ΔA'B'C' and ΔABC.


	4.4 Compare the scale factor to the ratio perimeter ΔA'B'C' : perimeter ΔABC.


	4.5 Calculate the areas of ΔA'B'C' and ΔABC.


	4.6 Write the ratio area ΔA'B'C' : area ΔABC in its simplest form.


	4.7 Compare the ratio in Question 4.6 to the scale factor. [21]

TOTAL: [52]













Topic 21 Three-dimensional (3D) objects








Space and shape (Geometry)




Key concepts and skills



	Know the properties and definitions of the five Platonic solids in terms of their shape, and the relationship between the number of faces, the number of vertices and the number of edges.


	Recognise and describe the properties of spheres and cylinders.


	Use nets to create models of geometric solids, including cubes, prisms, pyramids and cylinders.










Unit 1 Classifying 3-dimensional objects


In this unit you will revise and further investigate the properties of Platonic solids. Platonic solids are regular polyhedra.

A regular polyhedron is a three-dimensional object in which all the faces are regular polygons that are congruent to each other. An irregular polyhedron has faces that differ in shape and size.


[image: ]


regular polyhedra (Platonic solids)






[image: ]


irregular polyhedra







Remember


The names of these solids come from:

tetra – 4

octa – 8

dodeca – 12

icosa – 20




Platonic solids


Regular polyhedra are also known as Platonic solids. Their faces are congruent regular polygons, such as equilateral triangles, squares and regular pentagons. That means the sides and angles of each face are equal, and all the faces have the same shape and size. There are only five Platonic solids. Their names are derived from the number of faces they have.





Worked examples


Study the drawings of the five Platonic solids above.


	For each of the Platonic solids, compare the number of faces that meet at each of their vertices.


	Copy and complete this table, using the illustrations of the five solids above.








Solutions



	For each Platonic solid the same number of faces meets at each of their vertices.


	









Constructing polyhedra


To construct a 3D object such as a polyhedron, you need at least three polygons to meet at a vertex. Figure 1 shows that if you have only two faces meeting, the figure will collapse. Figure 2 shows that a third face keeps all the faces in set positions.



In an icosahedron, five equilateral triangles meet at each vertex.


[image: ]


Figure A
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Figure B





Figure A shows how five equilateral triangles meet at point P when unfolded into a net. The sum of the angles at point P is 300°. The gap at point P also forms an angle of 60°. When you move the two edges at P towards each other, the gap decreases from 60° to 0° and you have a 3D figure.



Worked example



	Look at Figures A and B and write down the sum of the angles at point P and point Q.


	Copy the shape in Figure A on a piece of paper. Cut out the shape and fold it along the dotted lines. Close up the gap by bringing two edges together. What happens to the shape?


	Copy the shape in Figure B on a piece of paper. Cut out the shape and fold it along the dotted lines. Now try to make it into a 3D shape. What happens?


	Write the missing word: When the … of the angles at a point in a net is equal to 360°, then that part of the net cannot be folded to make a 3D shape.






Solution



	300°; 360°


	The shape becomes three-dimensional.


	The net cannot be folded into a 3D shape.


	sum






If you look at the drawings of the five Platonic solids, you can see that a Platonic solid:


	must have at least 3 faces meeting at a vertex (or else the figure will collapse)


	the angles meeting at a vertex must total less than 360° (or else the “solid” will be flat!) and


	the faces must all be identical regular polygons.






Just as a matter of interest, let us look at why there are only five Platonic solids.






	The regular polygon with the smallest number of sides is an equilateral triangle. Its angles are 60°. So you can make a solid with 3 or 4 or 5 of them meeting at a vertex. (If you have 6 they add up to 360°, which is too much.) Look at the illustrations of the five Platonic solids.


[image: ]


equilateral triangles







	The next regular polygon is the square. Its angles are 90°, so you can have 3 meeting at a vertex (remember there must be at least 3 to prevent it from collapsing). But 4 is too many – it gives 360° – and your solid will be flat!


[image: ]


squares






	Then consider a regular pentagon. Its angles are 108° each. So 3 of them can meet at a point. But not 4, because that would add up to more than 360°, which is impossible.


[image: ]


pentagons






	Next is the regular hexagon. Its angles are 120° each, so 3 of them (remember you have to have at least 3) already makes 360° – and again your solid will be flat. So you cannot make one of these solids out of hexagons. For more than 6 sides, the angles of the polygon are each more than 120°, so 3 meeting at a vertex is impossible.


[image: ]


hexagons









In other words, you cannot make one of these solids out of polygons that have more than five sides.

Count the possibilities: there are only five!



Exercise 21.1



	Look at examples of the five Platonic solids. Count the number of faces, vertices and edges and complete the table.




	Platonic solid
	Tetrahedron
	Hexahedron (cube)
	Octahedron
	Dodecahedron
	Icosahedron





	Number of faces
	 
	 
	 
	 
	 



	Number of vertices
	 
	 
	 
	 
	 



	Number of edges
	 
	 
	 
	 
	 







	


	2.1 Copy and complete the table, using your answers from Question 1. Take E = number of edges, F = number of faces and V = number of vertices.




	Platonic solid
	Tetrahedron
	Hexahedron (or cube)
	Octahedron
	Dodecahedron
	Icosahedron





	E + F + V
	 
	 
	 
	 
	 



	E + F – V
	 
	 
	 
	 
	 



	F + V – E
	 
	 
	 
	 
	 



	E + V – F
	 
	 
	 
	 
	 






	2.2 Copy and complete:

For any Platonic solid the sum of its ……… and its ……… is two more than the number of its ………


	2.3 Another name for a Platonic solid is a ……… ………





	Look at the nets in the figure and answer the questions below.
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Figure A
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Figure B
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Figure C






	3.1 Write down the names of the Platonic solids whose nets are shown in Figures A, B and C.


	3.2 If the area of one face of each of these Platonic solids is 1,5 cm2, write down the total surface area of each of the Platonic solids shown in Figures A, B and C.











Properties of a sphere


A sphere is shaped like a ball. It looks the same from all angles. Each point on the surface of a sphere is the same distance from the centre. It differs from polyhedra in that it does not have a net.






Properties of cylinders


A cylinder has three faces: two congruent circular base faces and one curved face. As you saw in Topic 19, when you unroll the curved surface of a cylinder you get a rectangle.






Types of 3D objects


One way of distinguishing between 3D objects is to observe them when they are moved on a plane. Objects such as cubes, prisms and pyramids can only slide along a plane. Cylinders and cones can slide on their flat faces and roll on their curved faces, and spheres cannot slide; they can only roll. A sphere can roll in any direction; a cylinder can roll only in a straight line, and a cone always rolls in a circular path.





Unit 2 Building 3-dimensional models


In this unit you will unfold 3D objects to examine their nets. You will also design and draw nets to make models of geometric solids shown below.





Cubes


The diagram shows how a cube can be unfolded into different nets. Can you think of another way to unfold a cube into a net? Discuss this with a partner.






Rectangular prism


The diagram shows how a rectangular prism can be unfolded into different nets. Can you think of another way to unfold a rectangular prism into a net? Discuss this with a partner.






Triangular prism


The diagram shows one way in which a triangular prism can be unfolded into a net.






Pyramids


Figure A shows a pyramid with a square base with side length l. Its perpendicular (vertical) height is h and its slant height is s. Figure B shows a net of the pyramid. The slant height of the prism is shown on the net.
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Figure A
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Figure B








Cylinders


As you saw in Topic 19, when you unfold a cylinder you get a rectangle and two congruent circular faces. The height of the rectangle is the same as the height of the cylinder and the length of the rectangle equals the perimeter (or circumference) of the circular base face.





Exercise 21.2



	


	Find a rectangular prism such as a cardboard box, loosen its flaps and unfold it into a net. Draw the net in your exercise book.


	Draw two more nets to show how a similar prism can be unfolded in other ways.





	


	Look carefully at the nets in Figures A–D and write down the letters of those that can be folded into a triangular prism.







	On a piece of thin card, draw one of the correct nets from Question 2.1, enlarged by a scale factor of 4. Fold your net into a prism.





	The figure shows a net of a rectangular prism.




	Copy the net on a thin card and add flaps for sticking it together. Cut out your net and fold it into a box.


	Draw a different net of a rectangular prism and use it to make a 3D object.





	The figure shows a net of a cylinder with diameter 2 cm and height 3 cm.




	Enlarge the net by scale factor 3 and draw the enlargement on a thin card.


	Cut out the net and roll it into a cylinder.


	Calculate the surface area and the volume of your cylinder.





	


	Look at the following nets and write down the letters of those that can be folded into a pyramid.







	Enlarge one of the nets by a scale factor of 4. Draw the enlargement on a piece of thin card and fold the net into a pyramid.





	Study the figure and answer the questions.




	Write the missing word: The figure looks like the net of a ………


	What would happen if corners m, n, o and p were folded inwards along the dotted lines?


	Explain why the figure cannot be folded into a pyramid.














Revision Test Topic 21




Know your basics



	Write down another name for a Platonic solid. [1]


	Copy the table and fill in the missing values.




	Platonic solid
	Tetrahedron
	 
	 
	 
	 



	Number of faces
	4
	 
	 
	 
	 



	Number of vertices
	4
	 
	 
	 
	 



	Number of edges
	 
	 
	 
	 
	 





[17]








Check your understanding



	Write down the name of a 3D object that has:


	3.1 six congruent faces


	3.2 five vertices


	3.3 no vertices.




[3]



	


	4.1 Draw a pyramid and, next to it, its net.


	4.2 Show the difference between the height and the slant height in your drawing.


	4.3 Write an algebraic equation to show the relationship between the height, the slant height and the side length of the base of a pyramid. [9]





	The figure shows four nets. Write down the letters of the nets that can be folded into rectangular prisms. [2]







	


	6.1 Draw a net for a triangular prism that is 8 cm high and has base sides of 3 cm, 4 cm and 5 cm.


	6.2 Calculate the surface area and the volume of the prism. [9]










Challenge yourself



	The figure shows a cylinder with diameter 8 cm and height 10 cm.




	7.1 Draw a net for the cylinder.


	7.2 Calculate the surface area of the cylinder.


	7.3 Calculate the volume of the cylinder.


	7.4 The base and height of the cylinder are now doubled in size. Use this information to find the surface area and volume of the new cylinder.


	7.5 The base and height of the cylinder are both tripled in size. Use this information to find the ratio of the original surface area to the new surface area.


	7.6 The base and height of the cylinder are both tripled in size. Use this information to find the ratio of the original volume to the new volume.

[12]

TOTAL: [53]











Formal Assessment: Investigation




Investigate the relationship between surface area and volume





	Total marks: 50
	Time: 1 hour








You will need:


Drawing instruments, sheets of A4 paper, scissors, glue.




Instructions



	In this investigation you have to design and make two cylinders, one from an A4-size sheet of paper and one from an A5-size sheet.


	Each cylinder should use the maximum amount of the given sheet of paper.


	Each cylinder should have small flaps to join the faces.


	


	Design a net for a cylinder with the biggest possible diameter and height that you can make from an A4 sheet of paper. Draw a rough sketch to show your design. (3)


	Write down the radius and the height of your cylinder (in cm). (2)


	Draw an accurate net of the cylinder. (3)





	Cut out the net and fold it into a cylinder. Glue the flaps in position.


