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	Chapter 4
The Time Value of Money

	The time value of money (TVM) is the basic mathematics of investing and is the basis of all financial calculations. Most importantly, it explains the concept of compound return, which causes investments to grow exponentially over time. An understanding of the time value of money is crucial to understanding the expected and actual returns on investments and analyzing past returns on investments and is therefore something that every investor should know well. You will find your financial calculator to be indispensable when there is a need to perform TVM calculations.

	Return can be the interest earned on a bond, the rate of return realized on a stock or mutual fund over its holding period, the rate of return a corporation earns on invested capital and more. In finance, the letter r is used to represent the rate of return. However, the calculator manufacturers are apparently unaware of this. You will usually find that the letter i is used instead of r on financial calculators. (When return is treated as a cost, k is used instead of r.) As r is a more logical representation of return than i, r is used in this book.

	The basic TVM formula, which applies the concept of compound return, is:

	FVn = PV(1 + r)n

	Where:

	FV = Future Value after n periods

	PV = Present Value

	r = Periodic rate of return

	n = Number of compounding periods

	This formula computes the future value (FV) of a current amount, i.e., present value (PV), earning a rate of return r that is compounded over n periods. You will find that this formula has many uses in finance. The future value formula can be used to analize the effect of management fees on mutual fund performance, for example.

	Suppose you own a mutual fund that has a long-term average return of 12% net of an annual management fee of 0.75% and you expect the return to be the same in the future. However, the fund is acquired by another mutual fund company and they raise the management fee to 1.25%. Now your expected return is suddenly 11.50% due to the 0.50% increase in the management fee.

	Table 4-1 uses the future value formula to compute the values in the first two columns to compare a $10,000 investment over a 25-year period with the 0.75% management fee to that with the 1.25% management fee. The example assumes that the fund's future performance is equivalent to its past performance, the rate of return is constant and all distributions are reinvested. The assumption that returns will be constant, of course, is not realistic, as they will surely vary from year to year. As a result the compound rate of return will be somewhat lower, a phenomenon which is explained in the next chapter.
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	Table 4-1
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	Figure 4-1

	

	There are a few things you should note about this example.

	
	  	Both curves in Figure 4-1 are upward-sweeping, i.e., they are exponential curves.

	  	In both cases, the value of your investment increases at an increasing rate, which is expected given the basic formula for compound return.

	  	The 0.50% difference in management fees results in an 11.8% difference in the value of the investments after 25 years.

	  	The 12% compound rate of return causes the fund with the original 0.75% fee to grow to $170,001 in 25 years compared to $152,010 for the fund with a 1.25% management fee.

	

	Here is how the total return on the fund with the original 0.75% management fee and 12% annual return for 25 years looks in the compound return formula:

	FVn = PV(1 + r)n = $10,000(1 + 0.12)25

	$10,000(1.12)25 = $10,000 x 17.0001 = $170,001

	You should note that the compound return formula works in reverse. The future value formula can be solved for r as follows:

	FVn = PV(1 + r)n

	FV  PV = (1 + r)n

	(FV  PV)1/n = 1 + r

	(FV  PV)1/n - 1 = r

	Note the -1. The future value is equal to the present value plus the dollar amount of the return. As the objective is to determine the rate of return, the original amount (PV) must be factored out. This is accomplished by the -1.

	In the example above, r can be calculated as follows:

	($170,001  $10,000)1/25 -1 = r

	(17.0001)1/25 -1 = r

	1.12000 - 1 = r = 0.1200

	0.1200 x 100% = 12.00%

	The computation for the fund with the new management fee is exactly the same except r = 0.1150 = 11.50%, which reflects the 0.50% increase in the management fee.

	That is the power of compounding. With time, compounding will turn a modest investment into a tidy sum and a small difference in the rate of return can become a significant gap. The importance of these two points to you as an investor cannot be overemphasized.

