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[with slightly different wave d-vectors k, aud ky. The tolal wave is

[ = Acos(kiz = wif) + Acos(kaz — wat) |
'We can use trigonometric identities to rewrite this in a snggestive form. Write
Ak = ky—ky and Aw = wy ~wy, and lel & = (ki +-42)/2 and w = {wy +wy) /2
be the average wave vector and angular freq Then

el ]

envelope
|Thus, ® is a wave characterized by w and k, but "modulated” by the sinu-
isoidal “envelope” function as shown.

Exercige 8.2 Derive The expression for ® in Equation 6.20. Use the trigono-
metric identity

[eos{ee + B) = cosav cos # — sin g sin f]

k=B ka=k+ 8 etc

A snapehot of this superposition of waves is shown in Figure 6.7. It ap-
lpears as a long train of pulses. The pulses tl.lmselvu (as distinct from the
waves within the pulses) are deseribed by the function in Equa-

tion 6.20. This function itself has the form of & wave; the wave speed of the
pulses is the group velocity:

and write & =

Y=,

(6.21)
For small differences Aw and Ak (which correspond to wide pulses in the
train), we can write the group velocity as a “derivative,” v, = E

In general, the physics of auy sort of wave will give rise to a relationship

between the angular frequency w and the wave 3-vector S Usually, this can
be expressed by writing w as & function of the magnitude k of the wave 3-

vector: w(k). Such a relationship is called a dispers: lation for the wave.
IThen the phase velocity w and the group velocity v, are

ﬁ = =

v = Q (6,22)
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passing through that point.

A 17th-Century king of Spain. thinking about his colonies in the New World. took
for granted the many weeks required to send news by ship across the sea An
event that happened yesterday m Peru, though it took place in the past, could not
have influenced today’s events in Spain. Similarly, though tomorrow had not yet
taken place. tomorrow’s events in Peru could not be inflnenced by today's events
in Spam. Such remote but nearly contemporaneous events existed m a kind of
limbo, neither in the knowable past nor in the affectable future.

The lmitations of the king of Spain were merely technological We can now
exchange messages between Spain and Pern i a fraction of a second But the
limstations on travel and communication mposed by the light cone structure of
spacetime are inescapable. Thus, the monarch of an mterstellar empire might
ponder events happening this year on a planet ten light-years away Such events
are outside of the monarch’s light cone, at a spacelike with slightly different wave
4-vectors ky and k™. The total wave is

& = Acvsfkiz - a»#) + A cos(k-"z — w-jt).

(6.19)

‘We can use trigonometric identities fo rewrite this in a suggestive form Write AA -

kg~hi and Aw = ch-uni, and let & = (fc; +A7)/2 and o = (wi +Wa)/'2 be the
average wave vector and angular frequency. Then

@ =2Acos (%Ez ~ -ﬁ{'-t) cos(kz = wt)
envelope
(6.20)

Thus, @ is a wave characterized by o and &, but ‘modulated” by the sinusoidal
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However, when Alice shows up for their meeting, Bob is nowhere to be seen.
ﬂnmm.oleomo,inhuhdhdmtmmmunwrmdmm
Sha should have added, “...al four o'clock” Alice needs to give four coor-
ates, three of space and one of time, to describe a precise location in 3|
fcmdﬁmwmd"mpeehme
Since everything that h in the physical unj b
wheze and somewhen, Ipaeetme i the natural “arena” for uhusm and for|
abont physics. But putting space and time fogether into & four-
dimensional spacetime is not in itself 3 very significant step, To see why not,
a1 comgider & usical analogy.
L Suppose you are playing a tune on a piano, You obviously need to know
= iy what notes to play; and of course you need to know when to play them.

Thus, the natural way to describe music is in a two-dimensional space that|

et might be called “pitel i3 one‘ of musical pitch and

EH one of time. Thenmml]nﬂ‘n more than a way of representing|

IE pitehtime on paper, with pitch and time on the vertical and horizontal axes,
respectively.

i e

[Figure 1.1; The combination of piteh and tine variables into the “pitehfime”
lspace.

Pitchtime is a rather trivial sort of space. The two coordinates have
thing to do with one another, no geometrical relation. Consider two dif-
ferent points o and b in pitchtime  two notes on the tousical staff  and ask,
“How far apart are a and 5" A reasomable answer would be, “Notes a and
b are & major fifth apart io piteh and three beats apart in time." The an-

IThu locution in quession is the top flour of the Goddard Institute for Space Studies.
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Street, seventh floor) fo give a precise location in three-dimensional space 1 However, when Alice
shows up for their meeting. Bob is nowhere to be seen. The reason, of course. is that she did not
specify the time of their rendezvous. She should have added. * _at four o'cloclk™ Alice needs to give
four coordinates, three of space and one of time. to describe a precise location in a four-dimensional
“sp&ecetime”.

Sinee everything that happens in the physical universe happens here and hen, st

15 the natural “arena” for physics and for thinkmg about physics. But putting space and tine together
mto a fourdmmensional spacetime is not m itself a very significant step. To see why not, consider a
musical analogy

Soppose you are playing a tune on a piano. You obvioushy need to know what notes to play; and of
wmseyouneedmkmwwhmtophymmus,menamtwaymdesmbemm&mam
dimensional space that might be called one ion of mustcal pitch and one
of time. mmgmﬂsmmmgmemmawayﬁmmgpulﬂmmwwﬂpﬂch
and time on the vertical and horizontal axes, respactively.
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Figure 1.1: The combination of pitch and time variables into the “pitchiime” space.