	Calculate:


	the surface area of the cylinder (3)


	the volume of the cylinder. (3)






	Repeat steps 4 and 5 to design and make a cylinder from an A5 sheet of paper. (7)


	For the smaller cylinder, calculate:


	its surface area (3)


	its volume. (3)






	Round off the numbers from your calculations to the nearest whole number and calculate the following ratios:


	surface area A5 cylinder : surface area A4 cylinder (call them SAA5 and SAA4) (3)


	volume A5 cylinder : volume A4 cylinder (call them VA5 and VA4). (3)






	Copy and complete:


	SAA5 = ... × SAA4 (2)


	VA5 = ... × VA4 (2)





	Look at your values in Questions 10.1 and 10.2. Which decreases more when the size of a cylinder is reduced: the surface area or the volume? (1)




You will also receive a maximum of 4 marks in each of the following categories: handing in on the due date; following instructions correctly; quality of the cylinders.

(4 × 3 = 12)

TOTAL: [50]







Topic 22 Data handling








Data handling




Key concepts and skills



	Collect data by posing questions relating to social, economic, and environmental issues; select and justify appropriate sources and methods for the collection of data.


	Organise and summarise data in different ways by determining measures of central tendency and measures of dispersion, including extremes and outliers, and by organising data according to more than one criterion.


	Represent data by drawing a variety of graphs (by hand or using technology) to display and interpret data, including bar graphs and double bar graphs, histograms with given and own intervals, pie charts, broken-line graphs and scatter plots.


	Critically read and interpret data represented in a variety of ways, including critically comparing two sets of data related to the same issue.


	Critically analyse data, including by answering questions related to data collection methods, summaries of data, and sources of error and bias in data.


	Report data by summarising data in short paragraphs that include drawing conclusions about the data, making predictions based on the data, making comparisons between two sets of data, identifying sources of error and bias in the data, choosing appropriate summary statistics for the data (mean, median, mode, range), and the role of outliers and extremes in the data.










Unit 1 Collect, organise and summarise data


In statistics we learn methods for making decisions using data. Data is collected by asking questions, often through questionnaires. This can be done face to face, telephonically or through the Internet. Data is then organised and usually summarised before it is represented in a variety of statements, tables, graphs or diagrams. The data can then be analysed, interpreted and used for decision-making. This topic describes all these steps. Finally, you will do an investigation using these techniques.



Remember


Data as it is collected originally is called “raw data”.




Collect data


You can collect data yourself, for example from your class at school. Here are some examples of the kinds of questions you could ask your classmates about their lives at home:

How old are you? How many brothers and sisters do you have? Do you live with a parent or parents? Who else lives with you? Are your parents employed or unemployed? At home, does your family recycle their waste? How much time do you spend doing household chores?

Here are some examples of the kinds of questions you could ask your classmates about their lives at school:

How old are the other learners in your class? What fraction of the day do you spend on homework? What subjects do you plan to take next year (in Grade 10)? What subject do you like most and why? Are you good at that subject? Are your marks good enough for you to take that subject next year? Do you like Mathematics? Do you plan to complete schooling up to Grade 12? Do you plan to study after school? Do you plan to start working after school?



Sources of data


Your classmates are one source of data. There are many other sources. Here are some more, together with some examples of the kinds of questions they could be asked.




	Source of data
	What the data might be about





	Family and friends
	Use of cellphones



	Learners of different ages
	Results in various school subjects



	Neighbours
	Hours they work per week



	Books and magazines
	How many people complete their surveys



	South African statistics from the Internet
	HIV, births, population numbers, people’s qualifications



	Newspapers
	Market statistics



	Radio and TV
	Climate change, temperature and rainfall









Samples and populations


The whole group about which you want to gather data is called the population. It can consist of people, animals or objects. Often it is not possible to collect data from or about the whole population, but you can work with a much smaller part of the population instead. This group is called a sample. An example of a sample is “Grade 9 learners in your school”. The population could be “Grade 9 learners in the whole province” or even “Grade 9 learners in the whole country”. Your sample will give you an indication of what is true for that population. Many countries hold a census every ten years or so. A census is an official government count of every person in the country and of different details about their lives. A census does not use a sample; it uses the whole population.



Representivity


When you plan to collect data, you need to decide whether you are going to use a sample or the whole population. You also need to know where to find the right kind of information and what you must do with this information. “Grade 9 learners in your school” could be a good sample if you wanted data on Grade 9 learners in the whole province. We say that it is a representative sample. But if you wanted data about all learners in the province it would not be sensible to collect data from only the Grade 9 class. Learners from other grades could be very different in all sorts of ways from the Grade 9s. It is important that your sample is as representative as possible. For example, you would not talk to only the girls in the class if you wanted to know what TV programme was the most popular with Grade 9s across the country!



Worked examples



	Imagine that you are gathering information about people living in the Western Cape.


	If “people living in the Western Cape” is your sample, name a possible population.


	Are the people living in the Western Cape a good sample of your population?






	


	If “soccer players living in Africa” is the population, name a possible sample.


	Is your sample a good sample of soccer players living in Africa?










Solutions



	1.1 People living in South Africa (for example).


	1.2 Not necessarily a good sample, because the Western Cape is rather different from the other provinces of South Africa. It would help to choose a group of people in every province if you want to have “South Africans” as your population.





	2.1 Soccer players in South Africa (or in Soweto, for example).


	2.2 Not necessarily a good sample, because South African players might be very different from players from Ghana or Kenya, etc.










Questionnaires to collect data


A survey is a statistical study that collects data in order to see trends, or to form some type of conclusion. Surveys can ask people about their opinions, beliefs and/or living conditions and are often completed by using a questionnaire. A survey might ask “What is your favourite cold drink?” or “Do you think it is important to speak more than one language?”. What two groups might be interested in the answers to those two questions?

When you collect data yourself, you might have to design a questionnaire. The design of the questionnaire and the sample of people you choose to answer it are both important as both could influence or bias the results you get.

The way questions are phrased can influence the way they are answered and may therefore influence the data that is collected, thereby affecting the overall findings of the survey. A question such as “Do you think your family uses water wisely?” might get different answers from the similar-seeming question “How much water does your family waste?”



Remember


If your data is biased it shows a one-sided or limited view.




Here are some hints that can help in making questions reliable:


	Do not express your feelings or be judgemental when you design the question. For example, “Do you drink alcohol?” is a better question than “Do you break the law and drink alcohol under age?”.


	Questions should be to the point and easy to understand. If you add a list of possible responses to choose from, then the person answering can just tick the appropriate one.


	Questions should not require a long answer. If long answers are required, people may not take the time to answer properly.


	Questions should make it clear whether you want an opinion or a factual answer.










Exercise 22.1



	You want to determine how much households pay for electricity and water each month and find out whether this is different in certain regions.


	Would it be better to use a sample or a population to gather the data? Explain.


	How and where would you collect your data?


	Who is part of your sample? (males? females? young? old? etc.)


	How large is the sample for your data collection?


	Do you think the size of your sample is large enough to make informed decisions about your province? About all of South Africa? Explain.


	What factors could influence the data?


	Create a set of questions for your questionnaire. Provide multiple-choice responses for each question in your questionnaire.





	Would you study the following cases by questioning the entire population or by questioning a representative sample of the population? In each case give a reason for your answer and say whom you would target.


	The responsibilities of Grade 9 learners in their households.


	The reading habits of learners in Grade 9.


	Children under the age of five living in your neighbourhood.


	Money spent on milk per household per month.











Organising and summarising data


Once your questionnaires have been filled in, you need a way in which to organise the data you have obtained.



Frequency tables


Frequency tables divide big data sets into groups so that they can be understood more readily. Such groups are called intervals. The total number in each group is called the frequency for that group.



Worked example


The table gives a list of the percentages that 40 learners scored in a test. Use tally marks to create a frequency table to display the data. Use the intervals 0–9, 10–19, 20–29 and so on.




	42
	54
	61
	73
	75
	52
	47
	39
	38
	27



	71
	69
	37
	17
	45
	60
	81
	54
	47
	53



	83
	75
	64
	58
	42
	42
	46
	62
	72
	94



	69
	53
	50
	64
	77
	29
	75
	91
	80
	72





Which mark group has the highest frequency?



Solution




Remember


In Grades 7 and 8 you learnt about tallying for recording and counting results. Each line represents one response, and the marks are grouped in fives for ease of counting.




“Marks in the 70s” is the group with the highest frequency.






Stem-and-leaf graphs


Another method of representing data is stem-and-leaf graphs. Unlike frequency tally tables, this type of graph shows every value in the data set. In a tally table the individual values are hidden.



Remember


You learnt about stem-and-leaf graphs in Grades 7 and 8. The first digits are listed vertically from smallest to highest in a “stem” on the left. The last digits are written horizontally next to their first digits to form the “leaves” of the diagram.




Worked example


The following answers were given when Grade 9 learners were asked how many hours of studying they planned to do in the week before the final exams: 17; 51; 25; 37; 35; 45; 19; 22; 38; 44; 32; 26; 16; 19; 24; 53; 46; 27; 42; 23; 21; 33; 25; 19. Display this data in a stem-and-leaf diagram.



Solution







	Interval
	Frequency





	10–19
	5



	20–29
	8



	30–39
	5



	40–49
	4



	50–59
	2





You could also have organised this data into a frequency table, as shown above. (As with the tally table, you lose information on individual data items.)





Exercise 22.2


The table shows data from the municipality bills of a certain household. All the amounts include VAT and are in rands. Answer the questions that follow.




	Date
	Water: Basic tariff
	Water usage cost
	Water: Total
	Electricity: Basic tariff
	Electricity usage cost
	Electricity: Total
	Total due





	20/08/2010
	38,48
	69,44
	 
	89,14
	511,63
	 
	 



	23/09/2010
	38,48
	132,42
	 
	89,14
	976,68
	 
	 



	15/10/2010
	38,48
	122,44
	 
	89,14
	839,55
	 
	 



	15/11/2010
	38,48
	142,41
	 
	89,14
	733,99
	 
	 



	14/12/2010
	38,48
	164,95
	 
	89,14
	845,47
	 
	 



	13/01/2011
	38,48
	172,46
	 
	89,14
	599,82
	 
	 



	15/02/2011
	38,48
	292,66
	 
	89,14
	479,46
	 
	 



	16/03/2011
	38,48
	579,21
	 
	89,14
	559,38
	 
	 



	15/04/2011
	38,48
	716,08
	 
	89,14
	668,88
	 
	 



	19/05/2011
	38,48
	461,95
	 
	89,14
	675,78
	 
	 



	20/06/2011
	42,53
	201,58
	 
	74,10
	671,38
	 
	 



	19/07/2011
	42,53
	132,42
	 
	74,10
	667,89
	 
	 



	23/08/2011
	42,53
	91,62
	 
	74,10
	818,71
	 
	 



	19/09/2011
	42,53
	103,57
	 
	74,10
	935,04
	 
	 



	19/10/2011
	42,53
	148,09
	 
	74,10
	976,02
	 
	 



	16/11/2011
	42,53
	191,24
	 
	74,10
	717,40
	 
	 



	13/12/2011
	42,53
	234,38
	 
	74,10
	678,41
	 
	 



	18/01/2012
	42,53
	139,46
	181,99
	74,10
	533,52
	607,62
	789,61






	The row for 18/01/2012 has been completed.