	The following chart shows how the value of the S&P 500 index has grown exponentially since 1950. (The value of the index is net of dividends.)
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	Figure 4-2

	

	The jagged red line was plotted from the actual values of the S&P 500 index at the end of each month. This variability in value is how risk manifests itself to investors, a topic that will be addressed in detail in subsequent chapters. The smooth blue line is what the index would have been if the rate of return had been constant over the period January 1950 through December 2013 and reflects a compound annual rate of return of 7.59% computed from monthly returns. The average annual return for the period was 8.39%, also computed from monthly returns. (The difference in these two numbers is explained in Chapter 5, Section 5.02.) In 64 years, the S&P 500 grew from a value of 16.71 to 1806.55, which is an excellent example of the power of compounding. The dividend yield would add approximately 3.5% to each of these returns, thus making the compound growth of an investment in the index significantly greater than growth of the index itself.

	You should note that the compound return formula works in reverse.

	(FV  PV)1/n - 1 = r

	1 represents the original investment, so it must be subtracted to determine the rate of return.

	($152,010  $10,000)1/25 - 1 = r

	(15.2010)1/25 - 1 = r

	1.1150 - 1 = r = 0.1150

	0.1150 x 100% = 11.50%

	You will need either a financial or scientific calculator, or a spreadsheet, to perform calculations involving the time value of money, all of which should have the functions used in the formulas above. However, although you can do these two basic calculations with a calculator, you should learn to do the math yourself using your calculator's 1/x and yx functions. You will find this to be a very useful skill.

	Continuous compounding falls under the heading of the time value of money. The formula for continuous compounding is:

	FVn = PV(er n)

	Where:

	FV = Future Value after n periods

	PV = Present Value

	r = Periodic rate of return

	n = Number of compounding periods

	e is the base of natural logarithms, 2.71828

	Continuous compounding was big in the early 1980s when the T-Bill rate was as high as 17%. At that time, inflation was so high that it was extremely important to keep your cash someplace where it would earn a reasonable rate of interest. Many banks offered continuous compounding on their interest-bearing checking accounts in an attempt to lure new customers and retain their current customers, and it worked because people wanted to get the very highest rate of return possible in an attempt to keep up with inflation.

	The formula for the present value of a future amount is derived by simply rearranging the terms of the future value formula:

	PV = FVn  (1 + r)n

	The other time value of money formulas also are based on the principle of compound return. You need to know how to use the preceding formulas because they are used for much more than just computing present and future value. However, you should never have to use these additional formulas, as there are calculator and spreadsheet functions that can be used for all calculations involving the time value of money. Some of them are used in the valuation of bonds and also in some stock valuation models. Those used in bond valuation are included in the bond functions in financial calculators. The other formulas are as follows:

	Future Value of an Ordinary Annuity - Payments are due at the end of each period.

	FVAn = PMT[((1 + r)n - 1)  r]

	Where:

	FVA = Future Value of Annuity

	PMT = Amount of periodic payment

	n = number of payments

	The period between payments can be any constant length of time.

	This formula computes the FVA at the time the nth payment is made.

	Future Value of an Annuity Due - Payments are due at the beginning of each period.

	FVNn = PMT[((1 + r)n - 1)  r](1 + r)

	The period between payments can be any constant length of time.

	This 	formula computes the FVA at the time the nth payment is made.

	Present Value of an Ordinary Annuity - Payments are due at the end of each period.

	PVAn = (1 - (1 + r)-n)  r
 Where PVA = Present Value of an Annuity

	Present Value of an Annuity Due - Payments are due at beginning of each period.

	PVAn = [(1 - (1 + r)-n)  r](1 + r)

	Where PVA = Present Value of an Annuity

	The value of a bond is the sum of the present value of an ordinary annuity (the coupon payments) and the present value of a future amount (the return of your principal). Like many things in finance, bond calculations involve computing a missing piece of a puzzle using the known pieces of the puzzle. If you know the time to maturity, coupon payment, face value and current market interest rate, you can compute the current value of the bond. It is all based on the time value of money.