Pitchtime is a rather trrvial sort of space. The twoe coordinates have nothing to do with one another, no
geomerrical relation. Consider two different points g and b in pitchtime two notes on the musical staff
and ask, “How far apart are « and 5" A reasonable answer would be, “Notes @ and & are a major fifth
apart in pitch and three beats apart in time." The an-

Figurz 1.2: The Euclidean plane. Al the distance between a and &, i= independent of which Cartesian
coordinates are used to evaluate it.
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ling I In : we can &y that, if the particle's world — stack up to form a 3-D spacetime diagram of the situation. 14 145
line passes through the event A, the future part of the world line must lie —
H lentirely inside the future light come of A. Similarly, the past part of the e 14 0.7
H world line ronst. lie within the past light cone of A. In other words, the light ;: :J
lcone marks ont what parts of spacetime are “accessible” from a given point — = |g014 01
(event) in spacetime by a particle passing thraugh that point.
A 17th-Century king of Spaiu, thinking sbout his colonies in the New e
World, took for granted the many weeks required to send news by ship across
the sea. An event that happened yesterday in Peru, though it took place in e
the past, could not have influenced today's events in Spain. Similarly, though
tomorzow had not yet taken place, toniorrow's events in Peru could not be
influenced by today’s events in Spain. Such remote but nearly contempora-
neous events existed in a kind of limko, neither in the knowable past nor in Lﬂm‘
the affectable future. o
The limitations of the king of Spaiu vere merely techuological, We can 3
now exchange messages between Spain and Peru in a fraction of a second. bl = : 4 %
But the limitations on travel and communication imposed by the light cone 5 Figure 1.7: The future and past light cones of event A, and various (future) hght
of ime are i ble. Thus, the monarch of an interstellar @ cones of events on the world line of a particle.
lerpire iight ponder events happening this year on a planet ten light-years
jaway. Such events are outside of the I's light cone, at a spacelike 6 expanding wavefront. In spacetime. we can say that. if the particle’s world line
passes through the event 4, the future part ol the world line must lie entirely inside
] :\. the future light cone of 4. Similarly, the past part of the world Ime must lie within
the past light cone of 4. In other wordsy the light cone marks out what parts of
B HHI| S 6% v @ ¢ L spacetime are “accessible” from a given point (event) in spacetime by a particle
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[with slightly different wave 4-vectors k; and ky. The total wave is|
= Acoslkiz — wit) + Acos(kaz —wat).| 6.19)
We can use trigonometric identities to rewrite this in a suggestive form. Write‘

Ak = ky—ky and Aw = wp —~wy, and lat k = (ky +k2)/2 and w = (w, +wy)/2
be the average wave vector and angular frequency. Then

#=2Am(%£l-%-l)ms(hz-m#
[envelope]

® is a wave characterized by w and &, but "modulated” by the sinu-
idal “envelope" function as shown.

Exercige 8.2 Derive The expression for  in Equation 6.20. Use the trigono-
metric identity

[eosfer + B) = cos v cos = sinx sin ]
-and write k; =k—‘§!.h=k+ﬁl,m

A hot of this of waves is shown in Figure 6.7, It ap-
[pears as a long train of pulses. The pulses thamnelveu (as distinct from the
waves within the pulses) are described by the function in Equs-
tion 6.20. This function itself has the form of a wave; the wave speed of the
pulses is the group veloeity:

vy= (6.21)

For small differences Aw and Ak (which correspond to wide pulses in the
train), we can write the group velocity as & “derivative," v, = —
In general, the physics of any sort. of wave wlﬂgwemtnarefatmdnp

between the angular frequency w and the wave 3-veetor k, Usvally, this can
be expressed by writing w as & function of the magnitude k of the wave 3-

vector: w(k). Such a relationship is called & di: ton relation for the wave,
|Then the phase velocity w and the group velocity v, are

H: o

v = Q 6.22)
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“envelope” junction as shown.

Exercise 6.2 Denive The expression for @ in Equation 6.20. U&e the trigonometric
identi

cos(o! + ) = costt cosifif - sin of sin #

and write ky, = k— k* = k+ 41, ete.

A snapshot of this superposition of waves is shown in Figure 6 7_It appears as a
loug train of pulses. The pulses themselves (as distinct from the waves within the
pulses) are described by the envelope function in Equation 6.20. This function itself
has the form of a wave; the wave speed of the pulses is the group velocity:

A

VI= pwr AGQI)
For small differences Aw and Ak (which correspond to wide pulses in the
fw
train). we can write the group velocity as a “derivative.” v,, = —.
ar
In general, the physics of any sort of wave will give rise to a relationship between
the angular frequency o and the wave 3-vector k, Usually, this can be expressed
by writing e as a function of the magnitude & of the wave 3-vector: @(A*). Such a

relationship 1s called a dispersion relation for the wave. Then the phase velocity w
and the group velocity v# are

(6.22)
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