	Explain how R181,99 was calculated.


	Explain how R607,62 was calculated.


	Explain how R789,61 was calculated.






	Draw up your own table, with headings as shown in this example, and complete it by calculating all the totals.




	Date
	Water total
	Electricity total
	Total due





	20/08/2010
	107,92
	 
	 



	 
	 
	 
	 







	Draw up another table like the one for Question 1, but round off all the totals individually to the nearest rand.


	If you add the rounded water total and the rounded electricity total for each month, will the result always be the same as the rounded value in the “total due” column? Explain.


	When did the basic water tariff increase?


	By how much did the basic electricity tariff decrease?


	Do you notice any value(s) in the table that are very different from the other values? What do you call such values?


	What was the percentage decrease in the basic electricity tariff in June 2011?


	What is the difference between the maximum and the minimum totals (for water and electricity together)?


	Explain what happens to the water total when the seasons change.


	Explain what happens to the electricity total when the seasons change.


	What do you think contributes to higher electricity bills?


	What do you think contributes to higher water bills?







Exercise 22.3


Use the information given in the table based on municipality bills (your answers to Exercise 22.2 Question 2).


	Copy the following table, then group and count the data values in the water totals column in intervals of 100, as indicated.




	Interval for water totals
	Tallies
	Total/Frequency





	100 < x ≤ 200
	 
	 



	200 < x ≤ 300
	 
	 



	300 < x ≤ 400
	 
	 



	400 < x ≤ 500
	 
	 



	500 < x ≤ 600
	 
	 



	600 < x ≤ 700
	 
	 



	700 < x ≤ 800
	 
	 



	800 < x ≤ 900
	 
	 



	900 < x ≤ 1 000
	 
	 







	Copy the following table and use it to group and count the data values in the water totals column in intervals of 250, as indicated.




	Interval for water totals
	Tallies
	Total/Frequency





	100 < x ≤ 350
	 
	 



	350 < x ≤ 600
	 
	 



	600 < x ≤ 850
	 
	 



	850 < x ≤ 1 100
	 
	 







	How do the tables in Questions 1 and 2 differ in the ways in which they display the information?


	Would you choose to display the information in the frequency tables above in a stem-and-leaf graph? Why, or why not?


	Collect data on the number of hours per week your classmates spend on studying, and represent this in a stem-and-leaf graph.








Measures of central tendency




Sometimes it is necessary to summarise data using a measure of central tendency. These are single-value averages that give certain information about the whole data set. They can be a useful quick way of understanding what the data implies. There are three measures of central tendency: the mean, the median and the mode.







The mean is calculated by finding the sum of all the data values, and then dividing the result by the number of data values.







The median is the value that lies exactly in the middle when the set of data is ordered either from the lowest to the highest value (in ascending order) or from the highest to the lowest (descending order). When there is an even number of values in the data set, the median is the average of the two middle numbers.







The mode of a data set is the value (or values) that is (or are) recorded most often.







Measures of dispersion


Measures of dispersion tell you about the spread of data.



Range


In Grades 7 and 8 you learnt about range. Range is a measure of dispersion.



The difference between the largest and smallest values in a data set is called the range of the data. A large range means the values are spread out. A small range means the values are close together.








Outliers




An outlier is a value beyond the usual range of the data. An outlier may be a very high number or a very low number, but it must be a number that occurs outside the range of most of the rest of the data. An extreme is a much bigger or much smaller outlier, and stands out from the rest of the group. Outliers and extremes affect the range and the mean of the data set and they are sometimes deliberately omitted from calculations.







Worked example


Determine the measures of central tendency and dispersion for the following data sets:


	10, 14, 7, 9, 4, 12, 5.


	23, 18, 43, 36, 28, 77, 19, 23






Solution



	Mean:sum  of datanumber  of values=617=8,7

Median: Write the data in ascending order: 4, 5, 7, 9, 10, 12, 14

The value in the centre is 9, therefore the median is 9.

Mode: there is no number that is repeated more than once, so there is no mode.

Range: 14 – 4 = 10

All the values are fairly close together, so there are no outliers.



	Mean:sum  of datanumber  of values=2678=33,4

Median: Write the data in ascending order: 18, 19, 23, 23, 28, 36, 43, 77 The median is the average of the two central numbers.

Therefore the median is 23+282=25,5.

Mode: 23 is the number that occurs most often.

Range: 77 – 18 = 59

As you can see, 77 is much bigger than the other values and would therefore be called an outlier. (Ignoring the outlier would give a range of 43 – 18 = 25.)









Exercise 22.4



	Use your table from Exercise 22.2 Question 2 to calculate the mean, median and range (correct to 2 decimal places) of:


	the water totals


	the electricity totals


	the totals due.






	Using the same data, calculate (correct to 2 decimal places) the mode of:


	the water totals


	the electricity totals


	the totals due.






	Again using the same data, say whether there were any outliers or extremes. If there were, what were they?


	The following scores were the most recent marks for a Grade 9 test.




	78
	63
	52
	85
	86
	75
	68
	39
	73
	75
	75



	60
	72
	88
	40
	72
	75
	66
	65
	68
	68
	67






	Organise the marks for the females (given in blue) and males separately in stem-and-leaf graphs.


	Are there any outliers in the class marks?


	Find the measures of central tendency for males and for females (separately).


	Who do you think performed better in the test: males or females? Explain.





	A company wishes to find out who buys their product. Give three examples of sample groups that could be used if the population is all people in South Africa over the age of 20.












Unit 2 Represent data


It is almost always easier to understand data results when they are presented in diagrams or graphs. In this unit you will draw bar graphs, double bar graphs, histograms (with given intervals, and creating your own intervals), pie charts, broken-line graphs and scatter plots.



Bar graphs


In Topic 18 you plotted both continuous and discrete data. Bar graphs represent discrete data. Discrete data can only take up certain definite values. A bar graph is made up of individual bars which do not touch each other. You can compare the heights of the bars to interpret the data.



Remember


The main language people speak at home is called their home language.




Worked example


One of the questions in a survey taken in South Africa asked about the languages people speak at home. Some of the responses are shown here (317 people).




	Response
	Western Cape
	Gauteng
	Eastern Cape





	English
	47
	40
	17



	Afrikaans
	33
	30
	23



	isiXhosa
	23
	7
	34



	isiZulu
	7
	28
	6



	Other
	9
	6
	7





Represent the data for the responses in the Western Cape in a bar graph.



Solution




Notice that the bars are separate and that each one is labelled. The axes are also labelled, and the graph has a heading.





Remember


To express a number as a percentage, divide the number by the total, then multiply by 100. For example, the percentage of English speakers in the Eastern Cape is 1787×100.




Exercise 22.5



	Study the bar graph in the example above, then answer the following questions:


	How many people responded by saying that their first language was isiXhosa?


	What percentage of people responded by saying that isiZulu was their home language?


	Name some possibilities for “Other”.


	What is the ratio of English speakers to isiXhosa speakers in this sample?





	Using the information in the table in the worked example:


	Represent the data for Gauteng in a bar graph.


	What was the total number of people in the sample in Gauteng?


	Create three questions that could be answered from your graph.


	Repeat Questions 2.1–2.3 for the Eastern Cape.











Double bar graphs


A double bar graph can be used to compare two sets of similar data. The total numbers in the data sets must be the same, or else percentages must be used rather than actual numbers.



Remember


Double graphs could be misleading if the totals were different.




Worked example



	Create a double bar graph that compares the responses in the Eastern and Western Cape home language data given above.


	Use your graph to make at least one statement about what the data shows.






Remember


There are 32 more people who responded in the Western Cape than in the Eastern Cape. It would be misleading to just use the numerical values.




Solution



	The total numbers of responses for the two provinces are different (119 and 87). So you must first convert the number of respondents for each category into percentages (rounded to the nearest whole number).




	Group
	Western Cape (%)
	Eastern Cape (%)





	English
	39
	20



	Afrikaans
	28
	26



	isiXhosa
	19
	39



	isiZulu
	6
	7



	Other
	8
	8









	The graph shows that, in this group, there was a much higher percentage of English speakers in the Western Cape than in the Eastern Cape, and that this trend was reversed when considering isiXhosa. It also shows that Afrikaans, English and isiXhosa are by far the main languages spoken by members of the group in these two provinces.








Exercise 22.6



	The double bar graph shows the number of males and females working in four factories. Factory A produces sweets, factory B produces cheese, factory C makes furniture and factory D produces electrical equipment.




	In which factory are there more male workers than female workers?


	How many more females than males work in factory A?


	Which factory has the same number of males and females?


	Calculate the total number of males and the total number of females working in the four factories.


	Calculate the total number of workers in all four factories.





	The table below shows the percentage of learners who earned 50% or higher in their final examination in Grades 8 to 11 at a certain school.


	Create a double bar graph to display the data.


	In which grade(s) did the girls perform better?


	In which grade can one find the highest percentage of learners who scored 50% or higher?




	
	Grade 8
	Grade 9
	Grade 10
	Grade 11





	Males
	18,7%
	25,7%
	32,0%
	23,6%



	Females
	32,5%
	30,4%
	23,5%
	13,6%









	


	Use the data from the worked example to create a bar graph comparing Western and Eastern Cape home languages using only the actual numbers, not percentages.


	Describe two differences between your graph and the graph in the worked example.


	Explain how this graph differs from the worked example. Which do you think is more useful?










Histograms


When there are many different values in a set of data, it is often easier to understand the data if it is divided into groups called class intervals. Histograms are a visual representation of data grouped in this way. They show categories in consecutive, non-overlapping intervals.



The bars in a histogram touch each other and can be drawn easily from a tally chart. The vertical height of each histogram bar is the frequency of that interval. The horizontal scale must be divided into class intervals. Each measurement falls inside only one class interval.







Discrete and continuous data




Unlike bar graphs (which use discrete data) data used in histograms can consist of numbers which can take on any value inside some interval. So histograms can be used for continuous data.





For example, the height of Grade 9 learners is continuous because it can take on any measured value in the given total interval. But a graph showing “Number of brothers and sisters” would have to be discrete (not continuous), because you cannot have a fraction of a brother or sister!




Mean of grouped data




To find the mean of grouped data you first find the midpoint of each interval. Multiply the midpoint value by the frequency for that group, and then find the sum of these products. Finally, divide this sum by the total number of data items to find the estimated mean average.





A question will often state what interval values to use, but sometimes you must create your own groups.



To decide what size to make each group, determine the highest and lowest values, find the difference between them, and divide the difference into at least five equal intervals. Percentage marks, however, are usually divided into intervals 0–9, 10–19, 20–29 and so on.





This worked example uses more than five intervals so that you can see more detail in the spread of the data.



Worked example


Consider the following percentage marks for a test completed by 50 Grade 9 learners.




	Determine the size of the intervals, using 16 intervals (rather than only 5).


	Draw a histogram to represent this data. Label the axes of the histogram.


	Is there an outlier or an extreme in this group of results?


	Represent the marks in a histogram with 8 intervals.


	Use the histogram from Question 4 to answer the following:


	What is the approximate mean of this grouped data?


	Which class interval will contain the median?


	Which class interval is the modal class?