	Perpetuities are an interesting but archaic instrument involving the time value of money. They make a constant periodic payment forever. Say you sell 500 acres of your farm to the state fish and game commission and they pay you with a perpetuity, which will provide income to you and your heirs forever. The value of the perpetuity is the payment you and your heirs will receive divided by the opportunity rate of return, i.e., the rate of return you could make on investments if the state paid you a lump sum rather than a perpetuity. The payment might look good now, but in 50 years it will be peanuts. Why? Plug a future value, r = the current rate for intermediate bonds and n = 50 into the formula for the present value of a future amount and see what happens to that payment 50 years hence. Which brings us to the final point.

	Corporations commonly use net present value for evaluating investments or estimating the value of their assets. But present value analysis is only valid in the short term, as the present value of a future amount decreases exponentially as the term increases, i.e., it is the inverse of compound return.

	If a company owns assets like forest land that is harvested on a 30 year rotation, harvests 30 years in the future do not appear to be worth much and harvests 60 years in the future have almost no value by present value analysis, which is certainly counterintuitive. Many analysts picked up on this in the 1980s and found some real gems, like railroads that had tens of thousands of acres that they carried on their books at their 19th century acquisition costs. And there are undoubtedly more to be found. Also in the 1980s, a lot of timber land was sold to developers by forest products companies that used present value to assess the value of their holdings. So beware of companies making such suboptimal decisions and keep an eye out for those undiscovered gems.

	* * *

	
	Appendix III
Portfolio Standard Deviation

	The standard deviation of a portfolio of securities is not simply the weighted average of the standard deviations of the securities in the portfolio. Indeed, the portfolio standard deviation is expected to be less than the weighted average standard deviation given the assumption of less than perfect positive correlation between the securities in the portfolio. This is apparent in the covariance formula, which is used to calculate portfolio variance.

	Population Covariance = ijRij

	Sample Covariance = sisjRij

	Where:

	i and j are a set of paired data

	 = Population Standard Deviation

	s = Sample Standard Deviation

	R = Correlation Coefficient

	Portfolio variance should be calculated as the sample covariance and portfolio standard deviation is the square root of the portfolio variance. Both should be calculated from monthly asset returns. If necessary, the population covariance can easily be adjusted to the sample covariance by multiplying the population covariance by n  (n-1), where n is the number of paired data points in the data set.

	Sample Covariance = Population Covariance x (n  (n-1))

	Where n is the number of paired data points in the data set.

	Covariance is a form of the variance and its calculation is similar. The population variance is calculated by dividing the sum of the squared deviations by n and the sample variance is the sum of the squared deviations divided by (n-1). Thus multiplying by n and dividing by (n-1) effects the conversion.

	The general form of the computation of portfolio variance is:

	s2 = ijwiwjCov(i,j)

	A covariance matrix provides a convenient basis for performing this calculation and there are many means of constructing a covariance matrix. However, the most likely means employed by individual investors is a computer spreadsheet and the three most likely ways to construct the matrix with a spreadsheet are:

	
			Fill the cells of an n x n matrix with the sample covariance formula above.

			Fill the cells of an n x n matrix with the spreadsheet's sample covariance function.

			Use the spreadsheet's data analysis tool to create the matrix. However, if you are using Excel the values in the matrix will be the population covariance and the function will only generate the bottom left half of the matrix.

	

	Assigning range names to the data for each security in the portfolio will make all three methods much easier to perform.

	If you choose method #1, you can either use spreadsheet functions in the matrix to calculate the standard deviations and correlation coefficients or you can reference cells where the standard deviations have already been calculated and reference cells in an n x n correlation matrix for the correlation coefficients. If you choose method #2, you will have the same options as #1 with respect to the correlation coefficients.

	You need the full n x n matrix to compute portfolio variance in a spreadsheet without the use of macros, array formulas or computational gymnastics. Although the upper right half of the matrix is a mirror image of the lower left half and CovAB is equal to CovBA, you need the full n x n matrix to perform the calculation in a spreadsheet using basic spreadsheet functions. If you choose to use method #3, you can use what Excel generates to fill in the upper right half of the matrix using a two step copy and paste. And thanks to the laws of multiplication, the conversion to sample covariance can be performed in one step by multiplying the portfolio population variance by n/(n-1).

