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gl'||!‘FU"CU|0[ . seventh floor) to give 2 precise location in three-dimensional space.!
However, when Alice shows up for their meeting, Bob is nowhere to be seen.
ﬂnmm.dwminwthdwmtmmmatwrmm
She should have added, “...al four o'clock” Alice needs to give four coor-
ates, three of space and one of time, to describe a precise location in &
fcﬁbdhwuafond“mmemm.

Since everything that hap in the p i some-

when-.and somewhen, npaeehme i the natural “arena” for vhusm and for|
abont physics. But putting space and time fogether into & four-
dimensionul spacetime is not in itself a very significant step, To see why not,
a1 comgider & usical analogy.

I Suppose you are playing a tune on a piano, You obviously need to know
= iy what notes to play; and of course you need to know when to play them.
Thus, the natural way to dzecnhe music is in & two-dimensional space that

e might be called “pitel g aue d of musical piteh and
one of time, Themmﬂnﬂ'nmhugm!huamuiwﬁng
pitehtime on paper, with pitch and time on the vertical and horizontal axes,

E respectively.
L

[Figure 1.1; The combination of piteh and tine variables into the “pitehfime”
lspace.

Pitchtime is a rather trivial sort of space. The two coordinates have
thing to do with one another, no geometrical relation. Consider two dif-
ferent points a and b in pitchtime  wo notes on the sausical staff  and ask,
“How far apart are a and 5" A reasonable answer would be, “Notes a and
|b are & major fifth apart io pitch and three beats apart in time.” The an-

IThu locution in quession is the top flour of the Goddard Institute for Space Studies.

il

4

f

B HBHO|CS 6% v@ ¢

= Street, seventh floce) to mive 3 precise location in three dimensional specelt

Howaves, when Alice shows 5p for heir mesting, Bob is sowhess i be seen
The s=aon, of course, is that she did not spscify the time of heir randezvous.
She should have sdged, 3t four o’clock® Afice neade to giva bur coor—
dinates, thres of spacs and one of fime, to describs 2 preciss bocation i 8
Four-dimensional “spdecetime?,

Siicz averyhing that hagpens in the physicsl univars happen: oma—
where nd somehefl, speceime is the zatursl Swrmns® for physics and for
thinking about physics. But putiing spece snd time tozether inte s four—
dimansional spacetims is not in is21f 3 very denificant sep. To 322 WY not,
consider s musical ansloey,

Sipposs you 2 playiie 3 fune on 2 pisne. You ebviously nesd to know
what notss 10 play, and of colr= you need © knuow when fo play them
Thus, the natueal way to deficrbe mmsic is in @ rwo-dimensions] space that
smight be called Spitchime”, contsining one dimension of musiral pitch and
on= of time. The musical & is nothing more then & way of Tepresenting
pitchtime on paper, with pitch 34 fims on the vestical and horizonnal axes,
sezpactivaly.

Figure L1: The combinstion of pich and ime varisbles into the ‘pitchtims”
pace.

Pitchtime iz & mther wivisl sort of space. The two coordinates have
ofiing to do with one another, no gegmerkal rlsfon. Consider fwo dif—
ferant points @ =d § in pichtime (w0 notes on the musical s and ask,
“How far spert 2r= fand BY A ressonable answer would be, Notss 4 and
pare s major ffthapartin pitch and hres bests spartin time * The an-

*The Ipation in questivn is the top floor ofthe CGoddard Institute fr Space Studies.
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Fizure 13: Tre pbints in the plswe, with two different coordinate systme

12: The Euclidean plane. Al, the distance between a and 8,
dent, of which Cartesian coordinates are used to evaluate it.

[Figure 1.3 Two poiuts i the plane, with two different. i |
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Figues 14: A ‘Fiar of 2 pasticls in geoictils motion The 1D frames of
tlis film stack: 50 10 fofm 2 3D spacatim disgyam of the sirustion,

jgure 1.4: A “Rlm" of a particle in projectile motion. The 2-D frames of
I e film stack up to form a 3-D spacetime disgram of the situati
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e Figure 1.7: The future and past light cones of event A, and various (future)
light cones of events on the world line of & particle.

2

r i fi In we can say that, if the particle’s world
line passes through the event A, the future part of the world line must lie
lentirely inside the future light come of A. Similarly, the past part of the
world line ronst. lie within the past light cone of A. In other words, the light
lcone marks ont what parts of spacetime are “accessible” from a given point
(event) in spacetime by a particle passing through that point.

A 17th-Century king of Spain, thinking about his colonies in the New
World, took for granted the many weeks required to send news by ship across
the sea. An event that happened yesterday in Peru, though it took place in
the past, could not have influenced today's events in Spain. Similarly, though
tomorrow had not yet taken place, tomorrow's events in Pera could not be
influenced by today’s events in Spain. Such remote but nearly contempora-
neous events existed in a kind of limb:o, neither in the knowable past ner in
the affectable future.