Solutions



	The highest mark is 100 and the lowest is 26, therefore the range is 100 – 26 = 74. Divide this into 16 intervals. The width of each class interval is therefore 7416=4,625 so the intervals should be in increments of 5 (for 16 intervals, as required).


	


	There is a mark in the 20–25 range which is much smaller than the rest of the marks, and would be considered an extreme.


	



Note: This is exactly the same information as shown in the previous histogram, but in a different representation. The ways in which data is interpreted may depend on how the information is displayed.






	5.1 Draw up a table showing the midpoint of each interval, the frequency for each interval, and the products of these numbers. Do not leave out any zero frequency values that fall inside the range. Find the sum of the product values and divide the total by the number of data items (in this case 50, because the marks are from 50 learners). This gives the estimated mean average.




	Midpoint
	Frequency
	Total (multiply)





	25
	1
	25



	35
	0
	0



	45
	0
	0



	55
	8
	440



	65
	14
	910



	75
	15
	1 125



	85
	8
	680



	95
	4
	380



	
	Total
	3 560



	Estimated average (356050)
	71,2






	5.2 There are 50 items in the data set, so the median must lie between the 25th and 26th terms. These both occur in the 70 < x ≤ 80 interval, so the median is in this interval.


	5.3 The modal class average is the 70 < x ≤ 80 interval.











Exercise 22.7



	Some of the figures below appear in the water usage column of the electricity and water account in Exercise 22.2.




	69,44
	132,42
	122,44
	142,41
	164,95
	172,46
	292,66
	579,21
	716,08



	461,95
	201,58
	132,42
	91,62
	103,57
	148,09
	191,24
	234,38
	241,52



	426,95
	929,31
	465,71
	391,91
	139,46
	131,26
	96,34
	114,32
	213,47



	253,12
	286,76
	 
	 
	 
	 
	 
	 
	 






	Represent this data in a histogram with the number of months per interval on the vertical axis and the usage cost in rand on the horizontal axis. Use the intervals 50 < x ≤ 100, 100 < x ≤ 150 and so on.


	Find the three average measures (measures of central tendency) for the grouped data.





	Use the electricity usage column from this same source and draw a histogram. Choose your own intervals.


	The number of litres of milk sold per day by a shop was noted for 60 days, as shown below:




	25
	49
	13
	57
	62
	12
	70
	37
	81
	19
	93
	26
	34
	27
	51



	31
	81
	50
	75
	29
	65
	27
	27
	60
	59
	77
	55
	85
	33
	71



	48
	29
	67
	38
	84
	52
	32
	53
	61
	64
	83
	61
	78
	34
	44



	69
	70
	29
	51
	30
	68
	37
	53
	28
	70
	64
	33
	39
	40
	73






	What is the range of the data?


	Use the following different intervals to present the data in tables, and draw a histogram for each:


	10 < x ≤ 20, 20 < x ≤ 30, etc.


	10 < x ≤ 15, 15 < x ≤ 20, etc.


	10 < x ≤ 14, 14 < x ≤ 18, etc.





	What is the interval length for each of the histograms in Question 3.2?


	Find the approximate mean for the data as grouped in Question 3.2.3.


	Find the other two average measures of central tendency (the median and the modal class) for the data as grouped in Question 3.2.1.


	Write a brief summary of the similarities and differences in the histograms in Question 3.2.













Pie charts


A pie chart is another way of displaying the relationship between categories of data. Pie charts are circles divided into sectors, as shown in the solution to the worked example below. The size of each sector shows how that data compares in size to the other categories of data in the pie chart. Pie charts are easiest to interpret when each sector of the pie is shaded or coloured differently. Pie charts do not have to be accurately drawn with compasses and protractor. Instead, you can use any round object like a plastic cup or lid to draw your circle. A full circle indicates 100%, a semi-circle 50%, a quarter circle 25%, etc.



Worked example


According to Statistics South Africa, the percentage of the population in the various provinces in 2010 was as shown in the table.


	Draw a pie chart to represent the data, showing the sizes of all the angles. (If you do not have compasses or a protractor, draw a good freehand circle and estimate the degrees.)


	If the estimated population was 50 587 000, how many people were living in the Northern Cape?







	Percentage of population, by province





	Gauteng
	22,39



	KwaZulu-Natal
	21,39



	Eastern Cape
	13,50



	Limpopo
	10,98



	Western Cape
	10,45



	Mpumalanga
	7,23



	North West
	6,43



	Free State
	5,46



	Northern Cape
	2,17







Solution



	Calculate the angle for each sector (multiply by 360100):




	Province
	Percentage of population
	Degrees of circle





	Gauteng
	22,39
	81



	KwaZulu-Natal
	21,39
	77



	Eastern Cape
	13,50
	49



	Limpopo
	10,98
	40



	Western Cape
	10,45
	38



	Mpumalanga
	7,23
	26



	North West
	6,43
	23



	Free State
	5,46
	20



	Northern Cape
	2,17
	8









	2,17% of 50 587 000 = 1 097 738 people








Exercise 22.8



	We can recycle products made of paper, glass, plastic and metal. Learners from a school decided to contribute towards a cleaner, healthier environment by picking up any waste that could be recycled and putting it in containers. The total number of containers that were filled were noted in a table:




	Paper
	Glass
	Plastic
	Tin





	30
	60
	50
	40





Draw a pie chart to represent this data.


	A transport survey was conducted and 10 000 people completed a questionnaire about their means of transport to work or school. The results were summarised in a table as follows:




	Means of transport
	Bus
	Train
	Taxi
	Car
	Walk
	Lift
	Bicycle
	Motor-bike



	Number of people
	1 500
	2 500
	3 000
	1 000
	500
	750
	500
	250



	Percent of people
	15%
	 
	 
	 
	 
	 
	 
	 



	Angle
	54°
	 
	 
	 
	 
	 
	 
	 







Remember


You can first find the percentage for each mode of transport and then the angles.



	Calculate the corresponding degrees and complete the table.


	Draw a pie chart to represent the data.











Broken-line graphs


Line graphs and broken-line graphs are often used to display data in the media.



The points on a broken-line graph are joined by different line segments. These graphs are used to represent data that does not increase or decrease at a constant rate.





They represent data that changes continuously over time, such as the average sales of a company. Broken-line graphs are useful for finding trends and patterns for predictive purposes, for example to help predict whether sales will go up or down in the following month.



Worked example


The graph shows a company’s sales in thousands of rands for ten consecutive months.




	During which month(s) were the sales the highest, and what was the amount?


	During which month(s) were the sales the lowest? What was the amount?


	What is the average of the monthly sales for the ten months?


	Determine the median, mode and range of the data.


	Can you predict what will happen to sales in November?






Solutions



	August; R40 000


	March and July; R25 000


	Total of sales = R305 000, so average = R305 000 ÷ 10 = R30 500


	Median = 30 000; mode = 30 000; range = 40 000 – 25 000 = 15 000


	It would be hard to predict what will happen, because there is no regular trend in the data.








Exercise 22.9


The two broken-line graphs on the next page show the daily temperature for one week from Monday (Day 1) to Friday (Day 5). Answer these questions for both graphs.


	On which day was the temperature the highest and what was that temperature?


	On which day was the temperature the lowest and what was that temperature?


	Determine the median, mode and range of the data. What was the average daily temperature for the five days?


	Describe the differences and similarities in the two graphs.


	Which graph would you choose to convince a friend that the weather didn’t fluctuate much during that week? Explain.


	Do these graphs represent different situations?


[image: ]


Graph A






[image: ]


Graph B












Scatter plots




A scatter plot is a graph that is formed by plotting ordered pairs on a coordinate plane to show the relationship between two sets of numerical data. The points are not connected by any line.





Scatter plots usually come from a large body of data. The more the data points in a scatter plot look as though they have a tendency towards a straight line, the stronger the correlation (or relationship) between the variables involved. A scatter plot allows one to see trends and make predictions, as well as identify outliers in the data.

After the points have been plotted, a straight line can be drawn through the group to show a trend in the data. This is called the line of best fit.



If the values on the vertical axis get bigger as the horizontal axis values get bigger, then the variables are said to have a positive correlation.







If the values on the vertical axis get smaller as the horizontal axis values get bigger, then the variables are said to have a negative correlation.







Sometimes, however, there does not seem to be any pattern of relationship between the variables. In these cases we say there is no correlation.






[image: ]


These variables have a strong positive correlation.






[image: ]


These variables have a fairly weak negative correlation.






[image: ]


These variables have no correlation.







Worked example


This scatter plot shows the relationship between the height of fruit trees and the number of fruit picked from them. Refer to the diagram and answer the following questions.




	How many trees are represented in the scatter plot? How do you know that?


	How many trees with height 180 mm were represented?


	What was the height of the tallest tree? How many fruits were picked from it?


	What were the most fruits picked from one tree? What was the height of that tree?


	Does the number of fruits picked appear to be related to the height of the tree? If so, how?






Solutions



	33; the number of dots corresponds to the number of trees.


	6


	210 cm; 71 (or 72)


	91 (or 92); 205 cm


	It appears to be positively correlated.









Line of best fit




The straight line that is drawn to show the trend of the points on a scatter plot is called the line of best fit. The closer all the points lie to the line, the stronger the correlation between the two variables.





Drawing the line of best fit is an approximation and so different people are likely to draw slightly different lines. The goal is to represent the relationship between the variables as well as you can. Always make sure that some data points are above the line and others below it.



Exercise 22.10



	The heights and masses of ten people are given:




	Person
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J



	Height (cm)
	174
	187
	163
	189
	180
	168
	172
	190
	170
	183



	Mass (kg)
	69,2
	76,3
	64,1
	79
	75,2
	65,7
	78,3
	83,6
	75,8
	78,7






	What kind of correlation would you expect between people’s heights and their masses?


	Write the set of points in coordinate form.


	Draw a scatter plot to illustrate the data.


	Draw a straight line of best fit through the points.


	Use the line to estimate the average mass of a person of height 170 cm.


	Use the line to estimate the average height of a person of mass 90 kg.


	Where on the scatter plot would tall, thin people be shown?





	The table below shows the marks for one Science and one Mathematics test for a group of learners. Joyce wanted to see if there was a relationship between success in Science and success in Mathematics.




	Science
	57
	72
	76
	47
	42
	60
	72
	75
	77
	76
	77
	80
	84
	65
	86
	89
	52
	58
	72
	62
	77



	Maths
	43
	56
	61
	39
	46
	57
	57
	42
	66
	56
	62
	69
	75
	55
	79
	83
	47
	49
	57
	52
	59






	Draw a scatter plot to illustrate the data.


	Does there appear to be any correlation between success in Science and success in Maths? If so, what type is it?


	If a learner received a mark of 68 in Science, what mark do you think he or she would receive in Maths?


	Do there appear to be any outliers in the data? If so, what were the marks involved?


	Create another scatter plot to illustrate the data, but this time start both axes with a minimum value of 50.


	What effect does changing the axes have on the impression created by the graph?





	Below is a table representing data taken from some African countries regarding the prevalence of TB and HIV.




	Country
	A
	B
	C
	D
	E
	F
	G
	H
	I
	J
	K



	% of TB cases
	0,50%
	0,30%
	0,63%
	0,22%
	0,13%
	0,98%
	1,29%
	0,21%
	0,18%
	0,46%
	0,63%



	Adult (15–49) HIV prevalence
	24,8%
	6,3%
	23,6%
	11,0%
	3,6%
	17,8%
	25,9%
	6,5%
	5,6%
	13,5%
	14,3%






	Draw a scatter plot to determine whether the given data shows a correlation between TB and HIV.