	The two step copy-and-paste process to make a complete correlation or covariance matrix from Excel's half matrix requires a little preliminary work. With the full matrix selected, including the column and row labels, right click, select Format and remove all border formatting, i.e., both internal and external. If you do not do this, you will have a mess to clean up after the copy-and-paste.

	After removing the border formatting, select the n x n cells below and to the right of the column and row labels. Copy the selection and Paste/Special/Transpose someplace where it will not overwrite your matrix or anything else that you do not want to lose. What you pasted will be selected (highlighted). Copy it, then Paste/Special/Skip Blanks in the top left cell of the n x n matrix (the cell below the first column label and to the right of the first row label). This will fill in the top right half of the matrix without overwriting the bottom left half. If you are using a spreadsheet other than Excel, you should be able to replicate this process in a similar manner.

	Table A3-1 shows the general form of a 4x4 covariance matrix for a portfolio consisting of assets L (Large-Cap), I (International), R (Real Estate) and T (Treasuries).
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	Table A3-1: 4x4 Covariance Matrix

	

	 Table A3-2 adds the weights of assets L, I, R and T adjacent to the covariance matrix. If you know how to work with arrays in Excel, then you only need one of the two sets of weights. However, Excel's ordinary Sumproduct function will not work unless both arrays are in the same dimension, and showing both sets also makes it easier to understand how the calculations are performed. (The weights do not have to be adjacent to the covariance matrix; you can put them anywhere you like. Putting them next to the covariance matrix makes it easier to explain the computation.) If you plan to vary the weights, make one set of weights formulas that reference the other set of weights. In Table A3-3 below, if you input the weights in Column A, the formulas in Row 1 Columns B through E will be =A2, =A3, =A4, =A5. In the absence of leveraged or short positions, the sum of the weights must equal 1.00.
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	Table A3-2: 4x4 Covariance Matrix with Weights

	

	Using the general form of the portfolio variance [wiwjCov(i,j)] to apply the weights to each of the covariances in the matrix, the formula for the variance of this four-asset portfolio is the sum of the 16 values calculated by multiplying each of the covariances in the matrix by its respective i and j weights. The rows of the formula below correspond with the rows of the matrix.
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	This formula can be simplified. Remember, the covariance of a variable with itself is its variance, i.e., Covxx = (sx)2, and CovAB = CovBA, so the formula can be simplified accordingly. For example, CovLL = (sL)2 and wIwLCovIL + wLwICovLI = 2(wLwICovLI) or 2(wIwLCovIL). And the simplified formula is:
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	But it is much simpler in a spreadsheet. The summation of the 16 values in the first equation (one for each cell of the matrix) is what is accomplished with the four spreadsheet formulas below the covariance matrix in Table A3-3. The sum of those four spreadsheet formulas is the portfolio variance.

	(sP)2 = wLSPB + wISPC + wRSPD + wTSPE

	Table A3-3 shows all of the data, output and formulas for the calculation of portfolio standard deviation and return in spreadsheet format.
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	Table A3-3: Portfolio Standard Deviation

	

	The calculations are performed as follows:

	
			For each column, calculate the Sumproduct of the covariances and their respective weights in Column A.

			Multiply the Sumproducts by their respective weights in Row 1.

			The portfolio variance is equal to the sum of the values calculated in Steps 1 and 2 for all of the columns in the matrix

			Portfolio standard deviation is the square root of the portfolio variance.

			The portfolio return is the weighted average of the returns for the individual assets in the portfolio. It is calculated as the Sumproduct of the asset weights and their respective returns.

	

	This is just an example of how portfolio standard deviation can be calculated in a spreadsheet. As long as your logic is sound, you can do it anyway that suits you. If you do a Web search on "portfolio variance spreadsheet" you will find many examples, many of which are presented in conjunction with portfolio optimization.

	Although portfolio standard deviation can be calculated from the weighted average monthly portfolio returns, the method described here is the preferred method of calculation when the asset weights will be varied for the purpose of analysis, as the calculation is performed using covariances for the period of analysis rather than working directly with the monthly returns for the individual assets.

	This topic is usually presented in the context of portfolio variance. However, in the interest of maintaining continuity with the rest of this book, it is presented here as portfolio standard deviation.

	* * *
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