The hmitations of the king of Spain were merely techuological. We can

w exchange between Spain and Peru in a fraction of a second.
But the limitations on travel and commuvication imposed by the light coue
of ime are i ble. Thus, the monarch of an interstellar

lerpire iight ponder events happening this year on a planet ten light-years
laway. Such events are outside of the I's light cone, at a spacelike
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Figura 1.7: The funes =nd past light comae of event 4, snd various {fonrs)
light cones of sveiits on fhe werld line of a panicle,

axpanding wavafroft. In spacstima, we cin mav Thet, if the pamicle’s world
fine passss throgh the event A the foture part of the world line must lis
enfisly inside he forwe lizht come of 4. Similarty, @ past paft of the
world live must fie wihin the past lizht cone of A In other werdsy the Lisht
cons marks out what parts of spacefims are Haccassibla from 3 given peint
(event) in pacetime by 2 particls paming frough that point

A 170-Contury king of Spain, thinking about his colozies in the New
World, took for ramed the many waeks raquited to snd naws by hip across
the saa. An event that happansd vemesdsy in Teru toush it took placa in
i the past, could not have influenced today’s svends in Spain, Similadly, though
H fomprsow had not yer tsken plice, tomorrow’s avents i Derm could not ba
influsnced by todsy’s avents it Spain. Such ramots but nesly Contempora—
napus svants existed in 2 kind of limbo, naither in the Figmabls past noc in
the effzhls fomee

The Hmitscions of the king of Spain were meesly tachuological, We can
now exchanse messagss berwesn Spain and Paru if & frction of 2 sacond.
But ha limitstions on tavel and communication imposad by the light cons
sruone of spacetime ars inescapadl. Thus, the monanch of an inerstellar
empice might ponder svents happening this vear on & planet tan lizhtvears
sway. Such events are ougide of the monsrh’s light cone; ar 3 specelite
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with slightly different wave 4-vectors k; aud ky. The tofal wave is]

[ = Acos(kiz = wif) + Acos(kaz — wat) |
'We can use trigonometric identities to rewrite this in a snggestive form. Write
Ok = ky— Ky and Aw = wp =y, and let k = (b +ke)/2 and w = (uwy +20n)/2
be the average wave vector and angular freq Then

i P

bvgeics [Thus, © 1s & wave characterized by w and k, but “modulated” by the sinu-
. isoidal “envelope” function as shown.

e Exercise 6.2 Derive The expression for & in Equation 6.20. Use the trigono-
| —— metric identity

E [eos{ee + B) = cosav cos # — sin g sin f]

and write ky = k- 3F, ks =k + 3, etc

A snapehot of this superposition of waves is shown in Figure 6.7. It ap-
[pears as a long train ofpubm The pulses tl.lmselvu (as distinct from the

waves within the pulses) are: ibed by the funetion in Equa-
tion 6.20. This function itself has the form of & wave; the wave speed of the
pulses is the group velocity:
Aw
U= g (6.21)

For small differences Aw and Ak (which correspond to wide pulses in the
train}, we can write the group velocity as & “derivative,” v, = E
In general, the physics of auy sort of wave will give rise to a relationship

between the angular frequency w and the wave 3-vector . Usually, this can
be expressed by writing w as & function of the rua-gmlndskufthewm.‘r

vector: w(k). Such a relationship is called a dispers: ion for the wave.
IThen the phase velocity w and the group velocity v, are
=
v = Q 6.22)
106G g
£
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with slightly diferent wave 4-verors ky mnd b The ool wave iz
B SdriEE - 3598) £ 4 codftE — el (81D

Tk can use trigonemetric identities to sevwrite this in 8 snzmsstive form. Write
AA - EpRr and die = Gt and e f S SR me g = (W2
2 the averazs wave vertor and snsular fiquency Then

@ =2Acos (%-- T') conlke =) (5
-
Thos, § & a wave charscrssifed by @ 824 &, but Smodulsted? by the situ—
snidal “Snvalops” fncrion s shown
Exarriss 6.2 Deriva The snpression for & in Squation 520, Uiz the wizoac—
matric identity
cesiel % ) = e oAl - sn i sin
andvrink, =k B = Eednon
A snagshot of this supsrpodtion of wave: is shown in Flzues 8.7 It ap—
parl ez s e, tatn of palies, The pulkes thellieives (o distore ol the
wavs within the pulsss) s described Ty M= emvzlops funcrion in Eque
tion 620, This fonction itse has tha form of 2 wave, the wave spead of the
ibias s e o e Tocity
Au)
W sy
For sl differsnces A8 2nd gf (which comespond to wite pulses ln the
L d

trainy, W cafl Witk the group velosiy = @ Mdarivative

111

In senenl, e physics of sny sort of wave will zive ris © & eleionship
etween the snmular fraquency ) &nd the wava 3-vector . Ususlly, this can
e axprassed by writing gy 45 8 fonction of the masnituds § of the wave 3-
wector: m(A%). Such 2 relstionship is calied @ dipercion miation for tha wava.
Them e phase velocity 3 and the group velocity 1 are
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