	Give four reasons why you cannot state that there is a strong correlation between TB and HIV.












Unit 3 Interpret, analyse and report data




Interpret data


Every day people read and interpret data in books or in the media (newspapers, magazines, television). The data is organised and represented in the form of words, pictures, numbers, percentages, tables, charts or graphs. The assumptions and conclusions that people make when they analyse and interpret these representations of data can depend quite strongly on how the data is shown. Sometimes graphs can be misleading. Misrepresentation of data can happen unintentionally or intentionally. It is always important to know the source of the data you are considering, so that you can interpret the graphs critically.



Exercise 22.11



	The following two graphs show the total rainfall for two months at a certain place.


[image: ]


Graph A
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Graph B





Interpret the two graphs critically by writing a short paragraph about them. Compare the graphs and find similarities and differences. Say what impressions were created by each of the graphs.


	Sisiwe writes a report concluding that crime is worse in KZN than in the Northern Cape because there were so many more crimes reported in KZN. Without looking at all her data, do you think this is a valid conclusion? Explain your reasoning.








Analyse data


Data can be used to support a statement or to mislead people.



One easy way to influence the interpretation of data is to use the vertical axis values to create the effect you want.





For example, if you want your data values to look far apart (even if they aren’t), then you can create this impression by starting your vertical axis close to the minimum value of the data (not necessarily zero). If you want the data values to look close together, use a big set of values on the vertical axis. Graphs in newspapers, magazines and on the internet are often designed to trick the viewer. When you look at a graph, you should think about whether the data could be presented in another way. Think about whether the impression you are getting is correct or whether there is something missing or hidden.



Exercise 22.12



	Certain results were presented as follows:




	Feb
	March
	April
	May
	June
	July





	50
	60
	70
	80
	90
	100






	According to the table, are the results increasing or decreasing?


	What impression is given by the graph below? How has this impression been created?




	Do you think that the impression created by the graph could be intentional? Explain.


	What results could have been illustrated here?


	How could you change the graph to create a different impression?











Report data


At any point in the data cycle, bias might be brought into the data – either accidentally or deliberately. When you are doing a statistical study, you need to state the purpose of the data collection. You also need to describe your collection method. If the collection process has introduced bias, then the data will be biased as well, and you cannot really make valid conclusions from the data.

After the data have been collected, they must be organised, summarised, represented and analysed. At each stage you need to consider whether bias might have been introduced. Examine your graphs critically to ensure that what you are presenting is a true reflection of the data. Also check the average used to summarise the data, because this is another place where the reader can be misled. When you are confident that you have checked all the stages properly, then you can report on the data and make informed, unbiased conclusions.



When you report your data findings, you need to summarise the data. Your summary should include:


	conclusions from the data


	predictions based on the data


	possible sources of error and bias in the data


	an appropriate measure of central tendency to summarise the results.




You may not always need all of these, but a good report should be thorough and accurate.







Exercise 22.13



	Use the table in Exercise 22.2 Question 2. Write a short analysis of the data, and then report on your analysis. Discuss your work with a partner or in a group.


	An article in the Cape Times of 12 March 2012 discussed the killing of rhinos. The table shows the numbers of rhinos killed in South Africa per year from 2000.




	Draw a graph representing the data.


	Find the measures of central tendency for the data.


	Write a short report on this data. Be sure to include all key points.





	The table shows the mean daily maximum temperatures for Musina in Limpopo and Cape Town in the Western Cape over a 12-month period.




	Mean daily maximum temperature (in °C)





	Month
	Musina
	Cape Town



	January
	34
	26



	February
	32
	27



	March
	34
	25



	April
	30
	23



	May
	27
	20



	June
	25
	18



	July
	25
	18



	August
	27
	18



	September
	30
	19



	October
	31
	21



	November
	32
	24



	December
	33
	25






	Determine the measures of central tendency and the range for each town.


	


	On one system of axes, draw broken-line graphs to represent the data. Indicate clearly which town is which.


	What could be done to make your graph misleading? Explain why this might be done.





	Draw a double bar graph to represent the data.


	What is the main purpose of your double bar graph?


	Draw a stem-and-leaf diagram for the Cape Town data.


	Draw a histogram for the Musina data, using the intervals 24 < x ≤ 257, 27 < x ≤ 30, 30 < x ≤ 33, etc.


	Find the approximate mean of the grouped data from Question 3.6.


	How is this mean different from the mean in Question 3.1?


	Which class will contain the median?





	Which of the graphs did you find the most helpful? Explain.


	Write a short paragraph to report your findings.





	In Exercise 22.7 Question 3 you drew three different histograms.


	Write a short report on each of them.


	Indicate their similarities and differences.


	State which one you prefer and explain why.





	List four things that should be included in a good data report, whether represented in a table, graph or chart.











Revision Test Topic 22




Know your basics



	The tables give the rainfall per day in a town for two weeks.




	First week
	Rainfall in mm





	Monday
	2



	Tuesday
	5



	Wednesday
	10



	Thursday
	12



	Friday
	6



	Saturday
	7



	Sunday
	0








	Second week
	Rainfall in mm





	Monday
	5



	Tuesday
	0



	Wednesday
	0



	Thursday
	8



	Friday
	15



	Saturday
	11



	Sunday
	0






	Draw a double bar graph for the rainfall (in mm) for the two weeks.


	Calculate the mean for each week.


	Compare the means and make a conclusion.


	What is the range of the rainfall for the first week?


	What is the mode of the rainfall in the first week?


	What is the median for the second week?


	Draw a broken-line graph for each week on the same system of axes.


	Do your graphs in Questions 1.1 and 1.7 portray the data in the tables accurately? If not, why not? If so, what could you change to let the graph be misleading?


	Analyse the data and your graphs and write a short paragraph, stating your findings. [26]










Check your understanding



	This table shows the number of workers in a factory from 2010 to 2013.




	Year
	2010
	2011
	2012
	2013



	Number of workers
	80
	75
	60
	40






	2.1 Draw a bar graph to show the data, with the vertical axis starting at zero. Use increments of 40.


	2.2 Draw another bar graph, with the vertical axis starting at 30. Use increments of 20.


	2.3 What are the differences and similarities in the two graphs?


	2.4 Which graph do you prefer and why?


	2.5 Interpret your bar graphs. What do you think was happening at the factory? [18]





	A market survey company recorded how long shoppers spent in a mall on Saturdays. They interviewed a sample of 300 men and women. Their results are recorded as follows:




	Minutes spent
	No. of men
	No. of women
	Total





	0–29
	15
	30
	45



	30–59
	41
	52
	93



	60–89
	37
	56
	93



	90–119
	15
	24
	39



	120–149
	12
	18
	30






	3.1 How many men and how many women were included in the survey?


	3.2 Calculate the approximate mean number of minutes that men spent in the mall.


	3.3 What is the modal class for women?


	3.4 What percentage of men fall within the modal class for men?


	3.5 Which class will contain the median number of minutes that women spent at the mall?


	3.6 Based on the data, do you think that researchers can claim that “Significantly more women than men spend between 60 and 90 minutes in the mall”? Justify your answer through calculation.


	3.7 Draw a histogram depicting the total number of people visiting the mall during each time period. [23]










Challenge yourself



	Draw a deliberately misleading graph of the set of data in Question 2 and explain why your graph is misleading. How could you change this graph so that it is an accurate representation of the data? [5]




TOTAL: [72]





Formal Assessment: Assignment





	Total marks: 165
	Time: 2 hours







A data cycle




Question 1


The South African Department of Health did a study in 2012 based on a sample of 32 225 women who attended 1 424 antenatal clinics across all nine provinces. The estimation was that 30,2% of pregnant women (aged 15–49) were living with HIV in 2010. The table shows the estimated HIV prevalence (as a %) among antenatal clinic attendees by province.




	1.1 Explain the meaning of the 39,5 in the first row of the 2010 column. (1)


	1.2 Which three provinces recorded the highest HIV prevalence in 2010 and what were the percentages for each of them? (3)


	1.3 Draw a double bar graph to represent HIV prevalence in the different provinces, comparing HIV prevalence in 2001 with that of 2010. (5)


	1.4


	1.4.1 Plot a broken-line graph for the Western Cape for all the given years.

Put years on the horizontal axis and the percentage on the vertical axis. (5)


	1.4.2 Comment on the progression of the AIDS virus as reported in antenatal clinics in the Western Cape. (2)


	1.4.3 How could you display the data to look like an even more dramatic increase? (2)





	1.5 Round off the 2010 column to the nearest percentage and draw a stem-and-leaf diagram to represent these values. (7)


	1.6 Draw a histogram of the 2009 results. Use your own increment size. (5)


	1.7 Using the same increments as for Question 1.6, draw a pie chart of the 2009 results. Show all your calculations of the degree measurements. (5)


	1.8


	1.8.1 Determine the measures of central tendency and the range for 2001 and 2010. (8)


	1.8.2 If you were on the Board of Health and you were trying to show that there was not much of an increase (if any) in HIV in pregnant women, which measure of central tendency would you choose? Explain. (3)


	1.8.3 In which year do you think there were the most cases of AIDS in South Africa? Explain your answer, including why this cannot be based only upon the data presented in this question. (3)





	1.9 Which representation or summary of the data did you find the most useful? Explain your choice. (2)


	1.10 Write a report on the data and graphs above. (5) [56]







Question 2


After looking at Question 1, a local Grade 9 student, Mpho, decided to find more data about HIV/Aids prevalence for the entire population in different countries. His discoveries are displayed in the two graphs below.






	2.1 Name some of the differences between the two graphs. (3)


	2.2 Which graph might be misleading? Explain your reasoning. (3)


	2.3 In the first graph it appears that South Africa has the highest prevalence of HIV/Aids, and Swaziland the lowest, but the second graph does not show this. Explain why it appears in the second graph that Swaziland has a higher prevalence of HIV/Aids than South Africa. (3)


	2.4 Mpho decided that Swaziland has the highest incidence of HIV/Aids for any age group in all of Africa. Comment on the accuracy of this conclusion. (2)


	2.5 Write a report on your findings in this question. (5) [16]







Question 3


Mpho was surprised at how many South Africans had HIV/Aids and did more research into the matter. The data shown in the table was taken from a 2008 survey done by the Human Sciences Research Council on HIV prevalence in South Africa and related issues.




	Estimated prevalence (%) of HIV/Aids amongst South Africans, by age and sex, 2008





	Age
	Male
	Female
	Total



	2–14
	3
	2
	5



	15–19
	2,5
	6,7
	9,2



	20–24
	5,1
	21,1
	26,2



	25–29
	15,7
	32,7
	48,4



	30–34
	25,8
	29,1
	54,9



	35–39
	18,5
	24,8
	43,3



	40–44
	19,2
	16,3
	35,5



	45–49
	6,4
	14,1
	20,5



	50–54
	10,4
	10,2
	20,6



	55–59
	6,2
	7,7
	13,9



	60+
	3,5
	1,8
	5,3



	Total
	7,9
	13,6
	21,5






	


	3.1.1 In which age interval was HIV/Aids the highest for females? (1)


	3.1.2 In which age interval was the combined (total) percentage highest? (1)








	3.2 Create two histograms displaying the data from the table, with one showing the female results and one showing the male results. (10)


	3.3


	3.3.1 There are two minor problems with the intervals given in the table. What are these problems? (2)


	3.3.2 Do you think that the variation in the intervals affects the representation of the data? Explain. (2)





	3.4 Write a report on your findings in this question. (5) [21]







Question 4


Mpho is shocked at the results he found and decides to do his own research in South Africa to test the accuracy of some of the statistics he had been reading about. He decides to collect his data by means of a questionnaire.


	4.1 Imagine that you are Mpho, and design a questionnaire to gather information about the prevalence of HIV/Aids. (5)


	4.2 Describe how to collect the data so that it is free of bias. Be as specific as possible. Include an equal number of male and female respondents, a variety of different ages, and so on. (5)


	4.3 Hand out your questionnaire to at least 15 people in the manner you recommended in Question 4.2. (5)


	4.4 Choose the results of two questions from your questionnaire.


	4.4.1 Organise the data appropriately. (10)


	4.4.2 Summarise the data by giving the measures of central tendency and range. (10)


	4.4.3 Choose a graph to represent each question and depict your data graphically. (10)





	4.5 Write a report to summarise your findings. (7) [52]







Question 5


This table shows the results of the question “Does anyone in your family have HIV/Aids or TB?” The table shows the percentage of “Yes” responses to this question from various different sample groups.




	Gauteng
	73
	65
	63
	67
	53
	75
	59
	78
	69
	52
	77
	67
	53
	100
	76
	53
	45
	63



	Limpopo
	73
	63
	66
	53
	57
	53
	79
	56
	51
	77
	66
	77
	61
	66
	68
	77
	79
	 






	5.1 How many different sample groups were evaluated in Gauteng? How many in Limpopo? (2)


	5.2 Find the measures of central tendency and the range for each of these provinces. (8)


	5.3


	5.3.1 Which province has an outlier? What is it? (1)


	5.3.2 Re-calculate the measures of central tendency without the outlier in the data set. (4)


	5.3.3 What do you notice? (1)





	5.4 From your data, which province do you think has a higher HIV/Aids and/or TB rate? Explain your reasoning. (2)


	5.5 Ellen said she took a survey of her classmates in Limpopo and asked how many people had HIV/Aids or TB. She found the percentage to be much lower than the figures in the table. What might have been the reason for this? (2)

[20]











Topic 23 Probability








Data handling




Key concepts and skills



	Consider various situations with equally probable outcomes.


	Determine probabilities for compound events using two-way tables and tree diagrams.


	Determine the probabilities for outcomes of events and predict their relative frequency in simple experiments.


	Compare relative frequency with probability and explain possible differences.










Unit 1 Probability, frequency and relative frequency


In this topic you will revise work done in Grade 8 on probability, frequency and relative frequency. You will also learn to determine probabilities for compound events such as when two coins are tossed simultaneously or two dice rolled together.

Probability is a way of describing how likely something is to occur. For example, what is the probability of getting 5 when two dice are rolled? A probability can be expressed as a fraction, a decimal or a percentage. The probability of an event is always a number between 0 and 1. In Mathematics we use the symbol P for probability.



P=number of desired outcomesnumber of possible outcomes







Remember


The word “die” is the singular form of the word “dice”. Two dice, three dice, but one die.




Worked example



	List the possible outcomes when one die is rolled.


	Write down the probability of rolling a 3 when one die is rolled.


	Write down the probability of rolling an even number when one die is rolled.






Solutions



	The possible outcomes are 1, 2, 3, 4, 5 and 6.


	The desired outcome is a 3.

P=number of desired outcomesnumber of possible outcomes=16

This can also be expressed as 0,167 or 16,7%.


	The desired outcome is a 2 or a 4 or a 6.

P=number of desired outcomesnumber of possible outcomes=36=12

This can also be expressed as 0,5 or 50%.








Remember


Always reduce a fraction to its simplest form.




Exercise 23.1


Give your answers both as a fraction and as a percentage.


	A packet of sweets contains 6 orange sweets, 3 black, 6 red, 2 green and 7 yellow. One sweet is taken randomly from the packet. Write down the probability that it will be:


	red


	yellow


	green


	either black or yellow.





	A box of chocolates contains 6 walnut chocolates, 4 caramel, 12 cherry and 2 nougat. A chocolate is picked randomly from the box. What is the probability that it will be:


	walnut


	caramel


	cherry


	nougat


	peppermint?





	There are 120 cars in a parking garage: 15 are blue, 30 are red, 20 are silver and 35 are white. What is the probability that the first car to leave the parking garage:


	will be silver


	will not be red


	will be either blue or white


	will not be a red or blue


	will not be any of these colours?





	One die is rolled. For each of the following, list the possible outcomes and then find the probability of getting:


	a score of six


	a score less than three


	an odd number


	a prime number.










Frequency and relative frequency


There are two possible outcomes when a coin is tossed: it can land heads or tails. When you toss a coin a number of times, the number of times each outcome is obtained is known as the frequency of that outcome. You can use the probability of an outcome to estimate the frequency of that outcome before you complete an experiment.



Remember


The two sides of a coin are referred to as “heads” and “tails”.




Worked example


Predict the frequency of heads when a coin is tossed 60 times.



Solution


Probability of getting heads = 12 (or 0,5 or 50%)

Expected number of heads = 60 × 12 = 30



In experiments, the actual frequency of outcomes often differs from the expected value. For example, a coin could be tossed 50 times and fall with the “heads” side showing 29 times. If you compare the frequency with which heads appeared (29) with the total number of tosses (outcomes) (50), you get the relative frequency of heads. In this example the relative frequency of heads was 2950. The relative frequency often differs from the probability (or theoretical probability).



Worked example


A 6-sided die was rolled 12 times and the frequency of the outcomes was as follows:




	Possible outcome
	1
	2
	3
	4
	5
	6



	Frequency
	3
	2
	0
	2
	2
	3






	


	What is the probability of rolling 4?


	What is the probability of rolling an even number?





	


	What was the frequency of 5? Of 3?


	What was the relative frequency of 5? And of 3?





	


	What was the frequency of a number larger than 4?


	What was the relative frequency of a number larger than 4?









Solutions



	1.1 16


	1.2 36=12


	2.1 2; 0


	2.2 212=16; 012=0


	3.1 This means rolling a 5 or 6, so it is 2 + 3 = 5.


	3.2 2+312=512








Remember


When the number of repetitions of an activity is low, there might be a difference between the relative frequency of an outcome and the probability of that outcome.




Exercise 23.2



	Work with a partner and roll a die 12 times.


	Record the outcomes in a table such as the one shown here.




	Outcome
	Tally
	Frequency





	1
	 
	 



	2
	 
	 



	3
	 
	 



	4
	 
	 



	5
	 
	 



	6
	 
	 






	Write down the probability of getting 5 when a die is rolled.


	Write down the frequency and the relative frequency of getting 5 in this activity.





	Repeat Question 1 but now roll the die 30 times.


	


	Copy the table into your exercise book and collect data from Question 2 from four other pairs of learners. Fill in your own results in the first blank row of the table, and the results of the other four groups in rows 2 to 5.




	Group
	Frequency of getting 5





	My partner and I
	 



	2
	 



	3
	 



	4
	 



	5
	 



	Total frequency of the 5 groups
	 






	Calculate the frequency and the relative frequency of getting a 5 in 150 rolls of a die.


	Compare the relative frequency in Question 3.2 with the probability of rolling a 5 when a die is rolled. What do you find?





	


	Copy the table into your exercise book.




	Probability of getting 5 when a die is rolled (once)
	Relative frequency of getting 5 in 12 rolls
	Relative frequency of getting 5 in 30 rolls
	Relative frequency of getting 5 in 150 rolls



	 
	 
	 
	 






	Use your answers in Questions 1, 2 and 3 to complete the table.


	Compare the relative frequency of getting 5 (in columns 2, 3 and 4) with the probability of getting 5 when a die is rolled. What do you find?


	Write the missing words: The more times a die is rolled, the closer the ……… of rolling a given outcome gets to the ……… of rolling that outcome.






Remember


When a biased object is used (for example a die that is heavier on one side), there will be a difference between the relative frequency of an outcome and the probability of that outcome.




	A die is rolled 30 times and the outcomes are recorded as follows:




	Possible outcomes
	1
	2
	3
	4
	5
	6



	Results
	4
	3
	7
	5
	6
	5






	What is the probability of getting a 3 when a die is rolled?


	What is the probability of getting an odd number?


	What were the frequency and the relative frequency of


	2


	5?





	What were the frequency and the relative frequency of a number smaller than 3?


	Compare the relative frequency and the probability of rolling a 2. What do you find?


	Give a reason for any differences between the relative frequency and the probability of rolling a 2.








Have you ever played with playing cards? A pack of playing cards has 52 cards divided evenly between 4 suits: hearts, diamonds, clubs and spades. Diamonds and hearts are red in colour and clubs and spades are black. Each suit has 13 cards, ten of them numbered 1 to 10 (though a 1 is always referred to as an “ace”), and three “picture” cards: a jack, a queen, and a king.





Worked example


A pack of 52 playing cards is shuffled, and one card is selected randomly. Express the probability in fraction and decimal form of this card being:


	a heart


	a seven


	the three of diamonds


	a heart or a diamond


	a jack or a queen or a king.






Solution



	1352=14 or 0,25


	452=113 or 0,077


	152 or 0,019


	2652=12 or 0,5


	1252=313 or 0,23








Exercise 23.3


A pack of 52 playing cards is shuffled, and one card is selected randomly. Express, in fraction form and as a percentage, the probability that this card is:


	a six


	a red six


	the six of hearts


	an even number


	an ace


	a jack or a king


	a queen


	a heart


	the queen of hearts.









Unit 2 Probabilities of compound events


When activities happen simultaneously or are repeated more than once, you can use two-way tables or tree diagrams to determine the possible outcomes of the activity. Examples of such activities include two dice rolled simultaneously (or one die rolled twice) and the scores added, and two coins tossed at the same time (or one coin tossed twice).



Two-way tables




People use two-way tables to examine the relationship between two variables, for example to record the outcomes when two dice are rolled simultaneously. They cannot be used to organise data consisting of more than two types of variable.







Worked example


The table shows the number of girls and boys in Grades 8 and 9 at a school.




	
	Grade 8
	Grade 9
	Total





	Boys
	88
	80
	168



	Girls
	72
	100
	172



	Total
	160
	180
	340






	Write down the probability that a boy chosen randomly will be in Grade 9.


	Write down the probability that a girl chosen randomly will be in Grade 8.


	Write down the probability that a Grade 9 learner chosen randomly will be a girl.


	Write down the probability that a learner chosen randomly will be a boy in Grade 9.






Solutions



	There are 168 boys to choose from, so P=80168=1021=48%.


	There are 172 girls to choose from, so P=75172=1843=42%.


	There are 180 Grade 9 s to choose from, so P=100180=59=56%.


	There are 340 learners to choose from, so P=80340=417=24%.








Exercise 23.4



	The two-way table shows the favourite fruits of a number of learners.




	 
	Apples
	Oranges
	Total





	Boys
	28
	35
	63



	Girls
	42
	14
	56



	Total
	70
	49
	119






	Write down the probability that a girl chosen randomly will prefer apples.


	Write down the probability that a learner chosen randomly will prefer oranges.


	What is the probability that a learner chosen randomly will be a boy?


	What is the probability that a learner chosen randomly will be a girl who prefers oranges?





	The two-way table shows the results of a survey to find out how learners get to school.




	
	Walk
	Bus
	Taxi
	Total





	Boys
	160
	20
	60
	240



	Girls
	180
	40
	40
	260



	Total
	340
	60
	100
	500






	Write down the probability that a boy chosen randomly will travel to school by bus.


	Write down the probability that a girl chosen randomly will walk to school.


	Write down the probability that a learner walking to school will be a boy.


	Write down the probability that a learner travelling to school by taxi will be a girl.


	Write down the probability that a learner chosen randomly will be a girl who travels to school by taxi.





	The table shows the sum of the outcomes if two dice are rolled at the same time. For example, the 9 that has been filled in comes from rolling a 5 on one die and a 4 on the other.




	Copy the table into your exercise book and fill in the missing values.


	How many possible outcomes are there when using two dice?


	What is the probability of throwing a double 6 (rolling a 6 with both dice)?


	Write down the combinations of two dice that would give a total of 7.


	What is the probability of throwing a sum of 7 with two dice?


	What is the probability of getting a sum of 5 if you throw two dice?


	What is the probability of getting a sum less than 5 if you throw two dice?





	Two dice are rolled simultaneously and the scores are multiplied. Draw a table similar to the one above to represent the product of the scores of the possible outcomes. Use this table to find the probability of the product of the scores being:


	4


	7


	12


	less than 6


	more than 20.





	Two spinners are spun simultaneously and the sum of the scores is recorded in a table. Each value in the table shows the sum of the outcome of spinner A (first column) plus the outcome of spinner B (bottom row). For example, the score of 4 given in the table shows the sum of the outcome of 3 on spinner A and 1 on spinner B.








	Write down the scores for spinners A and B in the outcome of 5 shown in the table.


	Copy and complete the table.


	Write the number of possible outcomes when the two spinners are spun together.


	What is the probability of spinning a 3 on both spinners at the same time?


	Write down the combinations of the two spinners that would give a total of 5.


	What is the probability of spinning a total of 5 with the two spinners?


	What is the probability of spinning a score of more than 3 with the two spinners?











Tree diagrams


A tree diagram allows you to see all possible outcomes of an event and helps you calculate their probabilities. Each branch of a tree diagram represents one possible outcome of the event. You can use tree diagrams to display as many events as you want.



Worked example


A bag contains three balls, labelled 1, 2 and 3. A player draws (pulls out) a ball randomly from the bag. Its number is noted, and then it is put back in the bag. Each player gets three turns to draw a ball and then put it back. The tree diagram in the picture displays all the possible outcomes when the first ball drawn is Ball 1.




	Write down the missing outcomes in the tree diagram, following on from 1-2-1 (shown on right in diagram).


	Write down the number of possible outcomes when the first ball drawn is Ball 1.


	Draw similar tree diagrams to find the outcomes when (a) the first ball is Ball 2 and (b) when the first ball is Ball 3.


	Write down the total number of possible outcomes for this game.


	Write down the probability that a player will get an outcome of 2-1-3 (in that order).


	Write down the probability that a player will draw Ball 2 on both the second and third draws (the first ball can be any number).


	Write down the probability that a player will draw Balls 1, 2 and 3 (in any order).






Solutions



	1-2-2; 1-2-3; 1-3-1; 1-3-2; 1-3-3


	9


	




	27


	127


	Possible desired outcomes are 1-2-2, 2-2-2 and 3-2-2. So P=327=19.


	Possible desired outcomes are 1-2-3, 1-3-2, 2-1-3, 2-3-1, 3-1-2 and 3-2-1. So P=627=29.








Exercise 23.5



	A bag contains two balls, labelled 1 and 2. A player chooses a ball randomly from the bag. Its number is noted, and then it is put back in the bag. Each player gets two turns to draw a ball and then put it back. The tree diagram shows the possible outcomes when the first ball drawn is Ball 1.




	Write down the missing outcome in the above tree diagram.


	Write down the number of possible outcomes when the first ball drawn is Ball 1.


	Draw similar tree diagrams to find the outcomes when the first ball drawn is Ball 2.


	Write down the total number of possible outcomes for this game.


	Write down the probability that a player will get an outcome of 2-1.


	Write down the probability that a player will draw two balls that give a total of 3.





	The tree diagram shows the possible outcomes (boy or girl) when two children are born in a family.




	Write down all possible outcomes.


	Write down the number of possible outcomes.


	Write down the probability that both children are boys.


	Write down the probability that the first child is a girl and the second a boy.


	Write down the probability that the two children will be of different gender.





	


	Draw a tree diagram to find the probability that the first three children born in a family will be two girls and one boy (born in any order).


	Draw a tree diagram to find the probability that the first three children in a family will all be girls.





	Draw a tree diagram to determine the possible outcomes when three coins are tossed simultaneously. Use the tree diagram to:


	Write down all the possible outcomes and count how many there are.


	Determine the probability of getting 3 heads.


	Determine the probability that an outcome will include 2 heads and 1 tail.


	Determine the probability that an outcome will include a tail.





	Shani’s family uses white or brown bread to make their sandwiches to take to work or school. They can use either butter or margarine, and they choose the filling from one of these: tomato and cheese (TC), chicken mayonnaise (CM), and jam (J).


	Draw a tree diagram to show all the possible kinds of sandwich Shani can make and write down how many different kinds there are.


	What is the probability that Shani will put a white bread sandwich in her lunchbox?


	What is the probability that Shani will make a brown bread, butter and jam sandwich?


	What is the probability that Shani’s father will make a tomato and cheese sandwich?


	What is the probability that Shani’s brother will make a white bread chicken mayonnaise sandwich?














Revision Test Topic 23




Know your basics



	A pack of 52 playing cards is shuffled, and one card is selected randomly. Write down the probability that this card is:


	a diamond


	a king


	the queen of hearts


	a heart or a diamond


	a jack, a queen or a king.

[10]










Check your understanding



	A bag contains 4 blue marbles, 3 green, 8 red and 5 yellow. They are of equal size and shape. A marble is drawn randomly from the bag. Its colour is noted and then it is put back in the bag. The table shows the results after 100 draws.




	blue
	green
	red
	yellow





	21
	14
	45
	20






	2.1 Write down the frequency and the relative frequency of drawing a red marble.


	2.2 Write down the probability of drawing a red marble.


	2.3 Compare the relative frequency and the probability of drawing a red marble. What do you find?


	2.4 Give a possible reason for any difference between the relative frequency and the probability of drawing a red marble. [10]





	Draw a table to represent the sum of two dice rolled simultaneously. Use the table and determine the probability of getting a sum as indicated below. Give your answer as a reduced fraction and as a percentage.


	3.1 20


	3.2 11


	3.3 more than 8


	3.4 an odd number

[12]










Challenge yourself



	The diagram shows two spinners.




	4.1 Draw a tree diagram to determine the possible outcomes when these two spinners are spun simultaneously.


	4.2 Use the tree diagram to write down all the possible outcomes, and give the number of possible outcomes.


	4.3 Determine the probability of spinning two 3s.


	4.4 Determine the probability of spinning an outcome of a 2 and a 3. [13]







TOTAL: [45]





End of Year Practice Examination





	Total marks: 100
	Time: 2 hours






	Copy the table and fill in the missing values: (2)




	a
	2
	 
	17



	b = 5 – 2a
	1
	–5
	 






	Determine the rule for the flow diagram below:





	Subtract 2x−5x3+ 3x2from2x3− 7x+x2. (3)


	Divide -6x4 + 15x3− 9x by −3x. (3)


	Simplify −2(−3x2+x3)+ 3(3x2−x)(x+ 2). Show your work. (5)


	Calculate the value of 3x3− 24x+ 2for x=−3. (3)


	Solve x if –4(x – 3) = 2x + 30. Show your work. (3)


	Factorise 15x− 3x3. Show your work. (3)


	Solve x if x2+x− 12= 0. Show your work. (3)


	If p=27x63, write down the value of p in terms of x in its simplest form. Then calculate the value of p for x = –5. (4)


	A farmer has a number of sheep. He sells 15 of them, and later 6 lambs are born from the remaining sheep. Now he has 45 of the number of sheep he started with. Calculate the number of sheep he started with. (4)


	Write down the gradient, the y-intercept, and the x-intercept of the graph of y = 2x – 4. (3)


	


	Draw up a table of any three ordered pairs for the graph of y = –3x + 7.


	Draw the graph of y = –3x + 7. (8)






	The figure shows ΔPQR with vertices P(−3; 0), Q(−2; 4) and R(−1; 1), and its image ΔP'Q'R' with vertices P'(3; −2), Q'(2; 2) and R'(1; −1).



Describe a combination of transformations that will map ΔPQR onto ΔP'Q'R'. (5)


	The figure shows ΔABC with vertices A(–3; –1), B(–4; 3) and C(–1; 4) and line y = x in a Cartesian plane.



Copy the figure on a Cartesian plane and draw the image ΔA'B'C' after a reflection in the line y = x. Give the coordinates of A', B' and C'. (5)


	The figure shows Platonic solids A, B and C. B C A




	Write the names of Figure A, Figure B and Figure C. (3)


	Copy and complete the table: (6)




	Figure
	Number of faces
	Number of vertices
	Number of edges





	A
	 
	4
	 



	B
	8
	 
	 



	C
	 
	 
	12







	Write the two missing words that describe a Platonic solid: A Platonic solid is a polyhedron that has faces that are ………, ……… polygons. (2)


	How many Platonic solids are there altogether? (1)






	Calculate, correct to 2 decimal places, (17.1) the side length and (17.2) the surface area of a cube with volume 28,7 cm3. Show your work. (4)


	Calculate, correct to 2 decimal places, (18.1) the surface area and (18.2) the volume of a cylinder with diameter 8,5 cm and height 13,4 cm. Show your work. (7)


	The graph below shows the masses of a number of cattle.




	What is the name of this kind of graph?


	How many cattle are in the 300–399 class interval?


	Write down the total number of cattle in the survey.


	Calculate the total mass of the cattle in the 400–499 class interval. Show your work. (6)






	A teacher draws the graph shown below to find out if there is a relationship between the Mathematics marks and the Science marks of a number of learners.




	Write down:


	the number of learners represented in the graph


	the lowest mark in Mathematics


	the highest mark in Science.






	One dot lies well below the line of best fit. What marks did this learner get for Mathematics and for Science? (5)






	A die is rolled 30 times and the outcomes are recorded as follows:




	Possible outcomes
	1
	2
	3
	4
	5
	6



	Number of times as outcome
	5
	3
	5
	6
	7
	4






	What is the probability of getting a 4 when the die is rolled?


	What was the frequency of 4 as an outcome?


	What was the relative frequency of getting 4? (3)






	The two-way table shows the number of girls and boys in Grades 8 and 9 at a school.




	
	Grade 8
	Grade 9
	Total





	Boys
	132
	124
	256



	Girls
	120
	136
	256



	Total
	252
	260
	512





The names of the learners are put in a bag and a name is drawn, recorded, and then put back in the bag. Write down, in its simplest form, the probability that the name drawn will be:


	a girl in Grade 8


	a boy in Grade 9


	a girl. (6)













Glossary




A



	
additive inverse


	
the additive inverse of any number is the number that gives an answer of zero when it is added to the original number


	
algebraic expression


	
a string of symbols, consisting of numbers and variables; it says what has to be done with numbers or variables







B



	
bias


	
biased means prejudiced or influenced in one direction


	
binomial


	
an expression with two terms: 3a2+6band2a2bc−b2 are both binomials


	
bisect


	
to bisect an angle or a line means to divide it into two equal parts


	
BODMAS rule


	
the BODMAS rule helps you remember that the order of operations is as follows: Brackets, Of, Division and Multiplication; Addition and Subtraction







C



	
capacity


	
the amount of space available inside a container


	
Cartesian plane


	
the space defined by two axes; also known as a coordinate plane


	
commission


	
money that is paid to a seller for sales they make


	
compensating


	
compensating means changing one number in a calculation to a multiple of ten and then adjusting another number to keep the “balance” – it gives an exact answer


	
compound interest


	
the interest earned after a certain time, calculated on the total of the original amount invested and all the interest earned up to that time (see also simple interest)


	
congruent


	
congruent means identical in shape and dimensions


	
consecutive


	
following one after the other


	
constant difference


	
if a number pattern has a constant difference it means that there is an equal difference between consecutive numbers in the pattern


	
constant ratio


	
if a number pattern has a constant ratio it means that the quotient (ratio) of two consecutive numbers in the pattern is always the same


	
continuous


	
a continuous graph is unbroken; it represents data that can have any value – including fractions and irrational numbers


	
coordinate plane


	
see Cartesian plane


	
correlation


	
a correlation is a relationship or correspondence between two variables: a positive correlation means that as one value increases, the other increases as well; a negative correlation means that as one value increases, the other decreases; no correlation means that there is no relationship between the two variables


	
counting numbers


	
the positive whole numbers and zero


	
cube


	
(i) multiply a number or variable by itself three times; (ii) a 6-sided solid with all its faces squares


	
cube root


	
the cube root of a given number or variable is the number or variable which results in the given number or variable if multiplied by itself three times. We talk of “taking the cube root”







D



	
dependent variable


	
in a graph the dependent variable or quantity is shown on the vertical axis


	
die


	
the singular of the word “dice”


	
dimensional


	
two-dimensional (2D) figures are those that can be drawn on a sheet of paper; three-dimensional (3D) figures cannot be (other than as a 2-dimensional representation)


	
direct proportion


	
when two quantities are in direct proportion, they increase or decrease in the same ratio, so their quotient is always the same


	
discrete


	
a discrete graph consists of separate points, usually shown as dots







E



	
equation


	
a mathematical statement, in symbols, that two expressions are exactly the same, for example: 3x + 5 = 11 or 3x + 5 = 2x – 10


	
equilateral triangle


	
the angles and sides are all equal in an equilateral triangle


	
equivalence


	
another word for equality


	
exchange rate


	
the current market price for which one currency unit can be exchanged for another


	
exponential form


	
a short form of writing a multiplication expression or number, by using exponents


	
exponent


	
exponents or indices are the numbers or variables to which a base is raised


	
expression


	
a string of symbols, consisting of numbers and variables. An expression does not contain an =, > or < sign


	
exterior angle


	
an angle formed when one side of a shape is extended outwards: the angle between the extended line and the outside of the adjacent side is an exterior angle


	
extreme


	
a value that does not seem to fit in with the rest of the data values in a data set, being either much too high in value, or much too low







F



	
factors


	
the numbers you multiply to get a given number. For example 2 and 6 are factors of 12 because 2 × 6 = 12


	
formula


	
a special kind of equation that shows the relationship between different variables, for example y = 3x + 5.


	
frequency


	
the frequency of an outcome (such as rolling a 3 on a die) is the number of times that outcome is obtained







G



	
gradient


	
the gradient is the change in the dependent variable (vertical change) divided by the change in the independent variable (horizontal change) ∴m=ΔyΔx=y2−y1x2−x1







H



	
highest common factor


	
the highest common factor (HCF) of two or more numbers is the highest number that you can divide exactly into those numbers







I



	
identity


	
an equation that is true for any variable that is substituted


	
improper fraction


	
a fraction in which the numerator is greater than the denominator


	
independent variable


	
in a graph the independent variable or quantity is shown on the horizontal axis


	
index


	
(plural: indices) see exponent


	
integers


	
the set of integers (ℤ) consists of the positive and negative whole numbers and zero


	
interest


	
money received for investing money, or paid for borrowing money


	
interior opposite angles


	
the angles inside a shape that are opposite to an exterior angle


	
inverse proportion


	
when two quantities are in inverse proportion, one quantity decreases as the other quantity increases, in the same ratio, so their product is always the same


	
irrational numbers


	
the set of irrational numbers (ℚ') consists of the numbers that cannot be expressed as a fraction of two integers ab


	
isosceles triangle


	
a triangle with two sides equal; the angles opposite them are also equal







L



	
like terms


	
terms that contain the same variables and the same exponents: 3a2 and 2a2 are like terms


	
line of best fit


	
a line drawn to indicate the trend of a number of plotted data points


	
linear graph


	
a straight-line graph


	
lowest common multiple


	
the lowest common multiple (LCM) of two or more numbers is the smallest number that you can divide the given numbers into







M



	
maximum


	
the highest value; the point on a graph where a curve reaches its highest point. At a maximum point, the curve goes from increasing to decreasing


	
mean


	
the mean of a data set is the simplest average. It is obtained by adding all the data values together and dividing by the total number of data values


	
median


	
the median of a data set is the value that divides the data set into halves. To determine a median, the data values must be arranged in ascending or descending order. If there is an even number of values, the median is the mean of the two central values


	
minimum


	
the lowest value; the point on a graph where a curve reaches its lowest point. At a minimum point, the curve changes from decreasing to increasing


	
mixed number


	
a mixed number consists of a whole number and a fraction


	
mode


	
a mode of a data set is the data value that occurs most often. It is possible for a data set to have more than one mode, or to have no mode


	
monomial


	
an expression with only one term: 5a2 and 3a3b(a+b) are both monomials


	
multiplicative inverse


	
the multiplicative inverse (or reciprocal) of any number is the number that gives an answer of 1 when it is multiplied by the original number







N



	
natural numbers


	
the set of natural numbers contains the positive whole numbers







O



	
outlier


	
a value that falls outside the usual range of the data in a data set


	
opposite interior angle


	
the angles opposite the exterior angle or opposite each other







P



	
polygon


	
a closed 2-dimensional figure with straight sides


	
polynomial


	
an expression made with constants, variables and exponents, which are combined using addition, subtraction and multiplication, but not division. The exponents can be 0, 1, 2, 3, ... etc.

e.g. 5xy2− 2x+ 5y3−3. 3xy−2. and 2x+3 are not polynomials


	
population


	
the entire group about which a study is being done (statistical meaning)


	
prime factors


	
a prime factor of a number is a factor of the number that is also a prime number


	
prime numbers


	
natural numbers that have exactly two different factors (one of these will always be 1)


	
principal amount


	
an initial amount of money invested or loaned


	
probability


	
the probability of an outcome (such as rolling a 3 on a die) is the number of times that you would expect that outcome (one sixth of the time), based on an even distribution of all the outcomes







Q



	
questionnaire


	
a set of questions used to collect data from people; a form used in a survey


	
quotient


	
an answer to a division problem







R



	
range


	
the difference between the largest and smallest values in a data set


	
rate


	
a comparison between two quantities that are measured in different units


	
ratio


	
a comparison between two numbers or quantities measured in the same units


	
rational numbers


	
the set of rational numbers (ℚ) consists of all the numbers that can be written in the form ab, where a and b are integers and b ≠ 0


	
real numbers


	
the set of real numbers (ℝ) consists of both the set of rational numbers and the set of irrational numbers


	
reciprocal


	
when a number is multiplied by its reciprocal, the answer is 1. The reciprocal of 34 is 43


	
reflection


	
a transformation in which the image is a mirror image of the original


	
regular polygon


	
a two-dimensional shape that has all its sides equal in length and all its angles equal


	
relative frequency


	
the number of times that an outcome (such as rolling a 3) is obtained out of all the times the event occurred (out of all the times the die was rolled)


	
rent, rental


	
money paid or received for the hiring of property or goods


	
representative sample


	
a representative sample is one in which the general characteristics closely match the general characteristics of the entire group being researched


	
root


	
(i) see solution; (ii) short for “square root”


	
rotation


	
a transformation that rotates a figure a certain number of degrees about a fixed point







S



	
sample


	
a small portion of the entire group being researched; it acts as the representative of the whole group


	
scale factor


	
if a figure is enlarged or reduced, the ratio of the lengths of the sides of the new figure to those of the original figure is called the scale factor


	
scalene triangle


	
all the sides of a scalene triangle are different lengths, and all its angles are different sizes


	
scientific notation


	
a way of writing very large or very small numbers in the form a×10b, where a is 1 or greater than 1 but less than 10, and b is an integer


	
sector


	
part of a circle, formed by two radii and part of the circumference. It looks like a slice


	
similar


	
two triangles are similar if they have equal angles. The lengths of their sides are not necessarily equal but are proportional. They are the same shape, but (probably) not the same size


	
simple interest


	
money received for investing money, or paid for borrowing money, calculated only at the end of the period of investment or loan (see also compound interest)


	
solution


	
the solution of an equation is the value of the variable that makes the two sides of the equation equal; it can also be called the root of the equation


	
square


	
(i) multiply a number or variable by itself; (ii) a four-sided two-dimensional figure with all its sides equal and all its angles right angles


	
square root


	
the square root of a number or variable is that number or variable which results in the given number or variable if multiplied by itself. Negative numbers do not have square roots


	
statistics


	
the study, collection and analysis of large quantities of numerical data


	
substitution


	
a process in which variables in an expression are replaced by numbers, in order to find a numerical value for the expression


	
surd


	
a numerical expression containing at least one irrational root of a number: 2 and 3 + 2 are surds


	
survey


	
a detailed study of a specific group, to collect information about that group







T



	
term


	
an expression which contains inside itself no + or – signs (unless in brackets, or in a fraction)


	
three-dimensional


	
see dimensional


	
translation


	
a translation moves an object left or right and/or up or down on a coordinate plane


	
transversal


	
a line that intersects one or more other lines


	
trinomial


	
an expression with three terms: 2a2+ 6b − 3a is a trinomial


	
two-dimensional


	
see dimensional







U



	
undefined


	
division by 0 is undefined, because if, for example, we had 60=m, it would mean that 0 × m = 6, and there is no value of m that can make that true


	
unlike terms


	
terms that do not contain the same variables: 3a2 and 3b2 are unlike terms, as are terms that do not have the same exponents even though the variables are the same, e.g. 3a3 and 3a4







V



	
variable


	
a letter which stands for a number; it can be given any value


	
vertex


	
a vertex is the point where the sides of a 2D figure or the faces of a 3D figure meet. The plural of vertex is vertices







W



	
whole numbers


	
the set of whole numbers (ℕ0) contains the set of natural numbers and zero; a whole number has no fractional or decimal part
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